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PREFACE TO THE THIRD EDITION 

In this edition only slight changes have been made in Part I, 
and in the earlier chapters of Part II. But the chapters deal- 
ing with the Power Series for sin x and cos x and with Infinite 
Products have been completely rewritten. The pupil for whom 
the usual incomplete discussion of these topics is sufficient will 
find this “ proof ” referred to in the text. But for the more 
mature student these matters are treated rigorously, starting 
with Tannery’s Theorem on which the argument depends. 

The harder examples and sections throughout the book are 
marked with an asterisk, as an indication that they are meant 
only for the specially able pupil. A set of Miscellaneous 
Examples on Part II has been added, taken chiefly from 
recent Cambridge Entrance Scholarship Papers and the Higher 
School Certificate* Papers of the Cambridge Local Examina- 
tions Syndicate. For permission to use these papers the 
author desires to thank the Syndics of the Press and the Local 
Examinations Syndicate. 

H. S. CARSLAW. 


Emmanuel College, Cambridge, 
January , 1930 . 
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PREFACE TO THE FIRST EDITION 


The changes recently made in the teaching of Elementary 
Mathematics, the use of graphical methods both as a means of 
obtaining, at any rate, approximate results and as a check on 
those found by other methods, and the general use of Four 
Figure Trigonometrical Tables, render an apology for the 
publication of another text-book of Plane Trigonometry not so 
necessary as would have been the case some years ago. 

The First Part of this book is intended to cover what is 
usually called Trigonometry up to the Solution of Triangles, 
and to form an introduction to the more difficult parts of the 
subject. The experience of several years, in which, both in the 
University of Sydney and in that of Glasgow, I have given a 
course on Elementary Trigonometry to the Pass Students of 
the First Year in Arts, has convinced me that Trigonometry 
can best be taught by the early use of the Trigonometrical 
Tables and by means of a suitable choice of easy practical 
examples ; and that much time is often wasted, at this stage, 
in analytical discussions and problems which have no meaning 
to the beginner. For this reason from the very beginning of 
the book Four Figure Tables are used when needed, and full 
advantage is taken of diagrams drawn on squared paper. A 
knowledge of Logarithms is assumed and the Solution of Right- 
Angled Triangles by their means is introduced early in the 
course, this being followed by a carefully chosen set of Easy 
Examples on Heights and Distances. 

The subject of Circular Measure is postponed till the close of 
this part of the book. An attempt is there made to put in an 
elementary way the idea of the limiting value of a sequence, 
which enters into the definition of the length of the arc of a. 
circle and the area of a sector, and to explain why this idea 
has to be introduced. 
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In the Second Part of the book those parts of Higher Trigo- 
nometry are treated which seem to me most suitable for the 
student desirous of pursuing the subject farther than the 
simple applications of the Solution of Triangles. It begins 
with the Geometrical Properties of the various circles associated 
with the Triangle, and some other geometrical theorems easily 
proved by Trigonometry. A rather large collection of examples 
follows this chapter, many of them harder than those to be 
found in other parts of the book. These have been taken 
mostly from recent Cambridge Scholarship papers and are 
placed there for the benefit of candidates for such examina- 
tions. Then De Moivre’s Theorem is proved, and its various 
applications considered. A chapter is devoted to the Inverse 
Notation, and this notation is used in the discussion of Trigo- 
nometrical Equations which follows. 

From the chapter on Trigonometrical Series and from the 
book itself, Infinite Series in which the terms are imaginary 
are excluded. The difficulty of the subject of Infinite Series is 
so great, and it is so important that the student should get a 
proper grasp of its principles, that it seems advisable to confine 
his attention at first altogether to series in which the terms are 
real. A simple geometrical treatment of such series is given, 
and this method of illustrating convergence is used to a con- 
siderable extent throughout the chapter. To Mr. Whipple I 
am specially indebted for permission to reproduce one of the 
figures in his recent paper in the Mathematical Gazette . 

In the last two clftipters the series for the sine and cosine and 
the expressions for these ratios as Infinite Products are 
obtained. Before the book closes the student is shown how, 
by their means, an approximation to the value of 7 r may be 
found. 

This part of the book is intended for the higher classes of 
Secondary Schools or students in the Universities who are 
entering upon the study of Higher Trigonometry for the first 
time. The admirable treatise on Plane Trigonometry by 
Hobson will always remain the standard English work on 
Higher Trigonometry. After a preliminary course such as is 
given here the student will be better prepared to understand 
the later chapters of that book, where a very complete treat- 
ment of Analytical Trigonometry is to be found, involving the 
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Theory of Infinite Series, in which the terms are imaginary, and 
the Circular Functions and Logarithms of a Complex Variable. 

Throughout the book many examples are scattered, and at 
the end of most of the chapters a set of somewhat harder 
questions is also to be found. As the subject of Trigonometry 
is one which can be made interesting and instructive by a 
suitable choice of illustrative examples, it is hoped that these, 
especially in the earlier part of the book, will be found to serve 
the purpose for which they have been chosen. 

This book is practically the reproduction of the methods 
which I have gradually adopted in the teaching of this subject, 
so that it is difficult to express adequately the sources to which 
I may be most indebted. To Hobson’s Trigonometry I have 
already referred. From Bourlet’s Logons de Trigonometric 
rectiligne I have frequently derived fresh methods of treatment. 
For the rest, most of the recent text-books have at one time or 
other passed through my hands, and they must have left their 
mark on the form in which the subject has been presented. 

From Dr. J. T. Bottomley, F.R.S., my publishers have 
received permission to print as an Appendix several pages of 
his Four-Figure Mathematical Tables . For his courtesy in 
granting me this privilege I gladly avail myself of this oppor- 
tunity of expressing my thanks. 

I have also to acknowledge with thanks the helpful criticism 
of my colleagues, Mr. A. Newham and Mr. E. M. Moors, who 
most kindly and carefully have read all the proofs. 

The Answers, in calculating which Four ‘Figure Tables have 
been used, have been prepared by three of my students, Mr. 
A. L. Campbell, Mr. E. F. Simonds, and Mr. W. R. Brown ; 
and the final proofs have been revised by Mr. E. M. Wellisch, 
now of Emmanuel College, Cambridge, and Mr. R. J. Lyons, 
now of St. John’s College, Cambridge, graduate scholars of 
this University ; and their help in these respects has been of 
great service to me. 

H. S. CARSLAW. 

Sydney, April, 1909 
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PLANE TRIGONOMETRY. 


PART I. 

CHAPTER I. 

THE TRIGONOMETRICAL RATIOS. 

1. Introductory. In Elementary Plane Trigonometry we 
are concerned with the measurement of triangles in a plane. 
There are many other kinds of trigonometry possible. One 
of the most important is Spherical Trigonometry, where the 
triangles whose elements are required are drawn upon the 
surface of a sphere. Of course the sides of these triangles are 
not straight lines, but they have this in common with plane 
triangles, that they are the shortest lines upon the sphere 
joining the angular points of the triangle. They are arcs of 
the circles in which^the sphere is cut by the planes through 
its centre and the angular points. The angles of these 
spherical triangles are the angles between these planes. 

Even the simplest parts of plane trigonometry have many 
useful applications. With its help the measurement of areas, 
heights, and distances is made possible, and it is indis- 
pensable to the surveyor and map-maker. An acquaintance 
with its results is required by the student of physics and 
engineering. It has also many applications in navigation, 
but spherical trigonometry is the most useful to the navigator 
and upon it the mathematical theory of astronomy is founded. 

2. The measurement of angles. The measurement of 
triangles involves the measurement of angles. It is found 

C.P.T. 
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convenient to speak of angles greater than the angles of a 
triangle, and to define the angle between two straight lines in 
such a way that the definition will apply to angles of any size. 

For the purpose of this definition we think of one of the 
arms of the angle as the initial line, and the other as the 
bounding line. The angle between the two lines is then 
measured by the amount of turning which is made by the 
bounding line, as it revolves about the point of intersection 
from coincidence with the initial line till it reaches its final 
position. It is clear that just as we have a positive and 
negative direction for motion in a straight line, so we have 
a positive and negative direction of rotation for angular 
motion. The positive direction of rotation is taken as that 
which is opposite to the motion of the hands of a watch, and 
is called the counter-clockwise direction. 

With this definition we may speak of an angle of four 
right angles, and of an angle of more than four right angles, 
also of a negative angle ( - A) as well as a positive angle ( -*- A). 

3. The measurement of angles {continued). In studying 
elementary geometry the right angle has been taken as the 
unit of angle, and we have obtained constructions for dividing 
it in various ways : and in the preliminary study of practical 
geometry which will have been taken as an introduction to the 
theoretical geometry course the use of the protractor will have 
been learned. This renders it unnecessary to do more than 
state that the right angle is divided up into 90 degrees (90°) ; 
that the degree is divided up into 60 minutes (60') ; and that 
the minute is divided up into 60 seconds (60"). 

1 right angle = 90 degrees, 

1 degree = 60 minutes, 

1 minute = 60 seconds. 

The terms minutes and seconds are derived from the Latin words 
partes minutae primae and partes minutae secundae , originally applied 
to these quantities. 
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Examples. 

1. Write down the number of degrees, minutes and seconds in the 
angle subtended at the centre of a circle by the side of a regular 
polygon of n sides, for the cases 

?i = 3, 4, 5, 6, 7, 8, 9, 10. 

2. A wheel is rotating uniformly at the rate of 100 revolutions per 
minute. Through what angle will it have turned in 1 second ? 

4. The trigonometrical ratios, defined for acute angles. 

One of the most important parts of geometry is the theory of 
parallel lines. The starting point of this theory is Euclid’s 
parallel axiom, really placed by him among the postulates. 
This is one of the assumptions upon which Euclidean geometry 
rests. From it and the other postulates and axioms the whole 
system of Euclidean geometry follows. Without it, drawing 
to scale would be impossible, and plane trigonometry would 
be a much more complicated subject than it is. 

We proceed to define certain ratios connected with an 
angle, which are called the trigonometrical ratios. The 
definitions are given in this 
article for the case of an acute 
angle. In the next article they 
will be extended* to apply to 
angles of any size. Si 

Let OA and OB (Fig. 1) be 
the initial and the bounding 
lines of the angle AOB, called 6. 

Let P be any point upon the fig. i. 

bounding line OB. 

Let PM be the perpendicular from P upon the initial line OA. 

Then the six ratios formed by the sides of the triangle OPM, 
taken in pairs, viz. : ^ ^ 

'•top OM MP OM OP d OP 
OP’ OP’ OM’ MP’ OM’ MP 
are called the trigonometrical ratios of the angle 9. 
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The ratio 

^ P is 

OP 

called the sine* 

of the angle. 

» 

OM 

OP 

ff 

cosine 

ff 

fi 

n 

MP 

OM 

ff 

tangent 

a 

S if 

ff 

OM 

MP 

if 

cotangent 

ff 

99 

j> 

OP 

OM 

tf 

secant 

ff 

ff 

jj 

OP 

MP 

if 

cosecant 

if 

ff 


We proceed to show that these ratios are constant for the angle; 
in other words, that they are independent of the position of the point 
P upon the bounding line of the angle. To prove this we take 
any other point P' upon this line, and draw P'M' perpen- 
dicular to the initial line (Fig. 2). 



Then since l OMP = 1 right angle, 

and l OM'P' = 1 right angle, 

MP is parallel to M'P'. 

Z-OPM = lOP'M', 

and the triangles OPM, OP'M' are equiangular. 

* c 

* The derivations of these names are referred to below In § 15. 
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Therefore 

OP OP 

om_ojvt 
op ~ op 7 ’ 

MP M'P' 

OM _ OM'’ 

and the reciprocals of these ratios are also equal. 

Thus the trigonometrical ratios for the acute angle are definite 
positive numbers and are constants associated with the angle to 
which they belong. For brevity these ratios are written as 
follows: 

sin 0 = ^ = 2PP_J^, 

OP hyp. 

n OM adj. side 

cos 0 = — - = , 

OP hyp. 

tnng MP °PP- side 
to OM^adj. side’ 

^ OM adi. side 
cot 0 = — - = — J 

M P opp. side 

n OP hyp. 

sec 0 = — — = - i.~ 

OM adj. side 

a OP hvp. 

cosec 0 = — - = - - ri- , 

• MP opp. side 

where the terms adjacent side, opposite side, and hypothenuse 
are used for the lines OM, MP, and OP in the right-angled 
triangle OMP. 

It will be noticed that, from the definitions, 

. /, sin 0 

tan 0 = 7 ). 

cos 0 

cot 0 = 

tan 0 

sec 0 — yp 

cos a 

cosefc 0 = 


cot 0 = - 


sec 0 = - 


coset 0 = 
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5. Extension of the definition of the trigonometrical ratios 
to angles of any magnitude. If it were only necessary to 
consider acute angles the definitions of the trigonometrical 
ratios given in last article would be sufficient. However 
angles greater than a right angle are as important as angles 
less than a right angle, and negative angles occur as well 
as positive angles. We therefore proceed to put these defini- 
tions in a form suitable for angles of any magnitude. 

In all applications of algebra and geometry the direction in 
which a line is drawn is as important as its length. In the 
case before us the initial line of the angle is taken as one 
positive direction, the line perpendicular to it as the other. 
These are the axes Ox and O y of analytical geometry (Fig. 3). 



When the line OM is drawn in the positive direction of 
the axis of x , it is taken positive in the ratios, and when it is 
drawn in the opposite direction it is taken as negative. 

When the line MP is drawn in the positive direction of 
the axis of y, it is taken positive in the ratios, and when it 
is drawn in the opposite direction it is taken negative. 



THE TRIGONOMETRICAL RATIOS 


7 


B,6] 

The line OP is always taken positive. 

With these changes the trigonometrical ratios as defined in 
§ 4 now hold for angles of any size. 

Ill the language of geometry the cosine of an angle is the projection 
of unit length of the revolving line upon the initial line of the angle , and 
the nine is its projection upon a line perpendicular to the initial line. 

In the notation of analytical geometry, if P is the point whose coordi- 
nates .are (.r, y) t we have a?=rcos0, y = rsin0. 

The reason for the introduction of the sign of the lines into 
the ratios will be more obvious as we proceed in our study 
of the subject. In the meantime it may be looked upon as 
a rule which makes the formulae of trigonometry apply not 
only to acute angles and to right-angled triangles, but to 
angles of any size and to all triangles. The actual direction 
of the lines is not important. It is their direction relative 
to the initial line which determines their signs. 

6. The trigonometrical ratios ( continued ). In the articles 
which immediately follow we shall deal only with acute 
angles. Their trigonometrical ratios are all positive numbers, 
and we have seen that to any such angle there belongs a 
definite set of trigonometrical ratios. These are contained 
in the tables under the heading of Natural Sines, Natural 
Cosines, etc. The logarithms of these numbers have also 
been tabulated and they are contained in the tables under 
the heading of Logarithmic Sines, Logarithmic Cosines, etc. ; 
but in this case, for reasons which will appear later, 10 has 
been added to the value of each logarithm. 
e.g . sin 45° = *7071, 

cos 45° = *7071, 
tan 45° =1*0000, 

Log sin 45° = 9*8495, 

Log cos 45° = 9*8495, 

Log tan 45° = 10*0000. 
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7. The Sine. Consider a quadrant of a circle of radius 
unity, and an angle AOP in this quadrant (Fig. 4). 


Fig. 4. 

In defining the ratios of an angle we have seen that the 
position of the point P on the bounding line of the angle 
is immaterial, and so we may take it at the point where 
this line cuts the circle of unit radius. 

Thus sin 6 == ^ 

OP 

becomes in this case sin 0 = MP, 

so that the number which represents the length of MP on the 
scale upon which OP is unity will be equal* to sin 0 . 

W e are therefore able to trace the way in which the 
sine of an angle changes as the angle increases from zero to 
a right angle. 

When the angle is very small, and grows still smaller, MP is 
small and grows still smaller, so that with the vanishing 
of the angle, the sine of the angle also vanishes. 

Thus rIt) o° = o. 

Also as the angle increases from being a very small angle, 
and passes through the values from 0° up towards 90°, the 
perpendicular MP continually increases, while it always 
remains less* than OP. 
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When the angle is very nearly a right angle, the length of 
OM is very small indeed, so that the length of MP is very 
nearly the same as that of OP. 

Thus as the angle increases from 0°, the sine of the angle 
increases continually till, when it is nearly 90°, its sine is 
very nearly 1. 

When the angle is exactly 90°, the sine of the angle is 
actually 1. This follows directly from the definition of the 
sine of an angle, since in this case 

OM=0, and MP = OP. 

Thus we have shown that sin 0° =0, 
sin 90° = 1, 

and that as 6 increases from 0° to 90°, 

sin 6 increases from 0 to 1 ; 

and for any positive number less than unity there is one and only one 
acute angle which has that number for its Bine. 


Examples. 

1. Construct the acute angle whose sine is *3. Find the other 
trigonometrical ratios from the figure. 



MA Fio. 5' 


Let AOB be a quadrant of a circle of radius 10 units. 
From OB cut off ON =3 units. 

Draw NP parallel to OA to meet the circle in P. 

Join OP and draw PM perpendioular to OA. 

Then the angle AOP will be the required angle. 

Since OMPN is a rectangle, 

MP=ON = 3 uaits. sinAOP = ^. 

.*. the angle AOP is the required angle. 
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Also OM 2 =OP 2 - MP 2 . 

OM=s/lOO-9 

=\/9l =9 '54, nearly. 

s/9l 

cos 0 = — — = *95, nearly, 

3 

tan0=-^=| = '31, nearly, 

cot 0=^?! — 3 *18, nearly, 

* 10 

sec^-^^i-os, nearly, 
and cosec 0 = ^~ =3*33, nearly. 

It will be seen that these values for cos 0 , tan 0, and cot 0 could be 
obtained from Fig. 5 from the lengths of OM, AP' and BP', taking the 
radius now as one unit. Cf. §§ 9, 10. 

2. Construct the acute angle whose sine is J. Find the other 
trigonometrical ratios of the angle from your figure. Also find from 
the tables the size of the angle. 

3. A ladder 30 ft. long stands against a vertical wall. If it makes 
an angle of 50° with the horizontal, what is the height above the 
ground at which it touches the wall ? 

4. The slope of a hill is such that for every mile a man walks he 
rises 88 yards. What is the sine of the angle at which the face of the 
hill is inclined to the horizontal, and what is the size of this angle ? 

5. Draw the figures for examples 1, 2, and 4 on squared paper and 
from your drawings read off the size of the angles with your pro- 
tractor. Compare with the answer already found. Also work 
example 3 graphically. 

8. The Cosine. Keferring again to Fig. 4 we see that 

cos 0= OM, 

When OP is unity, so that the number which represents the 
length of OM on the scale on which OP is unity will be equal 
to cos 6 . Now as the angle increases from 0° to 90°, the 
point M moves from the extremity of the radius till it finally 
coincides with O. 
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Also the number which represents the length of OM passes 
through all the values between 1 and 0, as M passes from the 
end of the radius to the centre. 

Thus it foUows that cos 0° = 1, 

cos 90° =0, 

and that as 6 increases from 0° to 90°, 

cos 6 diminishes from 1 to 0 ; 

and to any positive number less than unity there corresponds one and 
only one acute angle which has that number for its cosine. 

Examples. 

1. Construct the acute angle whose cosine is Find the other 
trigonometrical ratios of the angle from your figure. Also find the 
size of the angle from your tables. 

2. A ladder 40 ft. long is placed against a vertical wall with the foot 
of the ladder 12 ft. from the wall. Find the angle at which it is 
inclined to the horizontal. 

3. If this ladder is pulled away from the wall till its inclination to 
the horizontal is 50°, how far are both ends from their former posi- 
tions ? 

4. Draw the figures for examples 1 and 2 on squared paper, and from 
your drawing read off the size of the angles with your protractor. 
Compare with the answers already found. Also work example 3 
graphically. 

9. The Tangent. Since tan 0 = any information about 

the value of the tangent or the way in which its value 
changes with the angle, may be derived from the knowledge 
of the values of the sine and cosine, and the way in which 
these ratios change. However it is possible to give a geo- 
metrical construction for the tangent which will show all 
this directly. It will also save the introduction of the 

symbol i which would enter for tan 90° if we derived its 

U • AO 

value from - 1 — It is true that if we look upon the symbol 
l cos 0 r 

q as standing for the limitir^g value of a fraction of which the 
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numerator gradually gets nearer and nearer to unity and the j 
denominator gradually gets nearer and nearer to zero, we can 

use it quite satisfactorily and assert that the fraction ~ increases 

without bounds and is thus infinite. Still it is necessary to 
remember that division by zero is not a process allowed in 

algebra, and that in this sense the symbol g has no meaning. 

Consider a quadrant of a circle of radius unity (Fig. 6) 
and an angle 6 in this quadrant. 



In defining the trigonometrical ratios we have seen that 
the position of the point P on the bounding line is immaterial, 
and in the case of the tangent we take it as the point where t 
the bounding line of the angle meets the tangent at the 
extremity of that radius which coincides with the initial line. 

Thus, in this case, . * A n 

tan u = AP, 

since OA is unity. 

Therefore the number which represents the length of AP oil 
the scale on which OA is unity will be equal to tan 6 . 

As the angle increases from 0° the point P moves off along 
the tangent at A, and the length AP, which is zero when the 
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ngle vanishes, increases continually as the angle increases 
towards 90°. Indeed there is no limit to the length of AP. 
However far we go along the line AP the angle AOP is 
always less than a right angle, though by going sufficiently 
far along the line we can make the angle as nearly equal 
to a right angle as we please. This is what is meant by 

sa yi n g fchat tan 90° is equal to infinity, 
which is written tan 90 ° = ». 

It is clear that tanO°=o, 

since when the angle vanishes AP also vanishes. 

Thus we have shown that tan 0° = 0, 
tan 90° = «, 

and that as 0 increases from 0° to 90°, tan 0 increases from 0 to qo ; 
and to any positive number, however large, there corresponds one 
and only one acute angle which has that number for its tangent. 

Examples. 

1. Construct the acute angle whose tangent is 10. Find the other 
trigonometrical ratios of this angle from your figure. Also find the 
size of the angle from the tables. 

2. In an isosceles triangle the altitude is 10 in. and each of the base 
angles is 50°. Find the base. 

. 3. A stick 12 ft. long stands vertically upon the ground and casts 
a shadow 10 ft. long. What is the sun’s altitude at that time ? 

' If at the same time a tree casts a shadow 180 ft. long, what is the 
.ieight of the tree ? 

4. Draw the figures on squared paper for these examples, and read 
off the angles or lengths required from your drawings. 

10. The Cotangent. Since 

cot 0= — 

tan Q 

the value of the cotangent and the way in which it changes 
With the angle will follow from the value of the tangent 
tod the way in which it changes. 

C.P.T. B 
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In particular, as the angle gets very small, the tangent 
gets nearer and nearer zero, so that the cotangent increases 
without limit, and it follows that 

cot 0°=co. 

Also, as the angle increases from 0° towards 90°, the tangent 
gets larger and larger without limit, so that we may say that 
as the angle increases from 0° to 90° the cotangent continually 
diminishes and that cot w o = 0 

Thus we have shown that cot 0° = «>, 
cot 90° = 0, 

and that as 6 increases from 0° to 90°, 

cot 0 diminishes from oo to 0 ; 

and to any positive number, however large, there corresponds one and 
only one acute angle which has that number for its cotangent. 

These results can also be deduced directly from Fig. 7. 

The tangent is drawn at the extremity B of the radius of 
the unit circle, where l AOB = 90°. 
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Then if the Z.AOP is denoted by 6 
cot 0 = BP, 

and as 6 increases from 0° to 90°, the point P moves from 
infinity along PB towards the point B with which it coincides 
for the angle 90*. • 
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Examples. 

1. Construct the acute angle whose cotangent is J3. Find from 
your figure the other trigonometrical ratios of the angle. Also find 
from the tables the size of the angle. 

2. A tower 100 ft. high subtends an angle of 3*3° at a point on the 
horizontal plane on which it stands. How far is the point from the 
foot of the tower ? 

3. The bow of a boat points directly to the foot of a wharf, the 
height of which above the level of the bow is 15 ft. If the boat 
is 20 ft. away, what angle will a tight rope from the bow to the 
wharf make with the horizontal ? 

4. Also work examples 2 and 3 graphically. 

11. The Secant. Since 


the changes in the secant follow at once from the changes 
in the cosine : and we find without difficulty that 

86C 0° = 1, 

sec 90° = eo, 

and that as 6 increases from 0° to 90°, 

sec 0 increases from 1 to « ; 

and to any positive number, greater than unity, there corresponds one 
and only one acute angle whose secant is that number. 

These results also follow from Fig. 6, where the secant is 
given by the length of OP on the scale upon which the radius 
is unity. 

Examples. 

1. Construct the acute angle whose secant is 2. Find from your 
figure the other trigonometrical ratios of the angle. Also from the 
tables the size of the angle. 

2. From the top of a wharf a rope is tightly stretched to the bow 
of a boat pointing directly to the wharf. If the boat is 30 ft. from 
the wharf and the rope used is 50 ft. long, find the secant of the angle 
it makes with the horizontal. • 

3. Work these examples also graphically. 
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12. The Cosecant. Since 


cosec 9 =— 


1 


7 sin 6 

the changes in the cosecant follow at once from the changes 
in the sine : and we find without difficulty that 

cosec 0° =», 
cosec 90° = l, 

and that as 6 increases from o° to 90°, 

cosec 0 diminishes from » to 1 ; 

and to any positive number, greater than unity, there corresponds one 
and only one acute angle whose cosecant is that number. 


These results follow also from Fig. 7, where the cosecant 
is given by the length of OP on the scale upon which the 
radius is unity. 


Examples. 

1. Construct the acute angle whose cosecant is 2. Find from yout 
figure the other trigonometrical ratios of the angle. Find from the 
tables the size of the angle. 

2. From the top of a tree 100 ft. high a rope is stretched tightly to 
a point upon the ground. If the rope is 350 ft. long, what is the 
cosecant of the angle it makes with the horizontal and what is the 
angle ? 

3. Also work these examples graphically. 


Examples on Chapter I. 

1. Determine by measurement of an accurately-drawn diagram the 
values of sin 30°, sin 45°, sin 60°, sin 75°, correct to two places of decimals. 

2. Using squared paper, draw and measure the angle of whioh the 
tangent is (1) 2, (2) 0*5, (3) 0*75. 

3. Find, from the Tables, the values of sin 27° 12' and cosec 27° 12' ; 
multiply them together, finding the product correct to six places of 
decimals. 

By how much does your result differ from the true value of 
sin 27° 12'xcoseo27° 12'? 
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4. By how muoh per cent, is sin 0 increased for 1° increase of 0 
(1) when 0 = 10°, (2) when 0=30°, 

(3) when 0 = 60°, (4) when 0=80°? 

5* Find from the tables the angles whose cosines are J, J, and J. 

6. If log (sin 0) =1*9134, find the acute angle 0. 

7. If log (cos 0) = 1 *9400, find the acute angle 0. 

8. Find from the tables — 

(1) log cos 0°, (2) log cos 10° 8', (3) log cos 20° 8', 

(4) log cos 70° 8', (5) log cos 80° 8'. 

9. Find the value of 

\ sm 35 7 

10. If cos 0 = cos 10° cos 20°, find tho acute angle 0. 

11. A man walks 1000 yds. up a slope of 10°. How high is he above 
the horizontal plane through liis starting point ? 

Work this also graphically. 

12. The horizontal distance of A from B measured on a plan (seals 
2 ch. to 1 in.) = 7*26 in. The elevation of B at A= 18°. Find the actual 
distance from A to B. 

13. A road ascends vertically 1 ft. for every 30 ft. horizontally. 
Find from the tables the angle which the road makes with the hori- 
zontal. 

14. Two points A, B on a map are represented by their projections 
on a horizontal plane. If AB=1000 yds., and its inclination to the 
horizontal is 10°, what will the distance given on the map be ? 

15. From a point A the top of a mountain B has an elevation of 20°. 
On the map the distance AB reads as 2 miles. What is the height of 
the mountain in feet abovo A ? 

16. At a point on a horizontal plane on which a tower stands, the 
tower subtends an angle of 50°. What must its height be, if the point 
is 250 ft. from the foot of the tower ? 

Also solve the question graphically. 

17. From points on opposite sides of a tree 50 ft. high, and in the 
same line with the foot of the tree, two men observe the elevation of 
its top to be 35° and 40°. How tar are they apart ? 

C.P.T. 
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18. The diagonal of a rectangle makes an angle of 25° 14' with the 
longer side. If the shorter side is 80 ft., what is the length of the 
longer side ? 

19. ABCD is a square cut out in oardboard. The sides are 8 inches 
long. Upon the two sides AC and BD the points E and F are taken 
distant 5 inches from A and B respectively, and EF is joined. The 
points G and H are taken upon AB and EF respectively, such that 
AG = 5 inches =HF. Let the figure be cut across the lines GH, EF 
and ED, and the four parts fitted together. It appears to form a 
rectangle of sides 13 inches and 5 inches, so that its area would be 
65 inches. Show that the error lies in taking the points corresponding 
to G, H, E and D as collinear. 

20. A railway line is perfectly straight for a yards. It is laid on 
the top of an embankment whose banks are inclined at the same angles 
to the horizon. The base of the embankment is b yards across. The 
lower part slopes at an angle 6 to the horizon through a vertical height 
c yards ; there is then a slope at an angle <f> through a vertical height d 
yards. Find the width of the top of the embankment, and the cubic 
contents of the stretch of a yards. 

21. A ship sails 25 miles due N. and then 30 miles due E. What is 
its bearing from the starting point ? 

22. At a point A the bearing of B is 23°, and its altitude 15°, the 
bearing of C is 49° 15', and its altitude 10° ; AB=5 ch. 3 lk. and 
AC 6 ch. 44 lk. . Calculate the lengths of A'B', A'C', the projections of 
AB, AC upon a plan, and draw the triangle A'B'C' on a scale of 2 ch. 
to 1 in. 

23. Show that the area of any triangle is given by half the produot 
of any two sides and the sine of the angle between them. 

24. Two straight roads AB, AC diverge from A at an angle of 48° ; 
AB=£ mile, AC = J mile. A straight fence is put up from B to C ; find 
the area in acres of the triangle ABC. 

25. AB, BC are two straight hedges inclined at an angle of 78*, 
AB=4*37 eh. ; from what point in BC must a fence be run across to A 
so as to fence off 1 acre ? 

28. Two equal fences 6*5 ch. in length bound a triangle whose 
area=l ac. 3 ro. ; find the angle between them. 
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27. Show that the area of a parallelogram is given by the formula 
afo Bin ab, where ab denotes the angle contained by the sides a and b . 

28. Find the areas of the parallelograms of which two sides and the 
included angle are respectively (1) 2 in., 3 in., 60° ; (2) 2 ft., 2 yd., 45°. 

29. The distances of the corners of a field from a point within it are 
300, 700, 250 and 890 lk., and they bear respectively N., S.W., S.E., 
and E. Find the area of the field. 

30. Two sides AB, CD of a quadrilateral field ABCD are parallel, 
and the other two have an equal inclination. AB = 60 lk., CD = 150 lk., 
BC= DA= 117 lk. Draw a rough sketch of the field. What is its area ? 



CHAPTER II. 


THE TRIGONOMETRICAL RATIOS OF CERTAIN 
ANGLES. RELATIONS BETWEEN THE 
TRIGONOMETRICAL RATIOS. 

13. Introductory. There are a few angles for winch it is 
unnecessary to consult the tables to obtain their trigonometrical 
ratios. We have already seen that their values may be 
written down readily for the angles 0° and 90°. We now' 
give geometrical proofs for the angles 30°, 45° and 60°, and 
establish some important relations between the trigonometrical 
ratios in general. 

14. The trigonometrical ratios of 30°, 45° and 60°. 

The Trigonometrical Ratios far 30/. Let AOB (Fig. 8) be an 
angle of 30°. Upon OB take a point C° such that OP=2a. 



Draw PM perpendicular to OA. Then since l MOP =30°, it 
follows that lOPNI = 60°, and the triangle OPM is the half of 
an equilateral triangle of which OP is a side and MP half the 



13 , 14 ] 


RATIOS OF CERTAIN ANGLES 


21 


Therefore MP = a, 

and OM 2 = OP 2 - MP 2 

— 3a 2 . 

/. OM=v/3 a. 

We can therefore write down the trigonometrical ratios of 
the angle as follows : 


cosec 30° 


MP_1 

OP“2* 

_ OM __\/3 
OP 2 * 
M_P__ 1 
OM ^3’ 
OM 
MP"' 

op = ^ 

OM y/Z* 
OP 


sin 30° = ^= 


cos 30 


tan 30 =^nr = 


COt30“ = ^ = V3. 


sec 30 = — 


MP 


= 2 . 


The Trigonometrical Ratios for 45°. Let AOB (Fig. 9) be 
an angle of 45°. Upon OA take a point M such that OM=a. 
Draw MP perpendicular to OA meeting OB in P. 



Then since 
it follows that 
and 
But 


O.P.T. 


L MOP = 45°, 

L OPM = 45°, 

OM — MP = #. 

OP 2 — OM 2 + MP 2 . 
OP 2 = 2 a 2 . OP=V2a. 

b2 
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The Trigonometrical Ratios for 60°. Let AOB (Fig. 10) be 
an angle of 60°. 

Upon OB take a point P such that OP = 2a. 



Fio. 10. 


Draw PM perpendicular to OA. 

Then since l MOP = 60°, it follows that l OPM = 30°, and 
the triangle OPM is the half of an equilateral triangle of 
which OP is a side and OM half the base. 

Therefore OM = a, 

and MP 2 = OP 2 - OM 2 = 3a 2 . 

/. MP=n/3 a. 
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We can therefore write down the trigonometrical ratios of 
the angle as follows : 

MP J3 


8i “ 60 ° = OP = 2 - 
... OM 1 
00860 =OP=2' 

. „ 0 M P /o 

1,11160 = OM = ' /S * 
..... OM 1 

00160 = mp = 75’ 

Bec60 °=m =2 ’ 

cosec 60 ° = “ = -^-. 

MP v /3 


Wc have thus the following table : 


1 

0° 

30° 

1 

2 

45° 

60° 

90° 

sin 

0 

l 

3 * 

i 

3 * 

3 3 

2 

"l 

cos 

1 

s/3 

2 

1 

2 

0 

tan 

• 

0 

i 

3 s 

1 

3 3 

00 

cot 

oo 

3 3 

1 

1 

v/3 

0 

sec 

! 

1 

2 

3 * 

3 2 

2 

00 

cosec 

OO 

2 

•32 

2 

1 


It will be seen that 

sin 30° = cos 60* = cos (90° - 30°), 
sin 60° - cos 30° = cos (90° - 60°). 
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Prove that 

60°= cos 2 30° 


• sin 2 30. 


Examples. 

2 tan 30° 

tan 60 - l _ tan *30°' 


ft® 30° 4- sin 2 45° + sin 2 60° = ^. tan 2 30° + tan 2 45° + tan 2 60° = 

4 (sin 8 60° + cos 3 30°) = 3 (sin 60° + cos 30°). 


/ 15. Relations between the trigonometrical ratios of an 
angle and its complement. The results tabulated in § 15 
show that for certain angles 

/ sin 0 — cos (90° - 0) 

\ cos 0 = sin (90° - 0) 
f tan 0 = cot (90° - 0) J 
\ cot 0 = tan (90° - 0) 

/ sec 0 = cosec (90° - 0) 
l cosec 0 = sec (90° - 0). 

We proceed to prove the first two of these results. 
Though in the proof we shall suppose that the angle 0 is an 
acute angle, the theorem, as we shall see later, is true in 
general. The other four results follow at once from the first 
two. 

The angle which, together with 0 , makes up 90°, is called 
the complement of 0. Thus the theorem to be proved may be 
stated in words : 

( The sine of an angle is equal to the cosine of its complement, 
and the cosine of an angle is equal to the sine of its complement. 

Let AOB (Fig. 11) be a quadrant of a circle of radius unity. 
Let ^AOP be any acute angle 0 , and let 
z.AOP = lBOQ. 

Then ^ AOQ = 90° 0. 

Draw PM and QN perpendicular to the initial line OA. 

Then, in the triangles OPM and OQN, 

OP = OQ, 

AMOP = LNQO, 
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since 
and 

Therefore MP = ON, 
and 

Hence 


L NQO = l BOQ = 
l OMP = l ONQ - 1 right angle. 


Also 



It is from this property that the name cosine is derived, 
since cosine stands for complementi sinus, which was contracted 
into co. sin. and finally into cos. The same reasons exist for 
the terms cotangent and cosecant. AVe have, in fact, 


cos 0 = sin (90° - 0 ), 

• cot 6 — tan (90° - 6 ), 
cosec 0 = sec (90° - 6). 

The name sine is taken from the Latin sinus , the translation 
of the word used by the Arabs for this ratio. The terms 
tangent and secant hardly require explanation.* 


Examples. 


1. cos 80° = sin 10°. 
3. cot 20° = tan 70°. 


2. cos 15° = sin 75°. 

4. cosec 25° = sec 65°. 


* Of. Fink, A Brief History of Mathematics (p. 285), Chicago, 1903. 
Tropfke, Oeschichte der Elementar-Mathcmatik , Bd. II. (p. 212), Leipzig, 
1903. 
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16. To prove that sin 2 # + cos 2 # = 1 , 

l+tan 2 # = sec 2 #, , 

1 + cot 2 # = cosec 2 #. j 

There are three important equations connecting the squares 
of the trigonometrical ratios : namely, 
sin 2 # + cos 2 # = 1, 
l+tan 2 #=sec 2 #, 

1 + cot 2 # = cosec 2 #. 

It will be seen that the second and third of these follow 
from the first, on division by cos 2 # and sin 2 # respectively. 

To prove that sin 2 # + cos 2 # = 1 , 
we may proceed as follows : 

Let AOB (Fig. 12) be the 
angle #. Upon the bounding 
line OB take any point P and JV' 

draw PM perpendicular to OA. / 

Then M P 2 + OM 2 = OP 2 . 

Therefore 

/MP\ 2 /OMV 8 O M A 

Vop/ + \op/ ~ 1 ' 

8ln a 0 + OO8 2 0 = l. I ^ 

It will be noticed that this proof would hold equally well 
for an angle of any magnitude, as the ratios are squared and 
thus any difference of sign must disappear. 

17. Given one of the trigonometrical ratios of an acute 
angle to find the others. We have seen in §§ 7-12 that 
given any one of the ratios of an acute angle we can write 
down all the others. We might use the results of § 16 
and obtain these without the aid of a figure. 

E.g. Given sin # = 5, express all the other ratios in terms of $. 

Since sin 2 # + cos 2 # = 1 ; 

cos 2 # t= 1 - $ 2 . 

/. cos #=\/l -s 2 , 
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where we take the positive sign, since the angle is acute and 
its cosine positive. 

Then since 

* n sm 0 

tan 0 = a, 

cos V 

it follows that 

g 

tan 0 = • . 

j l-s a 

And 

sec 0 = - * 

COS0 Jl-S 2 

cosec 0 = 

sm 0 5 


Examples. 

1. Given tan 6 = t, express all the other ratios in terms of t. 

2. Given cot 0 = 4, find the other ratios. 

3. Given sec 0= 3, find the other ratios. 

4. Given cosec 0=y§, find the other ratios. 

18. Solution of trigonometrical equations. If an equation 
is given, containing only one of the trigonometrical ratios, 
and it can be solved for that ratio, the trigonometrical tables 
will give the angle, or angles, which satisfy the equation. 

E.g. Consider the equation 

2 sin 2 0 - 3 sin 0 + 1 =0. 

This is a quadratic equation in sin 0 . 

We find, on factorizing, 

(2 sin 0- l)(sin 0- 1) =0. 

Therefore, sin 0 = \ or sin 0 = 1. 

Hence the equation is satisfied by 

0 = 30° or 90°, 

and these are the only two angles between 0° and 90°, both 
included, which satisfy the equation. 
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Again, the equation may contain more than one of the 
ratios. In this case we can use the relations between them to 
deduce from the given equation a second equation involving 
only one of the ratios. We must then solve the resulting 
equation. In this process we may have had to rationalise the 
equation, and, just as in dealing with algebraical equations, 
we must be careful not to introduce solutions which do not 
satisfy the equation in its original form. 

Examples. 

1. Solve the equation 

9(ccs 2 0 + sin 0) = 11. 

Since cos’ 2 0 = 1- sin 2 0, 

we have 9-9 sin 2 0 + 9 sin 0 = 11. 

9sin 2 0-9sin0 + 2 = O. 

.% (3 sin 0-2) (3 sin 0 - 1) =0. 

.*. sin 0= *6667 or -3333. 

0=41° 49' or 19° 28'. 

2. Solve the equation 

v /3cos0-sin0 = l. 

Put sin 0 = \/l - cos 2 0. 

Then we have cos 0 - 1 ) 2 = ( 1 - cos 2 0). 

.\ 4cos 2 0-2 x /3cos0=O. 

cos 0 ^COS 0 ~ =0. 

iJS 

.*. cos 0=0 or cos0=^-. 

.*. 0 = 90° or 0 = 30°. 

But it will be noticed that the value 0 = 90° does not satisfy the 
equation ^3 cos 0 - sin 0 = 1. 

It is a solution of ^/3 cos 0 + sin 0 = 1. 

3 . Solve the equations : 

(i) 3sec0=4oos0. (ii) 3 cot 0 = tan 0. 

(iii) 2sin 2 0 + 3sin 0-4=0. (iv) sin 0 + cos 0 = 1. 

(v) sin 0- cos 0 = 1. (vi) 3 tan a 0 = l + seo a 0, 

(vii) sec 2 0 + tan 2 0=7. (viii) coseo 2 0+cot 2 0=3. 

(ix) tan 0 + 3 cot 0=5 sec 0. (x) tan 0 + cot 0=2. 



18 , 19 ] 


RATIOS OF CERTAIN ANGLES 


29 


19. Trigonometrical identities. An identity differs from 
an equation in this, that an equation is true for only particular 
values of the unknown quantity or variable, an identity is 
true for all values. 

For example, a 2 -b 2 = (a- b) ( a + 6), 

and cos 2 # -f sin 2 # = 1, 

are identities ; 

cc 2 - 1 = 0, 

2 sin 2 # -1=0, 

are equations. 

It is a useful exercise, and makes the student familiar with 
the relations which hold among the ratios, to establish the truth 
of a number of trigonometrical identities such as those which 
are now given. The results are of little value in themselves. 
They are placed here simply for the purpose of helping the 
student to learn to use the trigonometrical ratios as he would 
the ordinary algebraical symbols. 


Examples. 

Prove the following identities : 

1. sin 2 A - cos 2 A = 2 sin 2 A - 1 . 

sin 3 A - cos 3 A = (sin A - cos A) ( 1 -f sin A cos A). 
sin 4 A - cos 4 A = sin 2 A - cos 2 A. 
sin 3 A 4- cos 3 A = (sin A + cos A) (1 - sin A cos A). 
sin 4 A + cos 4 A — 2 sin 4 A - 2 sin 2 A + 1. 
tan A + cot A = sec A cosec A. 
tan 2 A + cot 2 A = sec 2 A + cosec 2 A - 2. 
cos A sin A 


2 . 

3. 

4. 

5. 

6 . 
7. 

& 


9. 


10 . 


i^A-r^tA =8inA+C08A - 
sin 2 A , tan A sin 2 A (1 + cos A) 


cos A + cot A co 8 2 A 
sin A 1 + cos A _ 2 
1 + cos A sin A ~ sin A’ 
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s/ 20. Regular polygons. As rectilinear figures may be broken 
up into triangles, we may obtain further illustrations from 
them of the use of the trigonometrical ratios. In particular 
the regular polygons are interesting, and we can illustrate 
some important theorems about such figures with the aid 
of the trigonometrical tables. * 



Fig. 13. 


Let AB (Fig. 13) be a side of a regular polygon of n sides 
inscribed in a circle whose centre is O and radius r. 

Draw OP perpendicular to AB. 


360* , - 180° 

z_ AOB = , and ^AOP= . 

n n 

/180°\ OP OP 

. . cos ( = — = — , 

V n J OA r 


/180°\ OP OP 

.. cos ( ) = — = — , 

\ n J OA r 

, . /180°\ AP AP 

and sm ) = — = — . 

\ n ) OA r 

But the perimeter of the polygon = n( 2 AP). 

the perimeter = 2 nr sin - . 

Also the area of polygon = n . AP . OP. 

. . the area = 7ir 2 sin ( ) cos ( - - - j. 


Of. Meroer'i Trigonometry, p. 60. 
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Examples. 

1. Make a table like the following and fill in the blanks : 

radius of circle = 10 cms. 



2. Make a table like the following, and fill in the blanks : 

radius of circle = 10 cms. 


No. of sides 
of inscribed 
polygon. 

Angle sub- 
tended by 
side at 
centre. 

Length 
of perpen- 
dicular. 

Length 
of side. 

Area of 

A AOB. 

Area of 
polygon. 

Area 

(radius) 2 

3 

4 

5 

6 

8 

10 

20 

40 

100 

120° 

5 

• 

17-32 

43 30 

129-90 

1*299 


3. Make tables as in Ex. 1 and Ex. 2 for ^circumscribed regular 
polygons. 


It will be noticed that the ratios in the last columns of 
^hese four tables, as the number of sides of the polygons is 
increased, all approach a number between 3 and 4. 

We shall see later (Chapter XII.) that, when the number of 
sides of the polygons is made very great indeed, this ratio, 
whatever the radius may be, approaches and can be made to 
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differ very slightly from the number which is called tt. 
This is an incommensurable number, nearly 3|, and is 
the ratio of the perimeter of a circle to its diameter, or the 
ratio of the area of a circle to the square upon its radius. 


Examples on Chapter II. 

1. A ladder 30 ft. long is placed against a wall so that the foot ot 
the ladder is 15 ft. from the wall. Find the inclination of the ladder 
to the horizontal, and the height at which it rests against the wall. 

2. A vertical stick 15 ft. high casts a shadow 10 ft. long. What is 
the altitude of the sun at that instant? What will the length of 
the shadow be when the sun’s altitude is 45° ? 


3. A kite is flying with its string inclined at an angle of 30° to the 
vertical. Find the height of the kite when the string is 100 ft. long. 

4. A BCD is a parallelogram whose adjacent sides AB and BC are 
3 ft. and 5 ft. long respectively and the angle ABC is 120°. 

Calculate, without using tables, the lengths of the diagonals AC, 
BD, and the area of the parallelogram. 

V* Two sides of a triangle are of lengths 2a and 2 b and contain an 
angle of 120°. If the angle opposite the side 2a is 0, prove that 

. . Jaa 

tan (9 = — - rT . 
a + 2b 

6. The altitude of the sun is observed from the shadow cast by 
a vertical stick to be a. A tower at the samp time casts a shadow 
of length l. Find the height of the tower. 

7, An isosceles triangle of wood is placed on the ground in a 
vertical position facing the sun. The base of the triangle =20 in., the 
altitude = 15 in., the altitude of the sun = 30°: find the angle at the 
apex of the shadow. 


8. Find the sun’s approximate altitude when a pin stuck vertically 
into the window-shelf, so as to stand exactly 5 in. high, casts a shadow 
8*29 in. long. If each of these measurements can be relied on as correct 
to the nearest hundredth of an inch, between what limits must the 
sun’s altitude lie ? 

9. ACB is a right-angled triangle in which C is a right angle and 
AC, CB are both of unit length. The line AD bisecting the angle A 
meets BC in D. Find the length of CD and thus obtain the 
trigonometrical ratios of 22|°. 



20 ] 


RATIOS OF CERTAIN ANGLES 


33 


10. ACB is a right-angled triangle in which C is a right angle and 
BC is one-half of AB. The line AD bisecting the angle A meets BC 
in D. Find the length of CD and thus obtain the trigonometrical 
ratios of 15°. 

11. If (a 4- b) sin 0 = (a - 6), find ^cot 2 0 - cos 2 0. 

12. If cos A=2 sin A, find sec A and cosec A. 

13. If tan A =2 sin A, find A. 

14. In a right-angled triangle the hypothenuse is 13 and one of the 
sides is 12. Find the other side and the angles. 

15. In the triangle ABC the perpendicular AD from A on BC is 
fi units : and the angles B and C have cosines respectively ^ and -J. 
Find the length of the sides AB and AC. 

16. Prove that the expression 

2 (sin 6 A + cos 6 A) - 3 (sin 4 A -f cos 4 A) 
is independent of the angle A. 

17. Prove the following identities : 

(i) (cos 0 + sin 0) 4 - (cos 0 - sin 0) 4 = 8 cos 0 sin 0 , 

.... 1 - sin 0 l+sin0 _ ^ _ „„ 

(11) r; S eo0 - r^0 =2co8 * <«** +«*»**>. 


(ui) 

(iv) 


sin A 4 - sin B cos A - cos B ^ 
cos A 4 - cos B sin A - sin B * 

1 4 - COS A 1 - COS A 0/1,4. Ay 

ii^ATltaA =2 ( 1 + t an A). 


sec A - tan A 

/ \ * 2 A \ 2D COS 2 B- COS 2 A 

(v) tan 2 A - tan 2 B = 5^-, 

' 1 nnft 2 A nns* R 



19. 

20 . 
angle. 


(vi) 2(1 4-sin A)(l 4- cos A) = (1 4- sin A + cos A) 2 . 

Solve the following equations : 

(i) tan 0 + cot 0 = 3, 

(ii) 3sin 2 0 -5 sin 0+2=0, 

(iii) 2 cos 8 0 4- sin 2 0=2 cos 0, 

(iv) tan 4 0 -4 tan 2 04-3 = 0, 

( v) cos 2 0 - sin 2 0=2-5 cos 0, 

(vi) 3 sin 04- 5 cos 0=5. 

If 3 sin 0 4* 5 cos 0=5, show that (3 cos 0 - 5 sin 0) 2 = 9. 

Prove that sin 0 tan 0 is greater than 2(1 - cos 0), if 0 is any acute 


C.P.T. 



CHAPTER III. 


SOLUTION OF RIGHT-ANGLED TRIANGLES. 

21. Introductory. The three sides of a triangle and the 
three angles are called the six elements of the triangle. 
The angles are denoted by A, B, C, and the sides opposite 
these by a , b, and c. The sides are independent except for 
the fact that the sum of any two must be greater than the 
third The angles are not independent, since if we are 
given two of them the third is known. There are thus five 
independent elements in any triangle, the three sides and 
two of the angles. We shall see later that when we are 
given three of these five elements the others can be found 
by computation. This process is called the solution of the 
triangle, and we are said to solve the triangle when we find 
the other elements. 

In this chapter we shall deal with the case of the right- 
angled triangle. 

We have therefore the following cases to examine : 


(i) 

Given C = 90’, 

a and b. 

(ii) 

C = 90°, 

a and c. 

(iii) 

b 

II 

O 

b and c. 

(iv) 

C *» 90’, 

A and a. 

(v) 

C = 90*, 

A and b. 

(vi) 

o ** 

o 

o* 

II 

o 

A and c. 

(vii) 

C = 90°, 

B and a . 

(viii) 

C = 90’, 

B and b. 

(ix) 

C = 90’, 

B and c. 
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These may, however, be reduced to the following four cases : 

(i) Given the two sides about the right angle . 

(ii) Given the hypothenuse and one of the sides. 

(iii) Given the hypothenuse and an acute angle. 

(iv) Given one of the sides and an acute angle. 

22. Given the two sides a, b about the right angle C. 

Here the formula tan A = ^ 

gives the angle A. Then the angle B follows as the comple- 
ment of A. Of course 

c = Ja 2 + b 2 ; 

but since sin A = 

c 

it follows that c = 

sin A 

and c can usually be found from 
this more easily than from 

Fia. 14. 

c = \fa 2 -f & 2 , 

as it is in a form adapted for logarithms. 

In the following examples logarithms are used. The logarithmic sine of 
an angle, say A, (*.6. 10 + log sin A) is written Log sin A. In practice it is 
often convenient to drop the 10 from these Tables, and to read off at once 
the logarithms of the ratios. This will be done in some of the examples. 

When the Logarithm Tables were calculated, after Napier’s death 
in 1617, by Briggs and Vlacq, the language of Trigonometry w\as 
somewhat different from that which is now employed. The sine of 
the angle AOP (cf. Fig. 4) — or, more exactly, the sine of the arc AP— 
was the line MP ; its cosine, the line OM ; etc. And the radius of the 
circle on which the arc AP stands had to be given. Briggs and Vlacq 
worked with Trigonometrical Tables in which the radius was 10 10 . 
Thus their sines, cosines, etc., are our sines, cosines, etc., multiplied 
by 10 10 . Also the logarithms of their sines, cosines, etc., are the 
logarithms of our sines, cosines, etc., w r ith 10 added to each logarithm. 
This is the origin of our Tables of Logarithmio Sines, etc. And the 
10 was not added, as is sometimes stated, in order to avoid negative 
characteristics. It is there because the Logarithm Tables which we 
now use have been copied, more or less direotly, from those which 
Briggs and Vlaoq compiled between 1620 and 1660. 




36 


PLANE TRIGONOMETRY 


[ch. in. 


Ex. 1 . In the triangle ABC, C=90°, 


Find A, B and c. 
Here 


And 



log c= 10 + log a -Log sin A 
= 10 
1-6232 

11-6232 

9-7781 


1-8451. 
/. c = 70. 


In this case it was easy to find A without using logarithms as the 
value of tan A was obtained by simple division. We give another 
example in which this would not be the case, and to find A we would 
take the Logarithmic tangent table. 


Ex. 2. Given C = 90°, a=2314ft., 6 = 1768 ft. 
To find A, B and c. 

tt , A a 2314 

Here tanA= 6 = l768- 

Therefore Log tan A = 10 + log a -log 6 

= 10 
3-3643 

13-3643 

3-2475 

10-1168. 

/. A =52° 37', 
and B = 37°23'. 


Also, since c =— t , , 

sm A 

log c= 10 + log a - Log sin A 
= 13-3643 
9-9001 

3*4642. 

e=2912. 
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23. Given the hypothenuse c and one side a. 

Let c and a be given. 

Then sin A = ^ gives the angle A (Fig. 14). 

Also b = 90° - A gives the angle B ; 

and b = a tan B, 
or b = c cos A gives the side b. 

Ex. 1. Solve the right-angled triangle in which 
c = 42*21, a = 23*45. 



, . A a 23*45 

We have sm A = - = -rrm 5 

c 42*21 

.*. Log sin A = 10 + log a- log c 

= 11*3701 
1*62 54 

0*7447. 

.*. A = 33° 44', 
and B=56° 16'. 

To find 6, we have 6 = a tan B. 

.*. log 5 = log a + Log tan B- 10 

= 1*3701 
*1754 

1*5455. 

.*. 6=35*12. 

It is clear that the work would be on the same lines if c and 6 were 
given. 
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Ex. 2. 

Since 


Solve the right-angled triangle given 
c = 4320, 6 = 2514. 

. D b 2514 
sln B — c — 4320’ 

Log sin B = 10 -l- log b - log c 
= 13*4004 
3-6355 

9-7649. 


.*. B = 35° 35'. 

.-. A =54° 25'. 

Also, we have a = b tan A. 

log a = log 6 + Log tan A -10 
=3-4004 
•1454 

3-5458. 

.-. a = 3514. 


24. Given the hypothenuse c and an acute angle. 

Let c and A be given. 

Since a = csinA and 6 = c cos A, 

we can find a and 6. 

And B » 90° - A gives B. 

Example. Solve the right-angled 
triangle in which 

c=251 and A =32° 12'. 

We have a=c sin A. 

log a = log c + Log sin A -10 
= 1*3997 
1-7266 
1-1263. 

.*. a= 13-38. Fra. 17. 

Also we have 6 = c cos A. 

.\ log b = log c 4* Log cos A -10 
= 1-3997 
1‘9275 
1-3272. 

6=21-24. 

B=57° 48'. 



Also 
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It is clear that the work would be the same if c and B were 
given, for if B is given, A follows. 

25. Given one of the sides and an acute angle. 

Since B = 90° - A, B is known, if A is given. 

If B is given, since A = 90° - B, A is known. 

Also, if a is given, b = a tan B gives b , 

and c = -r gives c. 
sm A ® 


Ex. Solve the right-angled triangle in which 
a = 125 and A =48° 15'. 
Hero B = 41° 45'. 

Also, since b = a tan B, 

log 6 = log a -f Log tan B - 10 
= 2 0969 
1*9507 
2 0476. 

5 = 111-6. 


But 



sin A* 

log c = 10 + log a - Log sin A 

= 12 0969 
9-8727 

2-2242. 

.-. c= 167*6. 


Examples on Chapter I u. 

Solve the following right-angled triangles, right-angled at C. 


1. a = 1000, 6 = 1732. 

3. c= 2124, o = l -234. 
5. c= 1000, A = 30°. 

7. c=2500, B = 52° 14\ 
9. 0 = 125-8, A =50°. 


2. a = 48-94, 6=65-83. 
4. c=22-3, 5 = 12-6. 

6. c=23*46, A =46° 12'. 
8. a = 10, A =45°. 

10. 6=212, A = 15° 12*. 
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EASY PROBLEMS IN HEIGHTS AND DISTANCES. 

26. Introductory. In this chapter we shall give some 
illustrations of such problems in heights and distances as may 
be solved by the trigonometry of the right-angled triangle. 
Some of these questions, it will be found later, can be treated 
more rapidly by other methods, but they all form useful 
exercises for the student at this stage of his work. They are 
also sufficient to show some of the practical applications of 
elementary trigonometry. 

It should be noticed that as Four Figure Tables are used, 
the results are not quite so reliable as those which would be 
obtained by more accurate tables, such as Chambers' Seven 
Figure Tables. 

27. Angles of elevation and depression. In many of these 

questions the terms I 

l Angie of elevation , j 

\i ! Angle of depression, 

will be used. 

The angle between a horizontal plane through an observer’s 
eye and a line joining the eye to any object is called 

(i) The angle of elevation of the object, if it is above the 
observer ; 

(ii) The angle of depression , if it is below him. 
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If the observer is at O and A, B are two points in the 
vertical plane OAB such that OA is horizontal, 

z. AOB = angle of elevation of B (Fig. 19), 
and z. AOB = angle of depression of B (Fig. 20). 



Fig. 19. Fio. 20. 


In the first case we think of a man looking up from the 
horizontal line OA at O to the point B, and turning the 
telescope on his theodolite up through the angle AOB. 

In the second case we think of a man looking down from the 
horizontal line OA at O, and turning the telescope on his 
theodolite down through the angle AOB. 


28, Illustrative examples. 

*Ejf. 1. A tower stands on a horizontal plane. A man on the ground 
100 ft. from the tower finds the angle of elevation of the top of the 
tower to be 60°. Find the height of the tower. 

Let AC be the tower, and B the position of 
the man. 4 k 

Then ACB is a right angle sinoe AC is / 

vertical, and BC is horizontal. / 

Also BC = 100 ft., / . 

and L ABC =60°. / $ 

Lot AC = x ft. / 


Also 

and 


Then tan60° =I ^. ^ 

*= 100 tan 60° B 100 ft - 

= 1<W3 F, °- 21 - 

= 173-2. 

Thus the height of the tower is a little over 173 ft. 
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Ex. 2. A man looks from the top of a vertical tower 120 ft. high at 
a marked point upon the horizontal plane on whioh the tower stands. 
The angle of depression of this point 
is 50°. Find its distance from the 
foot of the tower. 

Let AC be the tower and B the 
position of the marked point on the 
plane. 

Let AD be the horizontal line 
through the point of observation in 
the vertical plane ACB. 

Then AC = 120 ft., 

L DAB =50°. 

Let BC = x ft. 

Then x = 120 tan 40 °. 

.\ z= 100*692. 

Thus the distance BC = 100*7 ft. 

A man observes the elevation of the top of a tower to be 40°. 
He walks 100 ft. nearer to it along the line towards the foot of the 
tower from the first point of observation and finds the angle of elevation 
to be 50°. Find the height of the tower. 



Let the points of observation be A and B, and let CD stand for the 
tower. 
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Let BC=a? ft. and CD=y ft. 

We obtain two equations in x and y immediately as follows : 

^TToo =fcan40 °’ 

- = tan 50°. 
x 

These may be written x+ 100=y tan 50°, 
and x = y tan 40°. 

100 

y tan 50° -tan 40° 

100 

“1T918- -8391 
100 * 

~ '3527 

log y = log 1 00 - log *3527 

= 2 

L5474 

2*4526. 

.\ y = 283 5. 

A man wishes to know the breadth of a river. He finds 
from a point on the bank that the angle of elevation of a tree just 
opposite to him on the other bank 
is 55°. He walks back in the 

straight line from the foot of this sy 

tree, a distance of 50 ft. , and finds / 

the angle of elevation is 1 now 40°. / / 

Find the breadth of the river. / / ^ 

/ / ^ 

Let CD be the tree, and A, B v' / 

the two points of observation. / 

Let BC=a:ft., yS / 

and CD=yft. S' / 

Then y=x tan 55°, X 40 ° / 55 ° 

and y= (x +60) tan 40°. A soft% B xft ' c 

/. (*+60) tan 40 °= x tan 65°. F!0 - 24 - 

50 tan 40° 

X ~ tan 55° - tan 40° 

41-95 

“1-4281 - -8391 
41-95 



44 


PLANE TRIGONOMETRY 


rcH. iv. 


/. log # = log 41 *95 - log *589 
= 1-6227 
1-7701 
1-8526. 

#=71*22. 

Thus the river is a little over 71 ft. wide. 

Ex. 5. From the top of a tower 100 ft. high the angles of depression 
of two objects situated on the plane 
on which the tower stands, due W. of 
the tower, are 60° and 50°. Find the 
distance between the objects. 

Let A, B be the two objects and 
CD the tower. Let AB be x ft. and 
BC y ft. 

Then we have 

# + y = 100tan40°=83-91, 
and y = 100 tan 30° = 57 *74. 

.*. # = 2617. 

Thus the distance between the 
objects is a little over 26 ft. 

/ [ gx. y From the top of a hill the angles of depression of two marked 
pbfcrts on a level plane from which the hill rises are found to be 42° 
and 50° respectively. Thftsp p oints lie due N. an d ^due E . of the hill- 
top and are distant 2 miles from each^otfierT* Find the height of 
tKehill! 

Let AB be the vertical line from the Jx>p 
of the hill to the plane on which the points 
b and D lie. 

Then LABC = 1 rt. L, 

LA8D = 1 rt. L , 
and also L CBP = 1 rt. L , 

since the points are due N. and due E. of A. 

Let AB=# ft. 

Then since L ACB = 42®, 

Z-B^VC=48°, 

and BC=#tan48°. 

Similarly, Bp=# tan 40°. 

But QEgsrBCP+BD*. 






Fxo. 26. 


28,29] PROBLEMS IN HEIGHTS AND DISTANCES 


45 


.*. a: 2 [tan 2 48° + tan 2 40°] = [2 x 1760 x Sf. 

. fl!= 10560 

\Ztan 2 48°'+ tan 2 40® * 

Let w = tan 2 48°. 

. \ log u = 2 log tan 48° 

=2[*0456] 

= 0912. 

.*. u= 1-234. 

l-<et v=tan 2 40°. 

log v = 2 log tan 40° 

= 2 [1-9238] 

= 1-8476. 

/. v= "7041. 

10560 

" *~Vr9381* 

log a: = log 10560- J log 1*9381 

= 4 0237 
1437 
3-8800. 

.*. a? = 7586. 

29. The points of the compass. Some of the simpler 
problems of navigation may be solved with the help of 
elementary plane trigonometry. E.g. the distance of a ship 
from a lighthouse at a known height above the sea : the 
distance of two ships from one another after sailing for a 
short time in different directions, etc. Such questions may 
involve the knowledge of the points of the compass. The 
circle on which the needle moves is divided into 32 equal 
parts, each part being thus the eighth part of a right angle 
or 11° 15\ The names of the points are given in Fig. 27. 

The points are named with reference to the cardinal points, 
N., S., E., and W. Direction may be also indicated by saying 
that the point bears so many degrees East of North, or West 
of South, etc. 
c.r.T. 


o 
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E.g. N. 15° E. 

means that the angle between the line to the point and the 
line due N. is 15° and this is towards the East. 

In this notation N.N.E. might be written 
N. 22J° E., or E. 67 N. 



Examples on Chapter IV. 

1. An observer in a boat is being rowed *from a cliff 200 ft. high, 
and it takes 2 minutes for the angle of elevation of the top of the cliff 
to change from 45° to 30°. How fast is the boat moving ? 

2. To find the approximate width of a river I send a man to the 
opposite side with a levelling staff marked in feet and inches up to 16 ft., 
which he holds vertically upright on a stone at the water’s edge. The 
theodolite when set level points to the mark 5 ft. 8 in. The depression 
of the foot of the pole =3° 24': the elevation of the 16 ft. mark=6° 3<y. 
Find the width off the river as the mean of the two results obtained. 

3. In order to find the height of a hill a line was measured equal to 
2000 ft. in the same level with the base of the hill, and in the Same 
vertical plane as its top. The angles of elevation of the top of the hill 
wore 25° and 30° from the ends of this line. Find its height. 

< 4. A flagstaff 30 ft. high stands on the top of a cliff, and from a 
point, on a level with the base of the cliff the angles of elevation of the 
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top and bottom of the flagstaff are observed to be 42° and 30°. t Find 
the height of the cliff. 

5. From the foot of a wall the elevation of the top of a tower is 45°, 
and from the top of the wall, which is 25 ft. high, its 'elevation is 30°. 
Find the height and distance of the tower. 

6 . From the top of a cliff 120 ft. high the angles of depression of 
two boats, due S. of the observer, are 20° and 68°. Find the distance 
between the boats. 

7. From the top of a hill the angles of depression of two consecutive 
milestones, which are in a direction due E. from the top, are 21° and 
46° respectively. How high is the hill ? 

8. A man on one bank of a river observes a point on the opposite 
bank and finds the straight line between himself and that point makes 
an angle of 60° with the stream. After walking along the bank in the 
opposite direction to the stream a distance of 100 feet, the angle is 45°. 
Find the width of the river. 


9. A meteor moving in a straight line passes vertically above 
two points A and B on a horizontal piano 1000 ft. apart. When 
above A it has an altitude 50° as seen from B, and when above B, 
40° as seen from A. Find the distance from A at which it will strike 
the plane. 

10. To determine the breadth AB of a river an observer measures in 
AB produced a length, BC, of 20 yards, and then walks a distance CP, 
of 100 yards at right angles to AC. He finds that AC subtends an 
angle of 35° 40' at P. F ; nd the breadth of the river and the angle that 
BC subtends at P. 


11. The horizontal line MABN joins the feet of two vertical lines 
MP, NQ. A and B are distant a yards apart. The angles of elevation 
of P from A and B are a and p ; and of Q from A and B are a' and p'. 
Prove that the lengths of AP and BQ are given by 
a cosec a ^ a cosec /S' 

cot (3 - cot a cot a' - cot p’ 


12. From two points A and B which lie E. and W. of a tower, the 
angles of elevation of the top are a and ft. If the points are d yds. 
apart, show that the height of the tower is 


d sin a sin P 


, y ds -» 


sin a cos p + cos a sin p * 
and find the height when the two points are both due E. of the tower, 
d t a and p being as before. 
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13. From the foot of a tower A the angle of elevation of the top of 
another tower B ia a, and from the top of A the angle of depression 
of the top of B is p. If B is h ft. high, show that the height of A is 

^ / sin a o os p + cos a sin p \ ^ 

\ sin a cos p ) 

14. Two points A and B are 2000 yds. apart on a straight road, and 
P is a flagstaff off the road. It is found that the angles PAB and PBA 
are 33° 18' and 105° 21' respectively. 

Calculate the distance BP and the number of square yards in the 
triangle ABP. 

15. P and Q are two stations 1000 yds. apart on a straight stretch 
of sea shore bearing E. and W. 

At P a rock bears 42° W. of S. 

„ Q „ „ 35° E. of S. 

Show that the distance from the shore is 
1000 sin 48° sin 55° 

ary? calculate this. 


sin 77° 


f 16. ABC is a triangle in a horizontal plane having the angle B a 
^ right angle. AD and BE are two equal lines drawn vertically above 
the plane. The angle ACD is a and the angle BCE is p. Find AB in 
terms of AD. 


tejpi 

V/1 


17. From the top of a tower, 120 ft. high, the corners A, B, C of a 
triangular field in the horizontal plane through the bottom of the tow'd 1 
are observed to bear 

N. 72° 18' W. S. 75° 23' W. S. 22° 47' W. 

The angles of depression are 34°, 21°, and 43° respectively. Find 
the area of the field. 


18. The angle of elevation of a tower at a place due south of it 
is 45° ; and at another place due west of the former, at a distance a, 
the angle of elevation is 15°. Show that the height of the tower is 

4a(3* - 3 _i ). 

19. At two points A and B, 400 yards apart, on a straight horizontal 
road, the summit of a hill is observed. At A it is due N., with an 
elevation of 40°. At B it is due W. , with an elevation of 27°. Find 
the height of the hill. 

20. At a station S.W. of a tower, the elevation of the top of the 
tower is 15°. At another station 300 ft. west of the former, and in 
the same horizontal plane with it, the bearing of the tower is N. 60° E. 
Find the height of the tower correct to one foot. 



CHAPTER V. 

ANGLES OF ANY MAGNITUDE. 

30. Introductory. In § 5 the trigonometrical ratios were 
defined so as to apply to angles of any size. 

We saw that in the case of angles greater than a right 
angle the lines MP and OM in the ratios are looked upon 
as having both magnitude and direction, the direction being 
relative to the initial line from which the angle is measured. 

The axis of x being taken as the initial line and the 
origin being taken as the angular point about which the 
line tracing out the angle revolves, we saw that when MP 
was drawn upwards, in the direction of y positive, it was to 
be taken positive, and when drawn downwards, in the 
direction of y negative, it was to be taken negative. Also 
that when OM was drawn to the right, in the direction 
of x positive, it was to be taken positive, and that when 
it was drawn to the left, in the direction of x negative, 
it was to be taken negative. Also that in the ratios the 
line OP is always taken positive. In fact, OM and MP in 
the ratios are the projections of the radius vector on the 
lines Ox and Oy, in the ordinary geometrical sense of the term. 

It is also convenient to arrange that in the ratios the lines shall 
be taken as given by the order of the letters by which they are named. 
The line MP means the line drawn from M to P. The line OM the 
line from O to M. It is not then necessary to add a sign + or - 
to these lines in the ratios, if it is understood that the direction of 
the line is given by the order of the letters which represent it. 
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In this notation if the angle xOP in Fig. 28 is called 0, 


sin 6 = 


MP 

OP’ 


and this is negative, since M P is drawn in the direction of y negative. 



Fig. 28 . 


Kg. if 0=225° and OP is equal to unity, the length of the line 

MP is but in the ratio we have to put — for MP. 

\J& 


31. Signs of the trigonometrical ratios in the four 
quadrants. When the angle is traced out by the line OP 
starting from Ox , it is said to be an angle of the first 
quadrant, when OP stops in the region between Ox and O y : 
of the second quadrant, when it stops in the region between 
O y and Ox : of the third quadrant, when it stops in the 
region between Ox' and Oy' : and of the fourth quadrant, 
when it stops in the region between Oy' and Ox. 

It is easy to recognise the signs of the different ratios in 
these four quadrants. They are determined by the direction 
of the lines OM and MP, the x and y coordinates of the 
point P, and are given in Fig. 29. 
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9 'in + 

Cos — 

tan — 

r 

y 

sin + 

cos - 4 * 

tan + 

x' K 

* 

sin — 

sin — 

C09 — 

cos + 

too * 

tao — 


y 


Fig. 29. 


Example. 


Draw diagrams showing in which quadrants the following angles 
lie, and state the signs of the ratios for each : 

120 °, 225 °, 315 °, 420 % 600 °, 1000 °, 

- 30 °, - 210 % - 280 °, - 460 °, - 500 °, - 1000 °. 

32. To find the trigonometrical ratios of the angle - to in 
terms of those of the angle 6 for all values of 6. 

We have shown in § 15 that, at any rate for acute angles, 
the relations gin ( 90 ° _ ^ = cos ^ 

cos (90° - 6) — sin 0, 


and others of the same kind are true. We proceed to prove 
this and similar theorems which hold for angles of any 
magnitude. The pi'oofs which are given hold word for tvoi'd and 
letter for letter , for any possible figure , if it be understood that the 
lines occurring in the ratios are to be taken as given in direction 
by the way in which they are named . In each case figures 
are drawn for angles in any one of the quadrants, and it 
will be seen, by referring to these, that with this under- 
standing as to the lines having their signs denoted by the 
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way in which they are named, the proof holds for each 
one of these figures and any other possible figure. 

Let the revolving line starting from OA trace out any angle 
AOP, denoted by 0 (Fig. 30). 



Fio. 30. 


To obtain the angle ( - 6 ) the revolving line starting from 
the same position must revolve through an angle of the same 
size in the opposite direction. Let its final position for ( - 0 ) 
be OQ, and let OP = OQ. 

Then PQ will be perpendicular to the initial line and will 
be bisected by it, whatever the size of the angle may be. Let 
it meet this line in M. Thus 1 


sin( — 6 ) — 


MQ_ MP 
OQ OP 


-sin 0 , 


coa( — 0 ) — 


OM _OM 
OQ — OP 


= cob 0 ; 


and from these it follows that 


tan (- 0 )= -tan 0 , 
cot (- 0 )— -cot ft 
sec ( - #) = sec 0 , 
coaec (-#)=- cosec ft 

Ex. sin(-30°)= -sin 30°= 

cob ( - 45°) = oos 45°=-^. 
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33. To find the values of the trigonometrical ratios of 
(90° - 6) in terms of those of the angle 6, for all values of 0. 

The relations obtained in this article have already been 
found in § 15 for the case when 6 is an acute angle. 

Let the revolving line starting from OA trace out any angle 
AOP, denoted by 0 (Fig. 31). 



Fia. 31. 


To obtain the angle (90° - 6 ) let the revolving line, starting 
from the same line OA, describe the right angle AOB and 
then rotate from B in the opposite direction through the 
angle 0 , and let the final position of the revolving line be 00 

C.P.T. o 2 
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Take OQ equal to OP. Draw the perpendiculars PM and 
QN to the line OA, produced if necessary. 

Then whatever be the size of the angle 0, it is clear from 
the figures that the triangles MOP and NOQ are congruent, 
and that the sides MP and ON are equal in magnitude and 
sign, and that the sides OM and NQ are also equal in the 


same way. 

Thus we have 




OM . 
Op=cos0, 


and from these it follows that 


cos(9O--0)=gy=^=Bin0; 


tan (90° - 0) = cot 9 , 
cot (?0 o - 0)=tan0, 
sec (90° - 6 ) = cosec 0 \ 
cosec (90° -- 6 ) = sec 6 . 

As we have seen in § 15 such angles are called complementary 
angles, and we have the results : 

The sine of an angle Is equal to the cosine of its complement 
The cosine „ „ sine „ „ 

The tangent „ „ cotangent „ „ 

The cotangent „ „ tangent „ „ etc. 


Ex. sin 80° = sin (90° - 10°) = cos 10°, 

cos 20° = cos (90° - 70°) = sin 70°. 


34. To find the trigonometrical ratios of the angle (90° + 6 ) 
in terms of those of the angle 0, for all values of 9 . 

Let the revolving line starting from OA trace out any angle 
AOP, denoted by 9 (Fig. 32). 

To obtain the angle (90° + 9 ) let the revolving line, starting 
from the same position, describe the right angle AOB and then 
rotate from OB in the same direction through the angle 0. 

Let the final position of the revolving line for (90° + 0) 
be OQ. 

Take OQ equal to OP. 
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Draw the perpendiculars PM and QN to the line OA, 
produced if necessary. 

Then whatever be the size of the angle 0 , it is clear from 
the figures that the triangles OMP and ONQ are congruent, 
and that the sides MP and ON are equal in magnitude, though 
they have different signs, and that the sides OM and NQ are 
also equal in magnitude and have the same signs. 


mm 


■to(9O”+0)=g!=^=cos0, 
cob(9O' + 0)=^U -^ 1 = -aia0; 





34, 85] 


ANGLES OF ANY MAGNITUDE 


57 


To obtain the angle (180° - 0 ), the revolving line starting 
from the same position will revolve through two right angles, 
and then rotate back in the opposite direction through the 
angle 9. 

Let the final position of the revolving line for (180° -0) 
be OQ. 

Take OQ equal to OP. Draw the perpendiculars PM and 
QN to the line OA, produced if necessary. 

Then whatever be the size of the angle 0, it is clear from 
the figures that the triangles OMP and ONQ are congruent, 
and that OM and ON are equal in magnitude but have 
different signs, while MP and NQ are equal in magnitude but 
have the same signs. 


Thus we have 


srn(l8O°-0)=g§=^=s in0, 

/ O ON OM n 

oos( 180 -0) = Q Q =-Qp=-cos0; 


and from these it follows that 


tan (180° - 0) = - tan 0, 
cot (180° - 0) = - cot 0, 
sec (180° - 9 )— - sec 0, 
cose(?(l80° - 0) = cosec 0. 


Such angles are called supplementary angles ; 

* e.g. 150° is the supplement of 30°, 

120° is the supplement of 60°, 

and the sine of an angle is equal to plus the sine of its supplement ; 
the cosine of an angle is equal to minus the cosine of its supplement ; 
the tangent of an angle is equal to minus the tangent of its supplement, etc. 


Ex. Bin 135° = sin (180° - 45°) = sin 45° = -^=. 

oos 170° =oos (180° - 10°)= - cos 10°= - -9848 

'=1-0152. 

tan 140° = tan ( 180° - 40°) = -tan 40°= 1 1609. 
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36 , Other relations. We might prove in the same way that 

sin (180° + d) — - sin 6 \ 
cos (180° + 0)= - cos 6 1 
sin (270° - 0)= - cos 01 
cos (270° - 0) = - sin 0)' 
sin (270° + 0) = - cos 0\ 
cos (270° + 0) = + sin 0 J 

These results may also be deduced from those we have just 
found ; e.g. sin ^ 180 . + ^ = s i n ( 90 » + 90° + 6>) 

— cos (90° + 0) 

— - sin 0 . 

It is clear that the ratios of the angle (360° - 0) are the 
same as those of the angle ( - 0 ), since the revolving line ends 
in the same position for both. 

Also that the addition or subtraction of any multiple of 
360° to an angle leaves the ratios unaltered. 

37 . Reduction of the trigonometrical ratios to those of 
angles between 0° and 45°. 

From the theorems of this chapter the ratios of any angle 
positive or negative may be found in terms of the ratios of a 
positive angle lying between 0° and 45°. 

For example, 

sin (1220°) = sin (1080° + 140°) 

= sin 140°, since 1080° = 3x 360°, 

= sin (180® - 40°) 

= sin 40° ; 

cos( - 840°) * cos (840°) 

= cos (720° + 120°) 

— cos 120° 

«©os(180°-60°) 

= - cos 60® 

-> - sin 30 ® ; 
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tan (-640°)= - tan (640°) 

= - tan (360° + 280°) 

= - tan 280° 

- - tan (180° + 100°) 

= - tan 100° 

= - tan (90° + 10°) 

= cot 10°. 

38. The graphs of the trigonometrical ratios for angles 
from 0 ° to 360 °. 

We are now in a position to draw the curves 
y — sin x , 
y = cos x, 
y = tan x , 
y = cot x f 
y = sec x, 
y= cosec x, 

where x is the number of degrees in the angle, and y the 
value of its trigonometrical ratio. (See Figs. 34 to 39.) 

The values of the ordinates for angles from 0° to 90°, that is 
for angles in the first quadrant, are given in the tables. The 
values for the other quadrants can be found by using the 
theorems of the preceding articles. These curves show 
clearly the way in which the ratios change as the angle 
increases from any negative value to any positive one. 

Examples on Chapter V. 

1. Find the values of 

(а) sin 135°, cos 225°, tan 315°. 

(б) sin 120°, cos 240°, tan 300°. 

(c) sin 150°, cos 210°, tan 330°. 

(d) cos ( - 135°), oos ( - 225°), cos ( - 315°). 

(e) sin (-150°), cos (-210°), tan (-330°). 

(/) cot (300°), sec (420°), coseo(480°). 
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y=sin x. 
Fig. 34. 



y = cos x. 
Fig. 85. 



cot X. 
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2. Express the following ratios in terms of ratios of positive angles 

less than 45“ : ain 500 « ) cog 6(Kr> Un 72 o", 

eot( - 1000°), sec (-1080°), oosec ( - 540°). 

3. Find all the positive angles less than four right angles which 
satisfy the equations : 

(a) 2sin 2 0= 1. (b) 3tan 2 0 = l. (c) 2 sin 2 !?- 3 sin 0 + 1=0. 

(< d ) sin 0 + ^3 cos 0 = 1. (e) tan 2 0 4- sec 0=1. 

4. If A is an angle in the second quadrant whose sine is 3, find the 
other ratios of the angle. 

5. If A is an angle in the second quadrant whose cosine is - find 
the other ratios of the angle. 

6. If A is an angle in the third quadrant whose tangent is 2, find the 
other ratios of the angle. 

7. If A is an angle in the fourth quadrant which satisfies cot 2 0 = 4, 
find the other ratios of the angle. 

8. Simplify the expressions : 

... sin (180° -A) cos (270° -A) 
sin (180° + A) cos (270° 4- A)* 

(ii) cosec (90° - A) sec (90° + A) cot A. 

..... cos (180° - A) sin (360° - A) cot (90° 4- A) 

1 ' tan (180° 4- A) cos ( - A) tan (90° - A) 

... cos (90° - A) cos (180° - A) tan (180° + A) 

1 ' sin (90° 4- A) sin (180° - A) tan (180° - A)* 


9. Prove that • 

(i) cos (90° 4- A) 4- cos (90° - A) 4- sin ( 180° + A) 4- sin A =0. 

(ii) cos ( 180° 4- A) 4- sin ( 1 80° 4- A) + sin (270° + A) 

= sin (270° - A) + cos ( 180° - A) + sin ( - A). 

(iii) sec (360° - A) 4- cosec (720° 4- A) = 4- g-y 


(iv) cot (270° - A) 4 - cot (270° + A) = tan A 4- tan ( - A). 

10. If A, B, C are the angles of a triangle, prove that 


sin 2 = cos 


oos 2 = 8 m- 


A 4 -B 
2 ’ 

A + B 


sin C = sin (A + B), 
cosC= - cos (A 4 -B). 



CHAPTER VI. 

TRIGONOMETRICAL RATIOS OF THE SUM AND DIF- 
FERENCE OF TWO ANGLES IN TERMS OF THOSE 
OF THE ANGLES. 

39. Introductory. In last chapter we have found expres- 
sions for the trigonometrical ratios of the sum and difference 
of certain angles — for example — 

sin (90° ±0), sin (180° ± 0), etc. 

We proceed to prove several theorems which give the trigono- 
metrical ratios of the sum and difference of any two angles in 
terms of the ratios of these angles themselves. In the first 
place we shall prove these theorems for acute angles, and 
later we shall show that they hold in general. 

40. To prove that 

sin (A + B) = sin A cos B + cos A sin B, 
cos (A + B) = cos A cos B - sin A sin B, 

A and B being any acute angles. 

Let the revolving line start from OA and trace out the angle 
AOB (the angle A) (Fig. 40), and then trace out further the 
angle BOC (the angle B). 

Upon the bounding line OC of the angle (A-f B) take any 
point P, and draw PM and PN perpendicular to the lines OA 
and OB respectively. 

From N draw NH and NK perpendicular to OA and MP. 
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Then since the angles ONP and OMP are right angles, the 
quadrilateral OMNP is cyclic, and 

LKPN=Z-AOB = z-A. 


But 


And 


Also 

and 



OP sin (A + B) = M P 

•= MK 4- KP 
= HIM -f KP. 

HN = ON sin A, 

• ON = OP cos B. 

HN = OP sin A cos B. 

KP= PN cos KPN 
= PN cos A, 

PN = OP sin B. 

KP = OP cos A sin B. 

OP sin (A + B) = OP (sin A cos B + cos A sin B). 

ain (A + B) = sin A cos B + cos A sin B. 

OP cos (A + B) = OM 

= OH - MH 
«OH-KN; 


Again, 
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and OH = ON cos A = OP cos A cos B, 

KN = PN sin A = OP sin A sin B. 

OP cos (A + B) = OP (cos A cos B - sin A sin B). 

cos (A + B) = cos A cos B - sin A sin B. 


41. To prove that 

sin (A - B) = sin A cos B - cos A sin B, 
cos (A - B) = cos A cos B + sin A sin B, 

A and B being any acute angles. 

Let the revolving line start from OA and trace out the 
angle AOB (the angle A), and then revolve in the opposite 
direction from OB through the angle BOC (the angle B). 
Then the angle AOC is the angle (A - B) (Fig. 41). 

Upon the bounding line OC of this angle take any point P, 
and draw PM and PN perpendicular to the lines OA and OB 
respectively. 



From N draw NH and NK perpendicular to OA and MP. 
Then lKPN^lAOB 

■® aA, 

since OMPN is a cyclic quadrilateral. 
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But OPsin (A - B) = MP 



= MK-PK 

= H N - PK. 

And 

HN = ON sin A 

= OP sin A cos B. 

Also 

PK = PN cos A 

= OP cos A sin B. 

Therefore 

OP sin (A - B) = OP(sin A cos B - cos A sin B). 
.*. sin (A- B) = sinAcos B -cos A sin B. 

Again, 

OP cos (A — B) = OM 

= OH + HM 

-OH + NK. 

And 

OH = ON cos A 

= OP cos A cos B. 

Also 

NK = NPsin A 

= OP sin A sin B. 

Therefore 

OP cos (A - B) = OP(cos A cos B + sin A sin B) 
cos(A- B) = cos Acos B + sinAsin B. 


These important results of §§ 40, 41 are usually called the 
Addition Theorems for the Sine and Cosine. 


1. Prove that 


Examples. 

sin 75 °= ^-^=008 UP. 

sin 75° = sin (45° + 30°) 

= sin 45° cos 30° + cos 45° sin 30° 

= _L s/3+JL I 

v/2’ 2 2 


n/3 + 1 

Also sin 75° = oos 15°, 

since the angles are complementary. 
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2. Prove that cob 75° Bin 15 °- 

cos 75° =cos(45° + 30°) 

= cos 45° cos 30° - sin 45° sin 30° 

_ n/3-1 
~ 2^/2 * 

Also cos 75° = sin 15°, 

since the angles are complementary. 

3. Prove that sin(45+ A)= . 

. xt. i. /a oaox \/3 cos A + sin A 

4. Prove that cos ( A - 30 ) = — ^ • 

5. If sin A=^, and sinB = ^, and A and B are both acute angles, 
find sin (A± B). 

6. If cos A =j-, and cos B = ^, and A and B are both acute angles, 
find cos (A ±B). 

7. Prove the results of Ch. Y. with regard to the angles (90° ± A), 
(180°±A), (270° ± A). E.g. 

sin (90° - A) = sin 90° cos A - cos 90° sin A = cos A. 

8. Prove that tan a ± tan p = 

COB a COB /3 

t 

9. Prove that cot p ± cot a = 

r sin a sm p 

42 * Extension of these theorems to angles of any magnitude. 
The proofs of the Addition Theorems which are given in the 
previous articles depend upon figures in which the angles A 
and B are both acute. The theorems, however, hold in 
general, whatever values A and B may have ; but the adaptation 
of the proofs, in the preceding articles, to angles other than 
acute angles involves certain changes and considerable care. 
For this and other reasons this method is not so satisfactory 
as a more general one, depending on the geometrical theory of 
projection, given in next article. However, with the help of 
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the results of last chapter, we may complete this proof without 
further geometrical discussion, as follows : 

Let A and B be two acute angles, so that we know the 


theorems 

are 

true for A and B. 




Let 

*1 

= 90° 4- A, so that 

we 

know sin A L = 

cos A, 





cos A 1 = 

- sin A. 

Also 


sin (A l -f B) = 

sin 

(90° + A + B) 




= 

cos 

(A+B) 





cos 

A cos B - sin A 

sin B 



= 

sin 

Aj cos B + cos A 

j sin B. 

Thus this 

theorem is true 

when A. lies between one 

two right 

an 

gles. 




Also 


cos (A t 4- B) = 

cos 

(90° + A+B) 



= - sin (A 4- B) 

= - sin A cos B - cos A sin B 
= cos A x cos B - sin A x sin B. 


Thus this theorem is true when A x lies between one and 
two right angles. • 

A similar argument holds if B is increased by a right 
angle. 

Hence the formulae for sin (A 4- B) and cos (A 4- B) are proved 
to hold in general for angles A and B, if the angles A and B 
lie anywhere between 0° and 180°. 

Similarly, by putting A 2 - 90° 4- A 1 and Bo = 90° 4- B x we may 
show that they hold for any angles lying between 0° and 
270°. 

By proceeding in this way we see that the theorems 
hold for angles of any size. 

A similar method may be employed in the case of the 
(A - B) formulae. 
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43.* Proof of the addition theorems by projection for angles 
of any magnitude. Consider a circle of unit radius, the axes 
of x and y meeting at its centre O. 

Let the radius OP starting from Ox trace out the angle scOP 
(the angle A) (Fig. 42). 

Let the angle B be traced out 
by the radius revolving from the 
initial line Ox v the bounding line 
of the angle A, into its final posi- 
tion OQ. 

Let the line O y x make the 
angle 90° + A with the initial line 
Ox . 

Draw QM and QN perpendicular 
to the lines Ox x and Oy v 

Then the pair of lines x'Ox, yOy 
give the positive and negative directions for the lines in the 
ratios of the angle A, and the lines x^Ox^ y^Oy Y give those for 
the angle B. 

cos (A + B). 

With the usual meaning for the groiection of a line, 
cos (A + B) = proj. of OQ upon Ox, 
since the radius is unity. 

But the proj. of OQ upon Ox 

= proj. of OM upon Ox + proj. of MQ or ON upon Ox. 

Now proj. of OM upon Ox = OM cos A, 
and OM =cos B. 



Fig. 42 . 


Also 

and 


proj. of OM upon Ox = cos A cos B. 
proj. of QN upon Ox = ON cos (90° + A), 
ON = sin B. 


/. proj. of ON upon Ox- - sin A sin B. 

•\ cos(A+B) ~cos A cos B- sin A sin B. 
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Sin (A + B). 

To find the expression for sin(A-i-B) we project OQ upon 
O y instead of Ox . 

Now, proceeding as above, 

sin (A + B) = proj. of OQ upon O y 

= proj. of OM upon Oy + proj. of ON upon 0 y. 
But proj. of OM upon Oy-ON\ cos (A - 90°) 

= OM cos (90° - A) 

= OM sin A, 

and OM = cosB. 

.’. proj. of OM upon Oy = sinAcosB. 

Also proj. of ON upon O y = ON cos(A -f 90° - 90°) 

= ON cos A, 

and ON = sinB. 

proj. of ON upon Oy = cos A sin B. 

.'. sin (A + B) = sin A cos B + cos A sin B. 

These proofs of the addition theorems 

sin (A + B) = sin A cos B + cos A sin B, 
cos (A + B) = cos A cos B - sin A sin B, 
are perfectly general, and hold whatever the angles A and B 
may be. They may be angles of any size whatever ; they may 
also be positive or negative angles. 

In particular, we may put ( - B) for B and obtain the results 
for sin (A - B) and cos (A - B). 

We have sin (A - B) 

= sin {A + ( - B)} 

= sin A cos ( - B) + cos A sin ( - B) 

= sin A cos B - cos A sin B. 

And cos(A-B) 

= cos { A 4- ( — B)} 

= cos A cos ( - B) - sin A sin ( - B) 

= cos A cos B 4- sin A sin B. 
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44. To prove that tan (A + B) = 


tan A 4- tan B 
1 - tanAtanB* 


and 


tan (A - B) = 


tan A --tan B 
1 +tanAtan B’ 


From the values of sin (A ± B) and cos (A ± B) we easily 
deduce expressions for tan (A ± B) in terms of tan A and tan B, 
as follows : 

We have tan (A 4- B) = S * n ^ ^ 
v ' cos (A 4- B) 

_ sin A cos B 4- cos A sin B 

~ cos A cos B - sin A sin B’ 


tan(A+B)= 

' 1 - tan A tan B 


on dividing numerator and denominator by cos A cos B. 
Also 

sin A cos B - cos A sin B 


sin(A-B) 

tan (A - B) = ■)— 

x 7 cos (A - B) 


cos A cos B 4- sin A sin B 


tan (A - B) = 


tan A - tan B 
1 4- tan A tan B* 


Geometrical proofs of these theorems may also be givea 
Compare Hobson’s Trigonometry , p. 53. 


Examples. 

1. Prove that tan (46° 4- A) = y 


2. Prove that tan (4B°- A) 


3. Prove that 


tan 18° = 


x/3-1 

Ji + 1 


4. If tan A=tj£ and tan B = and A, B are acute, prove that 

A + B = 45°. 
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46. The addition theorems for three angles. 

Since sin (A + B + C) = sin (A + B + C) 

= sin (A + B) cos C + cos (A + B) sin C, 

we have 

sin (A + B + C) = (sin A cos B + cos A sin B) cos C 
+ (cos A cos B - sin A sin B) sin C. 

This may be written 

sin ( A + B -f C) = cos A cos B cos C (tan A + tan B+tanC 

- tan A tan B tan C). 

We find in the same way, 

cos (A + B + C) = cos (A + B) cos C - sin (A + B) sin C 
= (cos A cos B - sin A sin B) cos C 
- (sin A cos B + cos A sin B) sin C, 

which may be written 

cos (A + B + C) — cos A cos B cos C (1 - tan A tan B - tan B tan C 

- tan C tan A). 

, From these it follows that 

tan A 4- tan B + tan C - tan A tan B tan C 
' 1-tan A tan B -tan BtanC-tanCtanA 

These results hold for any three angles, positive or negative 


Examples. 

1, Prove that if A, B, (5 are the angles of a triangle 
tan A + tan B + tan C -- tan A tan B tan C. 

This follows from sin ( A + B + C) = 0, 

or from tan ( A + B 4- C ) = 0, 

which are both true as A + B + C = 180°. 


2. Prove that if A, B, C are the angles of a triangle 


1 - tan ^ tan ^ - 


This follows from 
or from 


B C C A A 

tan ^ tan ^ - tan Q tan ^ =0. 

A+B+C A 

COS ,3 = 0, 


, A + B + C 

tan ^ = oo, 


which are both true as 
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46.* The addition theorems for any number of angles. 

The results of last article may be stated as, follows : 
sin(^ 1 + 0 2 4- 0 3 ) = cos 0 l cos 0 2 cos 0 3 (s 1 - s 3 \ 
cos(0 4 + 0 2 + 0 3 ) = cos 0 1 cos 0 2 cos 0 S (1 - $ 2 )> 

tan (0, + 0 2 + 6 a ) = 

I — 6 2 

where s x — the sum of the tangents of 0 X , 0 2 , and 0 8 , one at a time, 

$ 2 = jj jj jj tWO ,, , 

£3 33 »» »» >j three ,, . 

It is easy to prove, by induction, that 
sin (6 X + 0 2 + . . - + 0 W ) = cos 0 X cos 0 2 . . . cos 6 n (s x -s 3 + s 5 -...), 
cos( 0 l + 0 2 + ... + 0„) = cos 0 T cos 0 2 ...cos 0„(1 -s 2 + s 4 - ...), 

and tan (0 X + 0 2 + . . . + 0 n ) = ** + ?'" '» 

where if n is even, 

the last term of the numerator is ( - l) 5+1 s n _ lf 

n 

„ „ denominator is ( - l) 2 s n • 

while if n is odd, 

the last term of the numerator is ( - 1) 2 s ni 

»— i 

„ „ denominator is (-) a s w-1 . 

Another proof of these results is given in § 110 . 

Examples on Chapter VI. 

1. If cos A = ^ and cos B = ^£, and A and B are acute angles, prove 

that A = 60° + B. 

2. If sin A=^ and cos B = y| f and A and B are acute angles, prove 

that sin(A + B)=££. 

3. If tan A=^ and tan B = ^, and A and B are acute angles, prove 

that A + B=45°. 
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4. If sinA=^ and sinB = ~y, find sin(A-B) 

(i) when A and B are acute angles, 

(ii) when A is obtuse and B is acute ; 
and verify your results by a diagram drawn to scale. 

5. Prove that sin (30° + A) + sin (30° - A) = cos A, 

cos (30° - A) - cos (30° + A) — sin A. 

6. Prove that tan ( 45° + A) - tan (45° - A) = 2 tan 2A. 

*7. Prove that 

(i) cos A + cos (120° + A) + cos (120° - A) =0, 

(ii) sin A + sin (120° + A) - sin (120° -A) =0, 

(iii) cos (30° + A) + cos (60° + A) = I (J2 + ^6) sin (46° - A). 

8. If B + C=60°, show that 

sin ( 120° - B) = sin ( 120° - C). 


9 . Prove that (i) 


sin (A + B) + sm (A- B)_ f A 
cosTA + B) + cos (A - B) ” tan 


(ii) 


sin (A+ B) - sin (A - B) 
cos ( A + Bj - cos (A-B) 


= tan (90°+ A). 


10 . Prove that 


sin (A - B) + sin(B - C) + sin (C - A) 
coe Acos 6 cos B cos C cosCcosA"” 



CHAPTER YU. 


MULTIPLE ANGLES. 

47. Introductory. The theorems of last chapter have to do 
with the addition of angles in the sense that they express the 
trigonometrical ratios of the sums of angles in terms of 
the trigonometrical ratios of the angles themselves. We 
proceed to deduce some of the corresponding theorems in 
multiplication and division of angles. 


48. The trigonometrical ratios of the angle 2A in terms of 
those of the angle A. 

Since sin 2 A = sin (A + A) 

= sin A cos A + cos A sin A, 

it follows that 

Bin 2A = 2 sin A cos A 

Similarly, cos2a = co 8 (A + A). 

cob 2A= cob 2 A -sin 2 A 
= 2 cob 2 A -1 
= 1-2 sin 2 A 


It follows from the expressions for sin2A and cos2A, or 
directly from the formula for tan(A + B), that 


tan2A= 


2 tan A 
l-tan 2 A* 


These results are of great importance in the further applica- 
tions of trigonometry. 
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The expressions for cos2A give at once the following 
identities: i-cos2A 


tan 2 A = 


1 + cos 2A 

= - , 

1 - cos 2A 
~ 1 + cos 2A 


Examples. 

1. Prove that r ^^r = tanA. 

1 -f cos 2A 

2. Prove that — - n = cot A. 

l~cos2A 

3. Prove that cot A + tan A = 2 cosec 2A. 

4. Prove that cot A - tan A = 2 cot 2A. 

- ... fiinA + sin2A . A 

5. Provo that -r- s tva = tan A. 

1 + cos A + cos 2A 

49. The trigonometrical ratios of the angle A in terms of 

A 

those of the angle ^ 

We could prove in the same way, or deduce from the above 

results, that . . 

sin A = 2 sin -cos-, 

2 2’ 

cub A = cos 2 ~ - sin 2 £ 

2 2 

= 2 cos 2 “ 1 > 

2 

= 1 — 2 sin 2 - 


tan A = « 


l-tan 2 - 


1. Prove that 


2. Prove that 


Examples. 

tan 2 - = 1 . _ ®?L A . 

2 1 + cob A 

tea A rr tdnA 
2 1 + cosA 
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3. Prove that 

4. Prove that 

50. To express 
of tan 

2 

Since 


we have 
Also 


Similarly, 


> A sin A 
2 ~ 1 - cos A* 

1 + sin A - cos A A 
l + sinA + cosA~ n 2* 

the trigonometrical ratios of A in terms 


. A A 

sin A = 2 sin ~ cos - 
2 2 

= 2 tan ^ cos 2 ^ 
2 2 

A 

tan 9 - 


3v 

1 + tan 2 ~ 

2 

sin A=j-~p, where tan^=»fc 
cos A — cos 2 ^ - sin 2 ^ 

2 xj 

9 A . o A 

cos 2 ^ - sm 2 ^ 

2 2 


cos 2 ^ + sin 2 - 

1 - tan 2 ^ 

2 


COB A: 


1 + tan 2 - 

l-t* 

= l+t 2 * 


2t 

tanA= r ^ 5 , 
. . l-t 2 

cotA= “ar’ 


*eoA- 
cosec A: 


l+t 2 
= 1— t 2 ’ 
l+t 2 

at ' 
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Thus the trigonometrical ratios of any angle can be 
expressed ratwnally in terms of the tangent of half the angle. 

These results are of great use in solving various trigono- 
metrical equations, and in many of the applications of 
trigonometry in other parts of mathematics (cf. §§ 135, 136). 


51. To prove that sin 3A = 3 sin A - 4 sin 3 A, 
cos 3A = 4 cos 3 A - 3 cos A, 

, o a 3 tan A - tan 3 A 

1-3 tan 2 A 

Since sin 3A = sin(2A + A) 

= sin 2A cos A + cos 2A sin A 
= (2 sin A cos A) cos A + ( 1 - 2 sin 2 A) sin A 
= 2 sin A(1 - sin 2 A) + sin A(1 - 2 sin 2 A), 

we have Bin3A = 3sixi A-4sin 3 A. 


Also, 


And 


cos 3A = cos(2A-f A) 

= cos 2A cos A - sin 2A sin A 
= (2 cos 2 A - 1 )cos A - (2 sin A cos A) sin A 
= (2 cos 2 A - l)cos A - 2 cos A(1 - cos 2 A). 


COB 3A = 4 COB 3 A - 3 COB A. 

tan 3A- tan(2A-f A) 

_ tan 2A + tan A 
1 - tan 2A tan A 


2 tan A 
1 - tan 2 A 


+ tan A 


2 tan A ^ 

1 _ ■ tan A 

1 - tan- A 


tan3A = 


3 t an A - tan 3 A 
1-3 tan- A 


. It is a help in remembering the formula for cos 3A to note 
that the result holds on putting A = 0, whereas it would not if 
the terms were reversed. 
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Direct geometrical proofs of these theorems may also be 
given. For the angle 2A the ratios of the angle at the centre 
of a circle are compared with those of the angle at the ex- 
tremity of the diameter. For the angle 3A an isosceles 
triangle of which the base angles are A is inscribed in a circle, 
and the tangent at one of the equal angles is drawn to meet 
the opposite side. The vertical angle of this triangle will 
be 180° - 3A or 3A - 180°. 

These results might have been deduced from the theorems 
of § 45, where 

sin(A + B + C), cos (A -h B +- C), and tan(A + B + C) 
were found in terms of the ratios of A, B, and C. 

Examples. 

1. Show that the value of cos 60° may be obtained by solving the 

equation 4 cos 3 0-3 cos 0 +1=0, 

got by putting 30 = 180° in the equation for cos 30 . To what angles do 
the other roots correspond ? 

2. Find the value of tan 1.5° from the equation 

3 tan 0 - tan 3 0 = 1-3 tan a 0 . 

To what angles do the other roots correspond ? 

3. Prove that tan A tan 2A tan 3A = tan 3A - tan 2A - tan A. 

52.* The general case, sinnA, cosnA, tannA, where n is 
any positive integer. 

It will be seen that the values of sin 2A, cos 2A lead to those 
of sin 3A, cos 3A ; that these in turn lead to those of sin 4A and 
cos4A; and so on. By continuing the work of the pre- 
ceding articles we could obtain expressions for the sine, 
cosine, and tangent of any multiple of an angle in terms of 
the ratios of the angle itself. They could also be deduced 
from the results given in §46. We return to this question 
again in Ch. XIV., w'here a simpler proof of the general 
results will be given. 
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Examples. 

Prove that 1. sin 4A = 4 sin A cos A (cos 2 A - sin 2 A), 
2. cos 4A= 8 cos 4 A - 8 cos 2 A + 1, 

4 tan A - 4 tan 3 A 


3. tan 4A = 


1-6 tan 2 A + tan 4 A' 


A A A 

63.* Given sin A, to find sin cos and tan 

A 2 2 

A 

If the angle A is given, the angle - is a definite angle and 

A A w 

sin ^ and cos ^ are definite numbers : but if only sin A is given, 

there are many angles with that sine, and we cannot say 
without examination how many values there will be for 

A A 

sin - or cos 
2 2 


If 


sin A = we know that 


A = 360° + 45° or n . 360° + 135°, 

where n is any integer. 


Thus 


* = 180° + 224° or n . 180° + G7^°. 


These angles all end at P 15 p 2 . 
P 3 , or P 4 on the circle of Fig. 43, 
and it is clear that there are four 

A A 

values of sin - : that cos - has 
2 2 

these four values in different order; 
and that there are two values of 

tan 

2 

We shall now show analytically 
that this is true in general. 



We have 


A A 

2 sin ^ cos ^ 


= sin A, 


sin 2 * + cos 2 1. 


and 
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A 

On eliminating cos^ from these two equations we would 

a 

have an equation of the fourth degree in sin -z and thus four 

possible values. What these values are may be shown more 
neatly by proceeding in the following way : 


Since 

A a 

2 sin - cos - = sin A, 

and 

sin 2 ~ + cos 2 ; 

'Ll 

2 ’ 

we have 

(sin ^ + cos g 

2 

| = 1 + sin A, 

and 

( sin ?- cos S 

2 . 

| = 1 - sm A. 


From these two relations it follows that 

sin^ + cos ± Vl + sinA, 

sin ~ - c °s^= ±>/l-sinA. 

2 2 

A 

sin ^ may have any one of the four values, 

Vl + sin A + Jl - sin A 
— > 


Jl + sin A - \/l - sin A 


- \/l 4* sin A + Jl - sin A 


or 


- + sin A - VI - sin A 


Similarly, it can be shown that cos ~ has four values which 
A * 

are equal to those of sin - taken in a different order. 

2 
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A 

It might be supposed that tan - would also have four 

values, but that this is not the case would be seen by taking 

A A 

the corresponding values of sin ~ and cos - together, as they 

Z Z 

occur in the solution. This would give only two values 
for tan 

Z 

It is also obvious from the fact that 



_ sin A 
1 + cos A 
_ sin A 
1 ± v/l - sin 2 a’ 

A 

so that tan - has only two values, if sin A is given. 


The results just proved for the angle A can be illustrated geometri- 
cally and the student is recommended to draw the figure required 
for this purpose (cf. Fig. 43). 

If the angle A ia given, it is easy to see which signs have to be 
taken for 

A A 

sin g -f cos 


and 

It is clear that 
and 


sin g - cos Ty 


• A , 

sm g + cos 
. A 

sin jy - cos 


^ = v /2sin(^ + 45°), 
^2 sin (^-45°). 


Thus when ^ + 45° is in the first two quadrants 

. A, A 
sm 2 + c °s 2 
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is positive, and when ^ + 45° ^ is in the third and fourth quadrants 


A A 

sin 2 + 008 2 


is negative. 

Similar results can be obtained for 


sin g ~ cos 


Examples. 


/3 r\ r\ r\ 

1. If sinA = ~-, find the values of sin^, cos-, and tan—, and 

illustrate your answer geometrically. 

2. If A = 220°, find the signs to be given to ^(l-fsinA) and 

A A 

\/(l - sin A) in the formulae for sin ^ and cos ^ 


3. If 315°<A<360°, find the signs to be given to N/(l + sinA) and 

A A 

\/(l - sin A) in the formulae for sin ^ and cos ^ 

4. If 90°<A< 135°, find sin A and cos A in terms of sin2A. How 
does it appear from the formulae that cos A is negative ? 

A A A 

54.* Given cos A, to find sin cos and tan 

A A 2 


Since 

and 

it follows that 
and 


2 sin 2 ^ = 1 - cos A, 

A 

2 cos 2 ^ = 1 + cos Aj 

A 


cos A 


cos 


r ± V i 


-fcos A 


and there are two values of sin- and two values of cos^, 

2 9 

when cos A is given. 

Also it is clear that these values give only two values of 

tan ~ 

2 

A geometrical proof of this theorem is instructive and is 
left to the student to work out for himself. 
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Examples. 

1 AAA 

1. If cos A=g, find the values of sin cos and tan and illustrate 

your answer geometrically. 

2. Find sin 22 * ° and cos 22 V from the ratios of 45°. 


A A A 

55.* Given tan A, to find sin cos and tan -. 

2 2 2 

2 tan* 

Since tan A 

1 - tan 2 ^ 

A 

there are two values of tan when tan A is given, and they 
are the roots of the quadratic equation 

tan 2 ^ + 2 cot A tan £-1=0. 

A 

Also 2 cos 2 ^ = 1 + cos A 

"-1 + - L , 

sec A 

But sec A = ± v/l + tan 2 A. 


/. <5os | = ± Ji(l±- 7 =L — \ 

2 \ 2 \ J\ + tan 2 A/ 

and there are four values for cos ~ in this case. 

A 

Similarly, we find that these are also the four values of sin y 

A geometrical proof of this theorem should also be obtained 
by the student for himself. 


Examples. 


1. From the value of tan 45° calculate tan 22\° • 

To what angle less than 2 right angles does the other root, obtained 
Irom the equation, correspond ? 


2. Given tan 30°= find tan 15°. 
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Examples on Chapter VII. 


1. Prove geometrically that 

sin 2A = 2 sin A cos A, 
cos 2A = 2cos 2 A - 1, 


tan 2A = 


2 tan A 
1 - tan 2 A* 


taking A an acute angle, and 2A the angle at the centre of the circle on 
the diameter passing through the angle A. 


2. Prove that cos 80 = 2 cos 2 40 - 1, and from the expansion for 
cos 40 in terms of cos0 find cos 80 in terms of cos0. 

Hence show that 64 (cos 8 0 + sin 8 0) = cos 80 + 28 cos 40 + 35. 


3. If tan a = ^ and tan p = prove that tan (2a + p) = 1. 

4. If tan \ and tan p = prove that tan (4 a-p) = 1. 

5. If tan A = - — , prove that tan 2A = tan B. 

sin B r 


6. If sin A = sin 2 B, prove that 4 (cos 2A - cos 2B) = 1 - cos 4B. 

7. If cos 0 = . 


cos a - cos p , , , . * . 0 « 

- , prove that one value of tan,-* is 

1 - cos a cos p r 2 


tan % cot £ 


2 2 

8. Prove the following identities : 


... • OA , oa (cotX+l) 2 ~2 

(i) sin 2A + cos 2A = optfA + 1 ■ 


sec 2 B 


.... 80U-0 or . 

< u > 2-W& =seo2B ’ 


(iii) 


sin 3A - cos 3A 
sin A + cos A 


=2sin2A- 1, 


tan 3 A _ 2 cos 2A + 1 
1V tan A ~2cos 2A - 1* 

. . 1 + sinA . „ 

(v) — a = tan 2 


1 - sin A " 


(**t> 


A 

(vi) cosec A + cot A = cot 


9. If tanj8= 


tan a + tan a' 

1 + tan a tan a' ’ 


prove that sin 2/3= 


sin 2a + sin 2a* 

1 + sin 2a sin 2a'* 
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& 

10 . If sin — be determined by the equation 

O 


sin A = 3 sin « - 4 sin 3 


3* 


prove that we also obtain the values of 


. 180° - A . . 180° + A 

sin ~ and - sin ~ — , 


and that if cos ~ be determined by the equation 
cos A=4cos 3 g - 3co8 

we also obtain the values of cos? - and cos? — . 

o 3 

Also give a geometrical proof of these results. 


11* (a) If (1 + \/l + x)tanA = l + v'l -x, 
show that x — sin 4A. 

(b) For a given positive value of x less than unity, show that in the 
first two quadrants there are four distinct values of A, and explain why 
this might have been anticipated from the given equation. 

By means of (a) and (b), find tan 7° 30' in a surd form. 


12. * ABC is an isosceles triangle of which the base is AC. The equal 
angles are denoted by 0. The tangent at C to the circle ABC meets 
AB at E. Prove that the angle AEC is equal to ±(180° -30), and 
deduce the expressions fpr sin 3 6 and cos 30 from the geometry of this 
figure. 

13. If the corners of a square be cut off to form a regular octagon, show 
that a side of the octagon is (>/2 - 1) times a side of the square. 

14. ABCD arc consecutive angular points of a regular octagon. 

Show that AB : AC : AD = sj{2-\j2 ) : : s/2 + J2. 

15. Find the ratio of the area of a circle to that of a regular polygon 
of 16 sides inscribed in it : (i) in a surd form : (ii) as a decimal correct 
to three places, having given that s/2= 1*4142. 



CHAPTER VIII. 

TRANSFORMATION OF SUMS INTO PRODUCTS. 

56. Introductory. In obtaining formulae suitable for 
logarithmic calculation, it is often useful to be able to express 
the sum of two or more ratios as a product and conversely. 
In this chapter we shall show how this may be done in many 


57. To prove that 


sin S + sin T = 2 sin cos T, 
2 2 


>sjifS - sin T = 2 cos sin 

A A 

S and T being any two angles. 

We have seen that 
sin (A + B) ± sin (A - B) 

= (sin A cos B -f cos A sin B) ± (sin A cos B - cos A sin B) 
for all values of A and B, 

.'. sin (A + B) + sin (A - B) = 2 sin A cos B, 
sin (A + B) - sin (A - B) = 2 cos A sin B. 

Let A + B = S, 

and A - B = T. 


Let 

and 


and 
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Thus we have 

sin S+sin T = 2 sin cos ^ , 

2 2 

and sin S - sin T = 2 cos sin 

2 2 

The results for sin (A ± B) are true for any values of A and B, 
so that these formulae in S, T are true for any values of S 
and T. 

It is useful to remember these results in words : 

The sum of the sines of two angles is equal to twice the sine of half 
the sum multiplied by the cosine of half the difference. 

The difference of the sines of two angles is equal to twice the cosine 
of half the sum multiplied by the sine of half the difference. 


Examples. 

Prove that 

1. sin 1‘2A + sin 4A = 2 sin 8A cos 4A. 

2. sin 12A - sin 4A = 2 cos 8A sin 4A. 

tan a s ^ n 2A + sin 2B _ tan (A -f B) 

q sinA-fsinB _ 2 • sin*2A - sin2B — tan (A- B)* 

sin A - sin B 7 (A — B)‘ 

tan — - 5 8 i n 50° - s i n 70° + sin 10° = 0. 

6. sin 10° + sin 20° + sin 40° + sin 50° = sin 70° + sin 80°. 

7. sinA + sin3A + sin5A = sin3A(l +2cos2A). 

8. sin A - sin 3A 4- sin 5A = sin 3A (2 cos 2A - 1 ). 

9. cos (A + B) + sin ( A - B) = 2 sin (45° + A) cos (45° + B). 

10. sin 2x + sin 2y + sin 2 {x - y ) = 4 sin x cos y cos {x - y). 


58. To prove that 


e 1 x o _ t 

cos S + cos T = 2 cos — - — cos — — , 

z z 

e 1 x § _ T 

cos T - cos S = 2 sin — ~ sin——, 
2 2 


8 and T being any angles. 

We have, as before, 

cos(A + B) + cos(A - B) = 2 cos A cos B, 
cos(A - B) - cos(A -f B) = 2 sin A sin B. 
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When we put A + B = S, 


and 

A - B = T, 

these give 

e i T S — T 
COS S + cob T — 2 cos — — - cos , 

2 2 ’ 

and 

cosT -coaS— 2 Bln®"*" sin® 

2 2 


It will be noticed that in the difference of the two cosines 
S is the second of the angles and T the first. 

It is again useful to remember these results in words : 

The sum of the cosines of two angles is equal to twice the cosine of 
half the sum multiplied by the cosine of half the difference. 

The difference of the cosines of two angles is equal to twice the sine 
of half the sum multiplied by the sine of half the second angle minus 
the first. 


Examples. 

Provo that 

1. cos 120 + cos 40 =2 cos 80 cos 40. 2. cos 40 -cos 120 =2 sin 80 sin 40. 

3. — °- 8 = cot (A + B) cot (A - B). 4. cos 80°+ cos 40° = cos 20°. 

cos2B-cos‘2A 

5. oos 10° + cos 20° + cos 40° + cos 50° = 2 cos 30° (cos 10° + cos 20°). 

fi a * n A + sin B + sin (A + B) _ A + B ( 

# cos A + cos B + cos (A + B) + 1 ~~ an 2 

7. If sin 0 + sin <p = a and cos 0 + cos 0 = 6, show that 

Bin 0 -±* oos®±* 2oos^ 

JL Zt £ 


8. Prove that cos A + cos 2A + cos 3A = oos 2A 


-? 


9. Prove that cos A - oos 2A + cos 3A=cos 2A - 

10. Prove that cos 2# + oos 2y -f cos 2 (a? - y ) + 1 = 4 oos a; cos y cos (x - y). 


008 2 
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59. The “A, B” formulae. In the proof of the “ S, T ” 
formulae, we have seen that 

28inAcos B = sin (A+B) + sin (A- B), 

2 cob A sin B = sin (A + B)-sin (A- B), 

2 cos Acob B = cos (A+B)+cob (A— B), 
and 2 sin A sin B = cos (A - B) - cos (A + B). 

These formulae, which we may call the A, B formulae, are 
equally important. The S, T formulae allow us to pass from 
sums or differences to products : the A, B formulae allow us to 
pass from products to sums and differences. 

These results should be remembered in the words : 

Twice tlie product of the sine of one angle and the cosine of a second 
is equal to the sine of the sum of the two angles plus the sine of the 
difference of the first and second. 

Twice the product of two coBines is equal to the cosine of the sum of 
the two angles plus the cosine of the difference. 

Twice the product of two sines is equal to the cosine of the difference 
of the two angles minus the cosine of the sum. 


Prove that 


Examples. 


1. 2 sin 40 cos 20 — sin # 60 + sin 20. 

2. 2 cos 60 sin 40 = sin 100 - sin 20. 

3. 2 cos 0 cos 100 = cos 1 1 0 4- cos 90. 

4. 2 sin 0 sin 30 =cos20-cos40. 

sin A sin 2A + sin 3A sin 6A _ r . 
sin A cos 2A 4- sin 3A cos 6A — n ° 

g cos 2A cos 3A - cos 2 A cos 7A_sin 7 A 4 - sin 3 A 
sin 4A sin 3A - sin 2A sin 5A — sin A 

7. If sin B=2sin A, prove that 

. A A . B-A B+A 

sin ^ cos g = sm — ^ — cos — g — ’ 

8 . Prove that 

oos (120° + A) cos (120° - A) + cos (120° + A) cos A 

+ cos A cos ( 120° - A) + £ =--0. 
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9. Prove that if A + B + C == 180°, 


ta A 

1 - cos A + cos B + cos C _ 2 

1 - cos C + cos A + cos B - *, C 


10. Prove that sec« + sco£ + tan a- tan/3 = 
sec a + sec £ - tan a + tan (3 


tan ( 45° 


tan ( 45° + 


fs). 


^/60. Some application of these results. The results we 
have found in the preceding articles combined with those of § 49 
are of great use in proving many important transformations. 
Ex. 1. If A + B + C = 180°, 

ABC 

sin A + sin B + sin C = 4 cos - cos - cos _ . 

2 2 2 

Since A + B = 1 80° - C, 

A _|_ b A - B 

we have (sin A 4- sin B) + sin C =2 sin — g — cos — - — + sin (A 4- B) 


0 . A 4 - B A-B 0 . A 4 -B A 4 -B 
= 2 Bin — ^ — 008 — 2 — ** ^ sin — 2~ 008 ~~ 2 ~ 

0 Of A-B A 4 - B\ 

= 2 cos -f cos — ^ 4- cos —y — 1, 

. . A + B C 

mce sm— 2 — = cos 2 * 

ABC 

sin A 4- sin B 4 - sin C = 4 cos ^ cos ^ cos —• 

Ex. 2. If A + B + C = 180°, 

ABC 

cos A 4- cos B 4- cos C= 1 4- 4 sin 2 sin ^ sin 

We have (cos A 4- cos B) - (1 - cos C) 

0 A+B A-B 0 . „C 
= 2 cos —g— cos — 2 2 sin 2 2 


0 . Of A-B A+B\ . A + B . C 
=2 sin 2 ( cos — g 008 — 2 - )> smce cos — g~ = sin 

. . A . B . C 
=4sm g sin g sin 

ABC 

oosA+cos B + cosC = l + 4sin^sin gsin g. 
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Ex. 3. If A+B + C=180°, prove that 

cos 2 A 4- cos 2 B 4- cos 2 C = 1 - 2 cos A cos B cos C. 

We have cos 2 A 4- cos 2 B 4- cos 2 C 

l4-cos2A , l+cos2B 
= ^ + 2 + co8*C 

= 1+ eo82A + cos2B +cos2C 
= 14* cos (A+B) cos (A - B)4-cos"C 

= 14- cos (A 4- B)[cos (A - B) 4- cos (A 4- B)], since A 4- B = 180° - C. 
.*. cos 2 A 4- cos 2 B 4- cos 2 C = 1 - 2 cos A cos B cos C. 

This is a special case of a more general example which we 
proceed to prove in a slightly different way. 

Ex. 4. Prove that 

- 1 4- cos 2 a 4- cos 2 p 4- cos 2 7 4-2 cos a cos p cos y 

= 4 cos (“±£+2) cos ( - a - + te) cos cos 

Since { cos a 4- cos (0 4- 7) } . { cos a 4- cos (/3 — y) } 

= cos 2 a 4- cos a { cos {p 4- 7) 4- cos {p - 7) } 4- cos {p 4- 7) cos ( p - 7) 

00 0 cos 2/3 4- cos 2 y 

=cos 2 a 4- 2 cos a cos p cos 7 4 ~ 

= cos 2 a + 2 cos a cos p cos 7 4- (cos 2 p 4- cos 2 7 - 1) 

= cos 2 a 4- cos 2 p 4- cos 2 7 4- 2 cos a cos p cos 7 - 1, 
we have to show that 

{cos a 4- cos {p 4* 7)} {cos a 4- cos(/3 - 7) } 
is equal to the four factors of the given expression. 

But cos a 4- cos (P 4- 7) = 2 cos - . cos 

ana cos a 4* cos {p - 7) = 2 cos 1 ' . cos — ^ 

- 1 4- cos 2 a 4- goq 2 P 4- cos 2 74-2 cos a cos p cos 7 
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Examples on Chapter VIII. 

1. Prove that 

. . . , . . . x+y . y+z . z+x 

sin x + sin y + sin z - sm (x + y + z) = 4 sm — —■ sin sm . 

2. Prove that cos a + cos p + cos y + cos (a + p + 7) 

= 4 cos ^ j cos ”2) 008 ”l)* 

where 2tr = a 4- p + 7. 

3. If A + B + C = 180°, prove that 

2(1 + cos A cos B cos C) = sin 2 A + sin 2 B + sin 2 C, 

2 sin A sin B cos C = sin 2 A + sin 2 B - sin 2 C, 

1-2 sin A sin B cos C = cos 2 A + cos 2 B - cos 2 C, 

A . B . C . 2 A . 2 B • 0 C 
1 - 2 sin g sm ^ sin ^ = sm 2 - + sm 2 — + sm 2 ^ , 

0 A B . C 2 A 2® 

2 cos g cos g sin g ^ cos 2 ^ + cos 2 ^ - cos 2 

1 + cos 2A + cos 2B + cos 2C + 4 cos A cos B cos C = 0, 
sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C. 


4. * If A + B + C = 180°, prove that 

(i) 2sinBsinCsin(B-C) = - sin(B - C)sin(C - A)sin(A - B). 

(ii) 2 sin* Asin(B - C)=0. 

(iii) 2 sin 3 A cos ( B - C) = 3 sin A si^B sin C. 

(iv) 2 sin A cos BcosC = sin A sin BsinC. 

(v) 2 cos 3 A sin (B - C)= - sin (B - C) sin (C - A) sin (A - B). 

(vi) 2 cos 3A sin (B - C) + 4 sin (B - C) sin (C - A) sin (A - B) =0. 

(vii) 2 cos A sin 3 A = - J 2 sin 2A . 2 cos 2A. 

5. * If A + B + C= 180°, prove that 

(i) tan 2 B - tan 2 C = 2 tan A tan B tan C (cosec 2B - cosec 2C). 

(ii) sin 4 A + sin 4 B + sin 4 C + 4 sin 2 A sin 2 B sin 2 C 

= 2 (sin 2 B sin 2 C + sin 2 C sin 2 A + sin 2 A sin 2 B). 

6. Prove that 

1 - cos 2 a - cos 2 fi - cos 2 7 + 2 cos a cos p cos 7 

,4dnS±|±Irin ( ~ a - if +y ) «n (^§±?) sin(^f^). 
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7. * Prove that 

cos 2 <f> - cos 2 9 + cos 2 (a + 9 + <f>) +2 cos a coo 9 cos (a + 9 ) 

- 2 oos (a + 0) cos (f> cos (a + 9 + <p) 
is independent of 9 and 0. 

8 . Express in factors 

sin 2n A -f sin 2 nB -f sin 2wC, 
where n is any integer and A + B + C = 180°. 

9. * Prove the identity 

cos° a sin (p - 7 ) 4- cos 3 p sin (7 - a) + cos 3 7 sin (a - p) 

= cos (a + p + 7 ) sin (/3 - 7 ) sin (7 - a) sin (a - p). 



CHAPTER IX. 

THE RELATIONS BETWEEN THE SIDES AND ANGLES 
OF A TRIANGLE. 

61. Introductory. Before we can proceed to the general 
applications of trigonometry in the measurements of triangles 
and the solution of questions in heights and distances, we 
must obtain some important results involving the relations 
between the sides of a triangle and the trigonometrical ratios 
of its angles. 

62. The Sine Rule. The sines of the angles are propor- 
tional to the opposite sides. 

Let ABC be any triangle in which A is an acute or obtuse 



Fio. 44. 

Draw the perpendicular BD from the angular point B to the 
side AC or AC produced (Fig. 44). 

Then from the triangle ABD we have 
BD ■* c sin A, 
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and from the triangle BCD we have 
BD = a sin C. 
csinA = asinC. 
sin A _ sin C 
a ~ c 

By taking one of the other angular points we would have 
f° un d sin A _ sin B 

a ~ b 

. f n .i , sin A sinB sinC 

. . it follows that — 

a to c 

When the triangle is right angled the theorem is obviously 
true. 


1 . 


Prove that 


Examples. 

sin A + sin B a + b 
sin A - sin B ~ a - to* 


2. Prove that °j" = £ CHS - ° - f 008 g . 

sin(B + C) frcosC + ccosB 

3. Find the other two sides of the triangle in which a =10, B = 45®, 
C = 60°. 

4. If A = 60°, B = 45°, show that a : o : c= x '6 : 2 : 1 + x /3. 


i 

63. The Cosine Rule. To find an expression for the cosine 
of an angle in terms of the sides. 

In the first figure of Fig. 44 we have 
a 2 3 4 = b 2 + c 2 - 2b . AIL 
and in the second figure, 

a 2 = 6 2 + c 2 + 26 . AD. 

Also, in the first figure, 

AD = c cos A, 

and in the second figure, 

AD = ccos (180° - A) 

* -ccosA. 
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Thus, in the case of both the acute and the obtuse angle, 


we obtain 


Similarly, 


cos A= 


cos B = 


cos C = 


b 2 4* c 2 - 2 be cos A. 

b 2 + c 2 - a 2 

2bc 

c 2 4- a 2 — b 2 
2ca 9 
a 2 +b 2 ~c 2 

2ab 


It will be seen that these results are also true in the case of 
a right-angled triangle. 

Examples. 

1. Find the angles A, B, C of the triangle in which a = 3, 6=4, c = 5. 

2. Find the largest angle of the triangle in which a — 7, 6 = 13, c — 15. 

3. Find the two smaller angles of the triangle in which the sides are 
J6, 2^3, and 34^3. 

4. Prove that a=bcosC + ccos B, 

and write down the two other results of the same kind. 

5. Prove that a + 6 + c = S(6 + c)cos A. 

6. a 2 + 6 2 + c 2 =2{bc cos A + ca cos B + ab cos C). 

7. Deduce from the equations, 

a = b cos C + c cos B, 

6=ccos A + acosC, 
c=a cos B + 6 cos A, 1 
a 6 2 + c 2 - a 2 

that cosA = — pn , etc. 

2 be 

8. Deduce from the equations, 

_a _ b _ c 'j 
sin A” sin B~" sin C r 
A+B + C = 180° J 

that a = b cos C + c cos B, etc. 


64. To express the trigonometrical ratios of half the angles 
in terms of the sides. 

J2 + c*-a 2 

cosA Wc ’ 

, . , fc 2 + c 2 - a 2 


1 - cos A = 1 - • 


Since 
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But 


1 - cos A = 2 sins 


2 sin 2 ft = 1 - .^ 2 Z. ffl2 . 

2 2 be 

\ sin 2 ft = 0,2 -(b- c) 2 
2 4 be 


_(a - b + c)(a + b - c) 
\bc 


"W 


(a - b + c)(a + b - c) 

We ’ 

A • 


and the positive sign has been taken since ~ is less than 90°. 

It is convenient at this stage to introduce a new notation. 

If we put a + b + c = 2s = the perimeter of the triangle, 

then it follows that 

-a + b + c = 2(s-a), 
a-b + c=2(s-b), 
and a + b - c = 2(s - c). 

Hence 8in^=^- 


Similarly, sin 

and sin 

Again, starting from 


i-V* 

1-V 8 


(a - b)(B - c) 
be 

s — c)(8 — a) 
ca ’ 


s-a)(a-b) 

ab 


A 

2 cos 2 - = 1 + cos A, 


= 1 + 


\ cos 2 ^ = 
J 


o A (b + c) 2 - a 2 
cos 2 ~ = 


J 2 + c 2 -a 2 
2 be ' 


4 be 

(& + e + a)(J + c-a) 

“ We ’ 


we find 
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COS 




a)(b + c-a) 


4 be 


A . 


and the positive sign has been taken since - is less than 90°. 


Hence 

Similarly, 

and 


'a(a-a) 

be 


4-4 _ 
4 - 4 ^- 


C a / 1 

cos- = ^ 


s(a-c) 

ab 


From these formulae for the sine and cosine the results for 
the tangent may be at once deduced. 

We have 


A_ . /(a-b)(a — c) 

2 V a(a-a) 

/ ( s r c )( 8 Z»). 

2“ > a(a - 


to) 


and 


C = A /(a-a)(a-b) 

2 V 8^8 c) 


The chief advantage of these results is that they are given 
in a form suitable for logarithmic calculation. They afford 
in general the simplest means, as we shall see later, for finding 
the angles of a triangle of which the sides are given. 


Examples. 

( A B\ C 

tan g 4- tan g ) =2c cot g. 

2. Prove that 2 - cos 2 ^ = 

a 2 4 abc 

3. Prove that c 2 = (a - 6) 2 cos 2 g + (a + 6) 2 sin 2 


65. To express the sines of the angles in terms of the sides. 

. a A 

Since sm A = 2 sm -- cos 

2 2 ’ 
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we have 


2 , 

= fcS /s(s-a)(s-b)(s-c). 

. A 2S 

\ BinA = — , 

DC 


where S = Vs(s-a)(s-t>)(s-c). 

It will be seen that 

cin A _ sin B _ sin C _ 2S 
ab~ c aW 

which agrees with the Sine Buie of § 62. 


Examples. 


1. Why is there difficulty in finding the angles, when the sides are 

given, if we use the formulae for sin A, sin B, and sin C? 

2. Show that in any triangle we can find the two smallest angles from 

the formula for the sine. Find them when a— 10, b = 1*2, c = 20. 


3. 


4. 


Prove that 
Prove that 


si n A a 
sin(A+ B)~c* 

a 2 (b ,2 + ^-a 2 ) fcV + a 2 - b 2 ) c 2 (a 2 + - c 2 ) 

sin 2A ~~ sin 2B ~ sin 2C 


^ 5. Prove that 2a sin ( B - C ) = 0. 

6. (a 2 - b 2 + c 2 ) tan B = (a 2 + b 2 - c 2 ) tan C. 


66. The Tangent Rule. We are now able to prove a 
formula which will be of use to us later in the solution of 
triangles, namely : 


tan 


A - B 


tan 


A+B 


a - b 
a + b‘ 


sin A _ sin B 

sin A - sin B _ a ~ b 
sin A + sin B ” a + b' 


Since 
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But 

and 


•a • _ n A + B A - B 
sm A - sm B = 2 cos — — sin — — ; 

sin A + sin B = 2 sin A ~|" » cos A — — . 


we have 


Similarly, 



, A- B 
tan 

sin A - sin B 

2 

sin A + sin B 

* A+B 

tan—- 

tan A - B 

2 

a-b 

tan A + B 

2 

a + b 

4 B-C 
tun 2 

b- c 

tan 2 

b-fc’ 


c-a 


c+a 


67. To find the area of a triangle : 

Case I. When two sides and the in- 
cluded angle are given. 

Since the area of the triangle ABC 
(Fig. 45) = i ac .bd 

= sin A, 

the area is equal to half the product of any 
two sides and the sine of the included angle. /_ 

A 

Case II. When the three sides are 
given . 

We have found that the area is equal to 
ibc sin A. 
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2 

But sin A = ^ \/s($ -a)(s- b)(s - c) (§65) 

_2S 

~bc' 

where S stands for Js(s - a)(s - b)(s - c). 

the area is equal to S. 

Case III. Given the base a and the two base angles B and C. 
We have shown that the area is equal to 
\ac sin B. 

But we may write this 

1 o ’ o ^ 

s a 1 sin B x 

2 a 

and the Sine Rule allows us to replace 

£ by s i n C . 

a J sin A 

the area is equal to 

1 a2 sin B si n C 

2 a sin A 

Examples. 

Find the area in acres of the triangles of which the sides are given 
in yards as follows : 

1. a--# 150, 6 = 325, C = 40°. 

2. a =1000, B = 42°, C = 64°. 

3. a =1824, 6=1936, c = 1248. 


Examples on Chapter IX. 

In any triangle, prove that 


t B - C 6 - c A 

L 8m 2 = ~a~ ° OS 2* 


,B-C 6+c . A 

cos — - — = sin 

2 a 2 


q asin(B-C) _6sin (C - A) c sin (A - B) 
W- c* “ c 2 * * - a 2 a 2 - 6 2 * 


. . A . B - C n c o r\\ b-C .A 6 + c,. A 

4. 2a sm ^ sin •—g — =0. 5. 2coseo(B-C) = ^-j-^cot^ + g--^tan r> -. 

2 -A 

0 ( a + 6 + c) a 2 rj 2 cot A + cot B + cot C_ 6 2 + c 2 

a a + 6 a +c a “Scot A* * cot A - cot B + 2 cot C " 26 a ^ 
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8 . b 2 cos 2B + c 2 cos 2C + 2bc cos (B - C) = a 2 cos 2 (B - C). 

9. a 2 cos 2 A + 6 2 cos 2 B + c 2 cos 2 C + 2 be cos 2A cos B cos C 

•f 2ca cos 2B cos C cos A + 2 ab cos 2C cos A cos B = 0. 


10. a 6 + 6 K + c 6 - 2b 3 c 3 cos A - 2c 3 a 3 cos B - 2a 3 b 3 cos C 
= a 2 b 2 c 2 (1-8 cos A cos B cos C). 


11. If cot A + cot C = 2 cot B, show that a 2 + c 2 = 2& 2 . 

12. In the triangle ABC, if cos A = sin B - cos C, show that one of 
the angles is a right angle. 

13. The sides of a triangle are m , w, and \fm 2 + mn + ri\ Find the 
greatest angle of the triangle. 

14. Let Cj , c 2 be the longer and shorter diagonals of a parallelogram, 
one of whose acute angles is A. Show that four times the area of the 
parallelogram is (Cj 2 - c 2 2 ) tan A. 

15. In A ABC the angle A is 60° and the area of ABC equals that of 
an equilateral triangle, one of whose sides is p. Show that 

AB 2 - BC 2 + CA 2 =p 2 . 


16. There are two triangles ABC and AjBjCj so related that 

Aj = 180° - A, Bj=90°~ B, C 1= :90 o -C; 

show that Gq 2 (c 2 - b 2 ) = a 2 (Jq 2 - c^). 

17. If a, b are the adjacent sides of a parallelogram and 0 , <p the 
acute angles between the sides and between the diagonals respectively, 

show that a s > n ^ _ B j n q oog ^ ^ CO s 2 0 cos 2 0. 

b 


a* - b 2 

If 0 = <t>, show that cos 0 = , 

2 ab 

where a denotes the longer side. 

18. In the triangles ABC, A'B'C' the angles B and B' are equal and 
the angles A, A' are supplementary. Show that 
aa' = bb' + cc\ 


19. The squares on the sides of a triangle are respectively equal to 

6 2 + c 2 +26ccos A, c 2 + a 2 + 2cacos B, a 2 +6 2 + 2a&cosC; 
prove that the sum of the cotangents of its angles equals the sum of 
the cotangents of the angles of the triangle ABC. 

A C 

20. If 3 tan ^ tan 2 = 1 > prove that a, 6, c are in arithmetical 
progression. 

21. In a triangle ABC the sides a, 6, c are in arithmetical pro- 
gression. Show that 

cos A+ cos C - cos A cos C + ^ sin A sin C= 1. 
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22. II the three sides of a triangle are proportional to 

4xy, 3x 2 -lY, 3x* + 2xy-Y 

show that the angles are in arithmetical progression, and that if the 
common difference is 20, ^ an q_ s/%( x - y) 
an “ 3 x + y 

23. * Prove that, in any triangle ABC, 

cos A cos B cos C ^ 
and, if the triangle be acute-angled, 

sin A sin B sin C/(cot A + cot B + cot C) ^ 

24. * Prove that, in any triangle, 

ABC 

(i) tan 0 4- tan + tan ^ J3 ; 

A B c ABC 

(ii) tan ~ + tan 4 - tan - ^ 9 tan ^ tan tan 

25. If P be a point within a triangle ABC such that 

Z-ACP= Z-CBP= Z-BAP = 0, 
prove that cot 9 = cot A + cot B + cot C. 

s/ 26. The sides of a square taken in order subtend angles a, p, y, S at 
an internal point : prove that 

I + __J =i 

cot a -f cot y cot j8 + cot 5 

27. Let O be a point within the triangle ABC such that the angles 
AOB, BOC, and COA are each equal to 120°, and let OA, OB, OC be 
denoted by x , y and z : show that 

a?{y - z) + b 2 (z - x) + c 2 (x - y) = 0. 

28. * If P be a point inside a triangle ABC such that the angles APB, 
BPC, APC are all equal, and if x , y , z are the distances of P from A, B 
and C respectively, show that 

ax by cz _ 2 abc 

sin (120°- A)~sin (120°- B)~~sin (120°- C) _ *JZ{x + y+ z)* 

29. A straight line AD is divided into three equal parts at B and C ; 

the angles subtended by AB, BC, CD at any point P are 9, 0, 0 : prove 
that (cot 9 + cot 0) (cot 0 + cot 0) = 4 cosec 2 0. 

30. * Three segments AB, BC, CD of a straight line whose lengths are 
a, p, 7 subtend equal angles 0 at a point P. Prove that 

4<ry cos 2 0 = (a +£) (P + y) ; 

also that the perpendioular from P upon BC divides it in the ratio 

(p + y )ja-p) 

{a + p){y-py 



CHAPTER X. 

THE SOLUTION OF TRIANGLES 

68. Introductory. In Ch. III. we have seen how we can 
find the remaining parts of a right angled triangle when we 
are given (i) the two sides about the right angle, 

(ii) the hypothenuse and one of the sides, 

(iii) the hypothenuse and an acute angle, 
and (iv) one of the sides and an acute angle. 

In this chapter we shall examine the different cases which 
can arise in oblique triangles. 

We know from geometrical constructions that if we are 
given (i) three sides , 

(ii) two sides and the inclvd°d angle , 

(iii) one side and two angles , 

there is one and only one triangle which will have these 
for its parts, provided that in the first case the sum of any 
two of the sides is greater than the third. 

Also it is easy to show by geometrical construction that 
if we are given 

(iv) two sides and the angle opposite to one of them ) 
we can construct sometimes one, and sometimes two triangles, 
with these parts, and that in some cases we cannot even 
construct one. 

We shall now see how the relations we have found between 
the sides and angles of a triangle give a rapid means of 
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computing the remaining sides and angles of the triangles, 
when such exist, in these four cases. 

There are cases in the practical application of this subject 
when a construction by actual drawing would give, to a 
close enough approximation, the information required. 

For example, the captain of a steamer may wish to fix the 
position of his ship on the chart. He may be able to observe 
the angles of elevation a, /3 of the tops of two lighthouses 
on islands near one another, their heights {h, Jc) and positions 
being known. 

If the lighthouses are at A 
and B and the ship is at C a' 

(Fig. 46), 

AB = distance between the ^ 
points A and B, 

AC = h cot a, 
and BC^kcot/3. 

Hence by drawing on the chart 
the arcs of two circles, centres 

Fio. 46. 

A and B, radii ^cota, k cot/2, 

the position of C is known. There are two such points 
possible in the drawing, but if it is known on which side of 
AB the ship lies, then the proper choice of C can be made. 

In the same way, when the base and base angles are known, 
the position of the vertex can be found without finding the 
lengths of the sides, but a surveyor engaged in making a 
plan of an area would not fix the position by drawing the 
angles, if accuracy were needed, because of the difficulty in 
drawing the angles without appreciable error. 

69. Given the three sides, to find the angles. 

Q . b 2 + c 2 - a 2 

Since cos A ^ , 



the angle A could be found from this formula; but except 
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when a, b, c are simple numbers, this calculation would take 
some time, as the formula is not adapted to logarithmic 
calculation. 

Again, it is not convenient to use 

2 / 

sm A = j^Js (s - a) (s - b) (s - c), 

since when the angle is found from the sine, there would still 
be the question whether the acute or the obtuse angle would 
be the proper solution, unless in the case of the two smaller 
angles. 

The simplest formulae to use are those for the ratios of 
half the angle, viz. : 



but if two angles are to be found it is best to use the 
tangent formula, for in this case the numbers to be looked 
for in the logarithm tables are only four — viz., 
s, (5 - a), (s - b)y (s - c) — 

whereas if we take two angles from the sine formula or 
cosine formula we would require six numbers.* 

Using logarithms we have 

Log tan ^10 + log 

= 10 + | [log (s-b) + log (s - c) - log s - log (s - a)], 

* This work may also be done from the Haversine Tables , if such are avail- 
able. This term has not been used in this book, so it is necessary to explain 
that 1 - cos A is called the versine of A (written vers. A) 

and is called the haversine of A (written hav. A). 

Thus the formula hav. A= — -- will give A. 
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B 

Log tan ^ = 1 0 + £ [log (.s - a) + log (s - c) - log s - log ( s - 6)]. 

When A, B are known, C follows at once. 

Ex. Given a = 4584, 6 = 5140, c = 3624, find the angles. 

We have a ~ 4584 

6= 5140 
c= 362 4 

then 2.%= 13348 

8 = 6674 
8 -a— 2090 
8-6= 1534 
s-c= 3050 

Therefore, since tan ^ = aA-- — ,——7 c \ 

2 Y 8(s -a) 

Log tan § = 10 + \ [log 1 534 + log 3050 - log 6674 - log 2090] 

= 10 + ^^3-1858 -3 -8244-1 
L3-4843 3 -3201 J 
6-6701 7*1445 

= 13-3351 
3*5723 

9-7628. 

- § = 30*5'. 

/. A = 60° 10'. 

g 

Also Log tan 0 = 10 + i [log (a - a) + log (a - c) - log a - log (« - 6)1 



And 

c.p.t. 


B = 76°34\ 

C = 180° - A - B 
= 43° 16' 

E 
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The work may be carried out more rapidly if the following method 
is used : 

Given I Formula 




a = 4584 Log tan g = 10 + |[log (a - b) + log {a - c) - log a - log (* - a)]. 

5= 5140 A | B I 

3624 , • , * 


2s =13348 + 

«= 6674 
s-a= 2090 
s-6= 1534 3*1858 

8~c= 3050 3*4843 


3*8244 

3*3201 3*3201 


6*6701 7*1445 6*8044 7*0102 

13*3351 13*4022 


9*7628. 

•• g= 3 °° 5 '- 

A =60° 10', 


9*8971. 

B 


38° 17'. 


B=76° 34', and C= 43° 16'.* 


70. Given the three sides (em- 


it is possible to find the angles 
by breaking up the triangle into 
two right-angled triangles by draw- 
ing the perpendicular from an 
angular point to the opposite side. 

Draw AD the perpendicular from 
A upon BC. i 

Let BD==ce and DC = y (Fig. 47). B 



x 

Fig. 47. 


d y c 


*It is weU to check the work at the beginning by noting that the sum of 
8—d, $-b t 8-o is equal to s. Also if the three angles are found from tne 
formulae, another oheck would be that A+B+C=18Q°. 
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Then x + y — a. 

But x? -y 2 = (BD 2 + AD 2 ) - (AD 2 -f DC 2 ) 

= c 2 -J 2 . 

c 2 - b 2 

. . x -y — . 

3 a 

Thus we find x and y. 

Also, cos B = - gives the angle B, 

c 

and cos C = | gives the angle C. 

Examples. 

Solve the following triangles in each of which the three sides a, 6, c 
are given, and find the area of each of the triangles. 


1. 0=1, 

b = sf 3, 

e* 

II 

to 

2 . 

a = 4, 

6 = 5, c=6. 

3. a = 4*381, 

6=1*946, 

c = 4*856. 

4 . 

a=73*61, 

6 = 41-23, c = 68-95. 

5. a = 128*7, 

6 = 34*6, 

c = 100, 

6 . 

o = 34*6, 

6 = 60-32, c = 50. 

7 . a = 322, 

6=215, 

c= 146. 

8 . 

a = 74*8. 

6 = 102-6, c = 125. 

9. a = 1000, 

6=1500, 

c = 2250. 





71. Given two sides and the included angle. 

Suppose we are given a, 6, and C. We have to find c , A, 
and B. 

If we used the formula 

c 2 = a 2 + b 2 - 2ab cos C, 

we could find c, but the calculation, not being adapted for 
logarithms, would be long unless a and b were simple numbers. 

We might break up the triangle into two right-angled 
triangles by drawing the perpendicular AD from A to the 
side BC (cf. Fig. 47). 

We can find BD from the data, 
since CD = b cos C. 

Hence we find DB by subtracting this from a. 

Also we can find AD, since 

AD -b sin C, 

and AD, BD being known, the angle B follows from its tangent. 
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Then the third side c would follow from 

c _ a 
sin C sin A* 

or from the triangle ADB. 

Ex. Given a = 12, 6 = 8, C = 36°12', solve the triangle. 


A 



Fio. 48. 


Here C D = 8 cos 36° 12* 
= 6 4560. 

.\ DB =5*5440. 
Also AD = 8 sin 36° VZ 


=4-7248. 

. B _4-7248 

*• tanB “5-5440‘ 

Log tan B = 10 + log 4 '7248 - log 5*5440 
= 10-6744 
*7438 

= 9-9306 
.*. B=40° 26', 
and A =103° 22'. 


Also 


_ AD 

C sin B‘ 


log c = 10 + log AD - Log sin B. 
.*. log c= 10 *6744 
9-81 20 

•8624. 

.-. c= 7*285. 


72. Given two sides and the included angle (continued). 

The methods oi last article not being suited for logarithmic 
calculation, it is necessary to find another formula for this 
case. We obtain this from the Tangent Rule proved in § 66. 
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By this rule we have 


tan 


A-B 


tan 


But 


_2 a-b 

A + B a + b 
2 

A + B 


tan 


2 

A-B a 


= 90 °- 


2 


h n 
— cot - . 
a + b 2 


A — B C 

Log tan — - — == log(« - b) + Log cot- - log (a + b). 


Thus we are able to find 
and C are given. 

But 


A- B 


A 4- B 


■ 90 ° — 


from the tables, when a , b 
C 


2 2 
A and B follow at once. 

To find c, we use the Sine Rule, 
c _ a 
sin C sin A 

Since the ratio of a : b and not their values are used in 
finding A and B, these angles are the same for all triangles 
in which the ratio a : b and the angle C are given. 

Ex. Take the triangle solved otherwise in last article, 
a = 12, b = 8, C = 36° 12'. 

A-B 

2 _ a ~b 

”^4*5 ci + h 


Then, since 


tan - 
tan i 


we have 


tan A B 1 ot C 
2 5 2 

=lcot 18° 6' 
5 


= 4 tan 71° 54'. 
5 
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Log tan -g— = Log tan 71° 54' - log 5 

= 10*4857 
*6990 

9*7867 
^-? = 31°28\ 

^^® = 71°54'. 

.*. A = 103° 22', 
and B = 40° 26'. 
c = b 
sin C~ sin B* 

log c = log b + Log sin C - Log sin B 

= *9031 

9*7713 

10*6744 
9*8120 

*8624. 

.*. c = 7*285. 

Examples. 

Solve the following triangles in each of which two sides and the 
included angle are given, and find the area of each of the triangles. 

1. 5 = 10, c = 8, A =42°. 2. c = 20, a = 40, B = 30°. 

3. a =100, 5 = 150, C = 90°. 4. 5 = 500, c = 425, A = 40°. 

5. 5 = 52*34, c= 86*75, A = 72°40 / . 

6. a = 413*2, c=2000, B = 74°30\ 

7. a =235*2, c=150, B=45 a . 8. a=180*3, 5=150, C = 60°. 

9. a = 16*42, 5 = 17*36, C=64°10 / . 

73. Given one side and two angles. 

Since two angles are given, the third angle can be found 
immediately. 

Suppose we are given a , B and C: or the base and the 
two base angles. 


But 


Also since 
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Then the other sides can be found from the Sine Rule 


a 


sin A sm B sm C 


, sin B 
o = ~. — - a, 
sm A 


This gives 

or log b = log a + Log sin B - Log sin A. 
And in the same way 

log c = log a + Log sin C - Log sin A. 


Ex. Solve the triangle in which 

a = 4584, 

B = 76° 33', 
C = 43° 18'. 

We have, at once, A =60° 9'. 

And since b = a * ~ 

sin A 


Also 


log 6 = 36613 
9 9879 

13-6492 
9 9382 

3-7110. 
6 = 5140. 

„ „ sin C 
sin A 


log c = 3*6613 
9-8362 

13*4975 

9-9382 

3-5593. 


c = 3624. 


It will be seen that in this example the angles differ very slightly 
from those of the triangle solved in § 69, and that yet the values of the 
sides^pQ the same. This discrepancy is due to the work having been 
done with Tables carried only to Four Figures, so that the result is 
only approximately true. For greater aoouracy, Seven or even Ten 
Figure Tables can be used. 



116 


PLANE TRIGONOMETRY 


[ch. x. 


Examples. 

Solve the following triangles in each of which one side and two 
angles are given, and find the area of each of the triangles. 


1. 

a =1000, 

1 

II 

CO 

C = 30°. 

2. 

a = 6 684, 

A =64° 30', 

B = 72° 18'. 

3 . 

6=2500, 

A =120°, 

C=30°. 

4 . 

6=26-83, 

A = 80° 30', 

Cl 

II 

O 

5 . 

c = 50, 

B = 100° 40', 

A =20° 30'. 

6 . 

c=7090, 

B = 110°, 

A = 32° 8'. 


74.* The ambiguous case. Given two sides and the angle 
opposite to one of them. 

Suppose we are given a , c and A. Let us construct the 
triangle geometrically. 

Let AD and AE be two lines inclined at an angle A. Upon 
AE take the point B, such that AB = c. With B as centre, and 
ft as radius, describe a circle. 

If this circle does not cut AD at all, then there is no 
triangle with these data (cf. Fig. 49) : if it touches it, pro- 
vided A is acute, there is one such triangle, and the angle C 
is 90° (cf. Fig. 50) : if it cuts it in two points C 1 , C 2 there 
are two such triangles (cf. Fig. 51), unless (i) the angle A is 
obtuse, in which case the points C 2 , C 2 * are on opposite sides 
of A (cf. Fig. 52); or (ii) the angle A is acute, but a>c , 
in which case the points C p C 2 are again on opposite sides 
of A (cf. Fig. 53). These last triangles do not both satisfy the 
conditions of the question. In one of them the angle at A is 
the supplement of the other. 

We can obtain these results also from the Sine Rule. 
a b c 

Since ; r* — i r — ~ 

sin A sin B sin C 

sin C = - sin A. 
a 

Therefore if csin A>a, this would make sinC>l, and no 
angle C would satisfy this equation. This is the case when 
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Log sin C = *9031 

9-8965 

10-7996 

1-2304 

9-5692. 


C= 21° 46'. 

Then 

B= 106° 14'. 

Also 

, a sin B 
o = . — A . 

sin A 


.-. log 6= 2-4065 
9-9824 

12-3889 

9-8965 

2-4924. 

6 = 310-8. 

Ex. 2. Given a =4584, c=5140, A = 60° 10', solve the triangle. 
To find C, we have sin C = - sin A. 


.-. Log sin C = 3 -7110 
9-9383 

13-6493 

JW5613 

9-9880. 

.*. C = 76° 36' or 103° 24'. 

Also, both values are possible, since A is acute and c>a. 

(a) The First Solution. Take the triangle in which C= 76° 36'. 

B = 43°14' and b=a S ^. 

sin A 

log 6= 3-6613 
9-8357 

13-4970 
9-938 3 

3-5587. 

/. 6=3620. 


Then 
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(£) The Second Solution . Take the triangle in which C = 103°24'. 

Then B = 16°26' and b=a ain 

sin A 

log 6= 3-6613 
9-4517 

131130 

9-9383 

3 1747. 

6=1495. 

The remark made at the end of §73 applies also to the first 
solution of this example. If the results were perfectly accurate 
the remaining side and angles should have the same values as 
those in the example of § 69. 

75/ The ambiguous case ( continued ). Since 
a 2 = b 2 + c 2 - 2 be cos A, 

this may be looked upon as a quadratic equation giving b 
when a, c and A are known. 

Thus b 2 - 2 be cos A + (c 2 - a 2 ) = 0 

gives b x = ccos A + \/c 2 cos 2 A - c 2 + a 2 , 

and b 2 = c cos A -Jc 2 cos 2 A - c 2 + a 2 . 

These become b x = c cos A + Ja 2 - c 2 sin 2 A, 
and b 2 — c cos A - Ja 2 - c 2 sin 2 A. 

Thus it is clear that 

if c sin A > a, b x and b 2 are imaginary ; 

if c sin A = a , b x and b 2 are equal ; 

if c sin A < a, \ and b 2 are unequal. 

In the last case, however, if cos A is negative, b 2 would 
be negative. 

But if A is acute, and a>c, b 2 is also negative, as the pro- 
duct b x b 2 is then negative. 

Thus the conditions for two solutions appear as before. 
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Examples. 

Solve the following triangles, if such exist, in each of which two sides 
and the angle opposite to one of them are given. If there are two 
possible triangles, find the elements of each. Also find the areas of 
the triangles in each case. 

1. 6 = 8, a= 12, A = 150°. 2. 6 = 6, c = 7, C = 60°. 

3. a = 50, 6 = 70, A = 62°. 4. c = 74, 6 = 56, B = 35°15'. 

5. c = 57*12, 6 = 38*45, B = 35°20\ 6. a= 7, c = 10, A = 40°. 

76.* Other cases in which the triangle may be solved. 

The cases we have examined may be called the four 

classical cases in the solution of triangles. However a 
triangle may be fixed in other ways; as, for example, by its 
base, its height, and one of its angles : or, in general, by three 
independent (plan ti ties connected with the triangle, of which 
at least one must be a length. 

To solve the triangle in such cases by trigonometrical means, 
we must express the data in terms of the elements of the 
triangle, and then, by means of the relations which hold 
between these elements, we must obtain a system of equations 
suited to the problem. 

We add some examples of such problems. 

i 

(i) Given the base, an angle at the base , and the height of the 
triangle , find the other sides and angles. 

Let h be the height, a the base, and B the given angle. 

Then li = c sin B ; 

.*. c is known. 

Thus we have two sides a, c and the included angle B. 

(ii) Given the perimeter and two angles , solve the triangle . 

Since = -J~- 

sin A sin B sin C 

each ratio is equal to 


2s 
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Hence 


a = 


2s sin A 


’ sin A + sin B + sin C* 
and similar expressions for b and c. 

(iii) Given the three perpendiculars from the angular points of a 
triangle upon the opposite sides , solve the triangle. 

Let p, q, r be the perpendiculars from A, B and C. 

Then ap = bq = cr= 2S. 

Thus 1/p , l/q , l/r are proportional to a, J, and c. Hence if 
we construct a triangle with sides 

1 1 1 


/ 2 * r ’ 

its angles are equal to the angles A, B, C of the triangle in 
question. 

Thus we find the angles by the formulae of § 69. 

Also p = c sin B gives c, 

and ap = bq = cr give a and b. 


Examples on Chapter X. 

1. A line AD is drawn from A to cut the side BC of a triangle ABC 
at right angles in D. Given that AB and AC are 50 ft. and 63 ft. long 
respectively and that the angle ABC is 49° 37', find the parts into 
which AD divides the angle BAC. 

2. In the triangle ABC, given the angles B and C, and the perpen- 
dicular AD, find BD. If B = 33°28', 

C = lll°45', 

and AD = 6000, find the length of BC. 

. B-C 
6-c sm 2 

3. Show how the formula — may be used in solving 

cos 2 

a triangle when 5-c, a, and A are given. 

In the calculation you have to determine an angle from its sine. 
Show that, though this be the case, the data will give only one 
triangle. 

Given A =110°, 

a =5000, 

b - c= 600, find B and C. 
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4 . In the ease when 6, c and the angle A are known, show that a 
may be found by means of the formula 

a 2 = b 2 4- c 2 - 2 be cos A, 
if an angle 0 is introduced such that 


. n 2 n/5c A 

sin 0 = - . cos-. 

{ b + e ) 2 


Show that an angle <f> such that 


tan 0 = 


2 sTbc . A 
(b - c ) Sln 2 


would also simplify the calculation. Prove that such angles always 
exist, and apply this method to the triangle in which the two sides 
are 1500 and 1825 and the included angle is 40°. 


5. Show how to solve a triangle when B - C, b - c, and the perpen- 
dicular from A on BC arc given. 

6. If a, b and R be given, solve the triangle. Discuss the possibility 
of the solution and the ambiguities which may arise, and show that 
if a > 6, the mean of the two values of c is a cos B. 


7.* Show how to construct the triangle ABC when r, R and the 
angle A are given, and establish the limitation that the ratio of 
r to R must not be greater than 


2 




8.* If the lengths of the internal and external bisectors of the angle 
A of a triangle are respectively 76 ‘3 ft. and 82*6 ft. and A = 39° 40', 
find the lengths of the sides. 


9.* In the triangle ABC we know the lengths of AB, AC, and alsc 
the length d of the bisector of the angle A. Show that the base can be 
calculated by first finding 0 from the equation 
6ccos 2 0 = cP, 

and then finding a from the equation 

a = (6 + c) sin 0 . 

Calculate a when 6 = 390, c = 610, c£=400. 

10 .* Show how to solve a triangle when the angles and one of the 
medians are given. 

If A =58° 44', C=73° 38', and the median AD = 400 ft., find the sides 
of the triangle. 
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HEIGHTS AND DISTANCES. TRIANGULATION. 

77. Introductory. In dealing with the right-angled tri- 
angle we have seen some of the simple applications of 
trigonometry to the measurement of heights and distances. 
The methods of last chapter render some of these calculations 
more easy to perform, and reduce many of the questions 
treated in Chapter IV. to the solution of some oblique tri- 
angle. For this reason we return again to these problems, 
and then proceed to show in what way the solution of 
triangles helps the surveyor, the military engineer, or map- 
maker, who wishes to make an accurate survey of an area, 
to carry out his purpose. 

78. To find the height of an inaccessible object above a 
horizontal plane. 

Let P be the inaccessible point and C the foot of the 
perpendicular from P upon the 
plane. 

If we can measure the dis- 
tance between two points A and 
B upon this plane in a straight 
line with C, and find the angles 
of elevation of P from A and B, 
it is easy to find the height of 
P above the plane, and its horizontal distance from A or B. 

Let AB = a be the measured distance (Fig. 54), and let 
PC = 2 and BC=y. 
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Also let the angles of elevation of P from A and B be 
a and /?. 

Then, in the triangle APB, we have 


PB 

sin a ~ sin (ft - a) : 

. __ a sin a 

. PB — T 


, since l APB = ft -a. 


Bat 


sin (ft - a)* 
x = PB sin ft , and y — PB cos ft. 


. a sin a sin /3 
•• X ~ sirT^ -a) ’ 

_ a sin a cos ft 
sin (ft - a)' 

These two formulae give the height of the point P above 
the plane and its horizontal distance from the point B. 

They are expressed in a form suitable for logarithmic 
calculation, since 


log x = log a + log sin a + log sin /3 - log sin (ft - a), 
which may be also written 

log x = log a + Log sin a + Log sin f3 - 10 - Log sin Q 3 - a). 
It will be found that the other problems solved in §28 
give rise to the same figure. 


Examples. 

1. From two points A and_B one mile apart on a horizontal plane the 
angles of elevation of the top C of a mountain are found to be 25° and 
40° respectively, A, B, C being in a vertical plane. Find a formula 
suitable for logarithmio calculation for finding the height of the moun- 
tain, and use it to show that the height is about 5540 ft. 

2. The angles of elevation of the top of a tower from the top and 
bottom of a building h ft. high are a and Find a formula for the 
height of the tower suitable for logarithmic calculation. 

Show that the height when 

h = 250, a = 50°, /3=75°, 


is about 365 ft. 
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3. From a balloon the angles of depression of the top and bottom of 
a tower h ft. high are a and Find a formula suitable for logarithmic 
calculation for the height of the balloon and its horizontal distance from 
the foot of the tower. 

Find the height if h =200, 

a =60°, /3=70°. 


79. To find the height of an inaccessible object above a 
horizontal plane {continued). 

If it is impracticable to take the measured line AB in a 
straight line to the point C, the 
height and distance may still be 
found, and this method is the one 
which it will be seen in § 82 is 
used in the problems of triangula- 
tion and surveying. 

Let A, B be two points distant 
n apart on the horizontal plane 
through C (Fig. 55). 

Let the angle of elevation of P 
from A be a : let the angles PAB 
and PBA of the triangle PAB be ft and y. 



Then 


and 


AP _ a 

sin y sin {/3 + y) 


, from the triangle APB. 


AP = 


asiny 
sin (/? + y)’ 
„ a sin y sin a 

A ^_asin y cos a 
AC " sin (/3 + y) ' 


80. To find the distance of an inaccessible object from 
another object in the same horizontal plane. 

Let A and B be two points in the same horizontal plane, 
and let it be impossible to pass from A to B to measure the 
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distance by the chain. For example, let B be on the other 
side of a river which cannot be crossed, or let B be so far 
away that such measurement would 
be impossible. At A measure out 
a line AC = & (Fig. 56). 

Then observe the angles BAC and 
ACB of the triangle ABC. It is sup- 
posed that the points are marked 
by uprights in such a way that 
these angles may be observed. The 
triangle ABC can then be solved, and in particular, 


B 



gives 


AB 

sin C 

AB = 


b 

sin B 
b sin C 
sin (A -f C)’ 


81. To find the distance between two inaccessible objects 
in the same horizontal plane. 

Let P and Q be the two inaccessible points. 

Let A and B be two accessible points in the same plane, such 


that the distance AB and the bearings of 



Thus the lengths of PA and QA and the angle a between 
them are known, so the third side of the triangle PAQ can be 
calculated. 
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Ex. The distance between two points A and B on the other side of 
a river is known to be 856 yds. : from two points C and D on this side 
of the river, the angles ACD, BCD, ADC and BDC are observed. 
Their values are 134°, 60°, 30°, and 78° respectively. If D lies due E. 
of C, find the bearing of B from A, and the length of CD. 

82. Triangulation. The result of the last article is used 
by the surveyor in carrying out an accurate survey of any 
area. The results of such a survey are to be embodied in a 
map or plan of the area. A number of points upon it are to 
have their positions upon the plan fixed with great accuracy. 
The more of such points there are, the better will the survey 
be. Then the topographical details are filled in with refer- 
ence to the points already fixed upon the map. 

The first step is to measure with care a base line AB, the 
horizontal distance between two points, the one of which is 
visible from the other, and to observe the bearing of this line. 

Then from each end of this 
base line the angles between 
the line and the lines drawn to 
other suitably selected points C, 

D, E, ... (Fig. 58) are measured. 

In this way a number of triangles 
are formed of which one side, AB, 
and all the angles, are known. 

The positions of the angular 
points C, D, E, ... of these tri- 
angles on the plan might then be fixed by making angles at A 
and B equal to the observed angles. However this method is 
not adopted, as the error in drawing the angle is liable to 
have so great an effect that the plan would not be sufficiently 
accurate. The points are fixed by calculating from the tri- 
angles ABC, ABD, . . . the lengths of the unknown sides : and 
their position on the map is then obtained by finding the inter- 
sections of the circles with centres A and B and the proper radii. 
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If the area is not a large one, sufficient points may be fixed 
in this way by observations from A and B alone, and any further 
detail filled in by measurements with the measuring line (the 
chain) from these observed points. 

If the area is large, it will, however, be necessary to 
proceed further, and the distances between some of these 
points may then be taken as new base lines from which 
further observations have to be taken. These distances may 
be calculated as in § 72, since the two sides and included angles 
of the triangles of which they form the bases are known. In 
practice it is so important to have a most accurate measure- 
ment of the base line that such calculations would now be made 
from different sides. For example (cf. Fig. 58), we might find 
DE from the triangles AED and BED; also from the triangles 
FED and DEC. The mean of the results would be taken as 
the true result. 

This process may be extended indefinitely and the sub- 
division of the area pushed as far as may be required. 

This division of the area into triangles is called Triangu- 
lation, and every accurate survey depends upon it. It is for 
this reason that such a survey is usually spoken of as a 
Trigonometrical Survey. 

83. Triangulation ( continued ). In an extensive survey the 
triangulation is carried out as follows : 

The base line is first measured. For this purpose the 
initial base line may not be very long : a distance of 2 miles 
would be about as much as could be measured in this way. 
Then by a suitable series of triangles an extended base 
line is calculated with great care and with the employment 
of most accurate instruments. From this base line a set 
of comparatively large triangles is then calculated carefully. 
The angular points of these triangles form the new base 
lines from which a further triangulation is made. In this 
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second triangulation smaller areas will be considered, and 
all the points will not be used as the extremities of 
new base lines, so that such careful and accurate measure- 
ments as before will not be required. A third triangulation 
may be required, or even more ; and then the final work 
in the smaller areas will be done with the aid of the chain 
alone and other rougher methods. 

The principle of this system does not depend upon the 
instrument employed. Any means of measuring the angles 
would be sufficient, supposing that it is accurate. If no other 
instrument than a prismatic compass were available, it would 
still make a rough survey possible. A sextant may also be 
employed ; but the theodolite is the instrument which the 
surveyor uses chiefly. One of the great advantages it 
possesses over the sextant is that the angles taken between 
objects not situated in the same horizontal plane are read 
off by the instrument as the horizontal values, so that they 
give at once the position of the projection of the object on* 
the horizontal plane. 

Of course the surface of the earth can only be regarded as 
plane in limited areas. In the higher class of triangulation 
the error from substituting plane triafigles for spherical tri- 
angles is taken into account, but in ordinary practice such 
correction is not necessary. 

Examples on Chapter XI. 

1. The top of a pole is observed to have an angle of elevation 0, 
and its reflection in a lake h feet below the point of observation has 
an angle of depression <f>. If x be the height of the top of the pole 
above the level of the lake, prove that 

, gjn(jH_g) 

sin {(f) - 0) 

2. The altitude of the top of a mountain P is observed at A, a point 
on the horizontal plane from which the mountain rises, to be a. If 
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the perpendicular from P meets this plane at C, and B is another point 
upon the ’plane such that BAC is a right angle and the elevation of P 
from B is /?, and AB is equal to a, show that the height h of the 
mountain is 

a sin asin£ 

\/sin (a + p) sin (a - p) 

3. The altitude of the top of a mountain observed from each of 
three points, A, B, C, forming a triangle on a plane, is a. Show that its 

height is a 

2 tan a cosec A. 

4 . An isosceles triangle, whose equal sides are 20 ft., stands on 
its base, which is 18 ft., in a vertical plane due E. and W. The 
sun is at an altitude of 37° in the direction S. 12 ° E. Write down 
in trigonometrical terms tho ratio of the area of the shadow to that 
of the triangle, and calculate the numerical values of both. 

5. A plane hillside has an inclination a to the horizontal and faces 
due South. A road up the hill lies in a vertical plane making an 
angle p East of North. Show that the inclination y of the road to 
the horizontal is given by tan 7 — tan a cos p. 

6 . AB, BC are straight lines at right angles in a horizontal plane. 

A vertical post at A subtends an angle of 65° at B and an angle of 
34° at C. Find what angle it subtends at a point midway between 
B and C. • 

7 . Two straight railways cross each other at an angle of 19° 45'. 
At the same instant two engines start from tho point of intersection, 
one along each line. One travels with velocity of 30 miles an hour ; 
find with what velocity tho other must travel so that after one hour 
the distance between them may be 12 miles. Show that there are 
two distinct answers, obtain them both and verify by a drawing. 

8 . The face of a hill is a plane inclined at an angle 6 to the horizontal. 
From two points at the foot of the hill tw r o men w’alk up along straight 
paths lying in vertical planes perpendicular to one another. If they 
meet after having walked distances a and b respectively, show that 
they are at a vertical height h given by the smaller root of the 
quadratic 

(2 - sin 2 0) h 4 - (a 2 + b 2 ) K 2 + a 2 6 2 sin 2 0 = 0 . 
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9. The angles of elevation of the top of a hill at the base and 
summit of a tower of height a are respectively a and p. Find an 
equation giving the height of the hill. 

10. ABC is a given triangle in a horizontal plane and P is a point 
above it. Show how the height of P above the plane and the position 
of P can be determined by angles measured at A and B. Also 
state how the angle between the planes PAB and PAC can be 
calculated. 

What instrument is to be used in measuring the angles? 

If ABC is an equilateral triangle and if PA, PB, PC are each 
equal to twice AB, calculate the angle between the planes PAB and 

PAC. 

11. The angle of elevation of the top of a mountain is observed at 
three places A, B, C in the same horizontal plane. At A and B the 
elevation is found to be a, at C it is found to be 7 . Show that h % 
the height of the mountain above the plane ABC, is given by 

[& 2 (cot 2 7 - cot 2 a) - ah cos C] 2 = 6 2 sin 2 A (4 A 2 cot 2 a - c 2 ). 

12. From a point A in a straight road AB two objects P, Q in a plane 
through AB are observed, such that L PAB = 45° 30', Z.QAB = 27° 10'. 
The observer now walks along the road in the direction of B, until 
he reaches a point C where P, Q appear in the same straight line. 
If AC is 125 yds. and L PC A = 52° 45', find PQ. 

13. *A hill standing on a level horizontal plane has the form of a 
portion of the surface of a sphere. At the bottom of the hill its 
surface slopes at an angle a to the plane ; at a point on the plane 
distant a from the bottom of the hill the angular elevation of the 
highest visible point of the hill is 6. Prove that the height of the 
highest point of the hill above the plane is 


a sin 6 sin 2 % 
2 



14.* A man walks up a hill of elevation 0 in a direction making 
an angle \ with the line of greatest slope ; when he has walked up 
a distance m he observes that a is the angle of depression of an object 
situated in the horizontal plane through the foot of the hill and the 
vertical plane through the path he is taking : after walking up a 
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further distance n he observes that the angle of depression of the same 
object is p. Show that the elevation 0 is given by the equation 

(cot p - cot a) 4- cot p^ + 1 = cosec- 0 sec 2 X. 

15. * A tower is formed of a circular cylinder of height h and radius h 
surmounted symmetrically by a hemispherical dome of radius a (</>)• 
To an observer on the plain on which the tower stands the dome 
appears to rise higher than the cylindrical wall by an angle 6. Show 
that the distance x of the observer from the foot of the tower is given 
by the equation 

{ ( x 2 + bx - f h 2 ) sin 0 + bh cos 6 } 2 = a 2 ( x 2 -f A 2 ). 

16. * Three posts of equal height stand on an inclined plane at right 
angles to it, their feet being at the corners of an equilateral triangle 
of side a ; the top of one post is observed to be on a level with points 
on the other two posts distant respectively b and c from their tops ; 
prove that the tangent of the inclination of the plane is 

a N .) 

17* A man at a station P observes the angle of elevation of one end 
AB of a vertical wall ABCD to be a ; and notices that the other end 
CD is just covered by a thin vertical pole of height b whose foot K 
is between him and the wall. He then w alks a distance a to a second 
station Q at which the s«vne pole just covers the end AB of the wall, 
and here observes the angle of elevation of CD which is also found 
to be a. If p is the length of the straight line drawn from K perpen- 
dicular to PQ, prove that the height h of the w'all is given by the 
equation, 

a 2 (2b - h) 2 = 4 h 2 (b 2 cot 2 a - p 2 ). 


18* A tower of slant height a leans due N. and subtends angles 
0! 0. 2 at two points on a road running N.W. from the base. The 
distance between the two points is b. Prove that the sine of the 
inclination of the tow r er to the vertical is 

/2 ( a2s * n2 (0i “ 0a) - A 2 sin 2 0 1 sin a 0.j) ^ 

** a sin (0 1 -0 2 ) 

19 * A, B, C are three points in order in a straight line, and P and 
Q are two distant points to the north of AC. At A and also at B 
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an angle of 45° is subtended by PQ; at C, Q exactly covers P. 
Show that 

PQcos2£ + (a + 2&)sin£ = ±cosj8\/(a + 26) 2 -46(a + 6)cos2|S, 
where a, b and p stand for AB, BC and ACP respectively. 

20.* The plane through the tops P lt P 2 , P 3 of three poles of heights 
h lt h 2i h 3 makes an angle 8 with the horizontal plane on which they 
stand. The lines through the tops of P 2 and P 3 , P 3 and P lt Pj and P 2 , 
respectively, make angles iq, a 2 and a 3 with the horizon. If t r denote 
the positive square root of cot 2 a r - cot 2 0 (r = 1, 2, 3), show that 

{t 2 — £•{) = 0 . 



CHAPTER XII. 

CIRCULAR MEASURE. 

84. Introductory. In Higher Trigonometry, and in many 
of the applications of trigonometry, the measurement of an 
angle, in terms of the right angle as unit, gives place to its 
measurement in terms of another definite angle, called the 
Radian. This is the angle at the centre of a circle standing 
on an arc equal in length to the radius. It will be shown in 
the articles that follow that this angle is the same in every 
circle. The Radian is called the Unit of Circular Measure, 
and we shall speak of an angle of so many radians just as up 
till now in this book we have spoken of an angle of so many 
right angles, degrees, minutes, or seconds. 

85. The radian is* a fixed 
angle. 

To prove this, we shall assume 
the two following geometrical 
theorems : 

(i) The angles at the centre 

of a circle are propor- 
tional to the arcs on 
which they stand. 

(ii) The length of the circum- 

ference of a circle is in 
a constant ratio to its diameter, this ratio being the 
same for all circles. 
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Let O be the centre of a circle whose radius is OA (Fig. 59). 
Let P be a point on the circumference such that the 
arc AP is equal to the radius. 

Then, by the first of these theorems, we have 


Z.AOP 


4 right angles 


arc AP 

circumference of the circle* 


diameter of the circle , 

Z-AOP = — 2 i—T- — • ? X 2 right angles. 

circumference of the circle ° ° 


It follows, from the second of these theorems, that the 
angle AOP is of constant size, being independent of the length 
of the radius of the circle considered. 

The value of the ratio of the circumference of a circle to its 
diameter can be proved to be an incommensurable number, 
denoted by tt. The value of 7 r has been calculated to a very 
large number of decimals. It is sufficient for our purpose to 

teke tt = 3-14159, 


and close approximations are 


22 

7 


, 355 

“ d n3- 


the last of these 


numbers, though not of frequent use, being easily remembered 
from its relation to the set of figures 1 J. 33 55. 

With this notation, the theorem of this article may be 

stated as 2 

1 radian = - right angles, 


or 


7 r radians =2 right angles, 


or 


7 r radians — 180 degrees. 


180 

Thus a radian is equal to — - degrees, which works out to 
be 57*3° approximately. 

It will be seen that this angle is a little less than the angle 
of an equilateral triangle, as would be expected, since 60° is 
the angle subtended by a chord of length equal to the radius, 
and the arc of this chord would be larger than the radius. 
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86. To change from the measurement of an angle in right 
angles, degrees, minutes, and seconds, to the measurement in 
circular measure, and vice versa. 

Since ir radians = 2 right angles, 

1 right angle radians, 


Also 


1 degree 

= radians, 

1 minute 

= 60^180 radians > 

1 second 

~ 60'- x 180 rd(hdns - 

1 radian 

2 

= - right angles 

180 . 

= decrees 

7T ° 


180 x 60 . 

— minutes 

7 r 


180 x 60 2 

seconds. 


7 r 


Examples. 

1. Express 30° in circular measure. 

We have seen that radians. 

30° = ~ radians, 
o 

The term radians is usually omitted and 30° is said to be ^ 

6 

2. In the same way 

45° = 135° = ?£, 

4 4 

60° =|, 270°=.^, 

75°=?^, 360°=2t. 

90 °=|. 
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Also 2n v will stand for a complete number of revolutions if n is any 
integer, positive or negative. 

Thus sin + =sin j 

cob (znx - 1) =oos( - 1 ) =cos£=i, 

tan ^2n + l7r + ^ =tan^ = l. 

3. The complete solution of the equation 
, 1 


3 0 = 7l7r + (-l)”J. 

o 

4. The complete solution of the equation 

1 


is 0 = 2?i7r ± 

4 

5. The complete solution of the equation 
tan d=JS 

is 0 = 7i7T + £. 

87. The number of radians in the angle subtended at the 

centre O of a circle by an arc 

AQ is given by the fraction 

arc AQ / \ / \ 

radius* / V— / \ 

Let the angle AOQ contain 0 j \/\\ \ 

radians (Fig. 60). I O | A 

Then if the angle AOP is \ J 

equal to a radian, \ J 

angle AO Q 6 _ ^ s' 

angle AOP ~ I ~ ^ 

But the angles at the centre Fxo * 60 

are proportional to the arcs upon which they stand, and the 
arc AP is equal to the radius. 
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. angle AOQ _ arc AQ 
angle AOP ~ radius* 

• Q = arc AQ 

radius* 

This may also be stated in the form 

The length of an arc of a circle is equal to the product of the 
radius and the circular measure of the angle the arc subtends at 
the centre. 


Examples. 

Take = 

1. Find the number of degrees in the angle at the centre of a circle 
standing on an are twice as long as the radius. 

2. The radius of the earth being taken as 3960 miles, find the length 
in miles of an arc of l' (a nautical mile or 1 knot). 

3. A train is travelling in a circular track of f mile radius at 25 miles 
per hour. Through what angle does it turn in 5 minutes ? 

4. The driving wheel of a railway engine is 3 yards in diameter. 
It makes 140 revolutions per minute. Find the rate in miles per hour 
at which the train is travelling. 

88.* Length Of a curve. We have spoken of the length of 
an aro of a circle and of *the length of its circumference. But what 
exactly do wc mean by this ? 

In dealing with lengths of straight lines w r e associate with a straight 
line the number which is the measure of its length. Not that we can 
tell by actual measurement that any given straight line is exactly 
measured by any definite number, as measurement can only be approxi- 
mate to a certain degree, but it is the foundation of every application 
of arithmetic to geometry that the system of points on a straight line 
and the system of real numbers correspond one to another. 

A straight line L being given, a point O upon it is taken as origin. 
If any segment of this lino is taken as the unit of length, to every 
rational number corresponds a definite point A upon the line such 
that the length of OA is represented by this number. If the number 
is a positive integer, the point is got by taking the required number 
of unit segments measured to the right; if a negative integer, by 



140 


PLANE TRIGONOMETRY 


[CM. XII. 


taking them to the left. If it is a fraction ±^, it is obtained by 

dividing the unit segment into q equal parts and taking p of them 
in the positive or negative direction. If the number representing OA 
is given in this way, the infinite set of rational numbers between 
zero and the given number will all appear as the lengths of segments 
measured from O to points between O and A. The system of rational 
numbers will then find places for all its members on the line L. There 
are, however, still an infinite number of points upon the line L not 
included in the system of rational numbers. We have met with some 
of these incommensurable lengths in elementary geometry, such as 
the diagonal of a square whose sides are the unit segment. There 
are an infinite number of points on the line of this nature. A proper 
definition of irrational numbers associates them with the points upon 
the line L left over by the rational numbers. Irrational numbers 
appear as the divisions between two classes of rational numbers — 
these two classes containing all the rational numbers, but divided 
so that the upper class has no minimum and the lower no maximum. 
There can be no gap between them if they include all the rational 
numbers, and the irrational number which they define corresponds to 
the point separating the two sets of points. 

For example, on this view the number corresponds to the division 
between the sot of rational numbers whose squares are greater than 2 
and the set of rational numbers whose squares are less than 2. The 
upper class % ^ ^ wl5 ... 

has no minimum, and the lower class 

1, 1*4, 1 *41, 1*414... 

has no maximum. separates the one class from the other. 

Our intuition of the continuity of the straight line demands that 
there should be one and only one point to mark off the one class of 
points from the other. Taking the existence of the dividing point in 
every such case as an axiom , we can now say that to each point of 
the line L corresponds a number, rational or irrational, its abscissa , 
and to each number , rationed or irrational , corresponds a point of the 
line of which this number is the abscissa . With this axiom the corre- 
spondence of the points upon the line L and the system of real numbers 
is complete. 

This is the foundation upon which the theoretical measurement of 
the lengths of rectilinear figures rests. 
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89.* The length of a curve ( continued ). But how is a 

curved line to be measured? It is not sufficient to say that 
we have only to construct a model of the curve and stretch 
a measuring tape along it and read off its length from the tape. It 
is true that we can construct a circular cylinder very accurately in 
wood or metal, and that the measuring tape may be put round it 
afnd give a number which we may call the length of its circular 
cross-section. It is also true that for such a solid we may imagine 
a very thin coating of some flexible and unstretchable material made, 
and that if this coating is then unwrapped, tho width of the rectangle 
which just covers the cylinder would also give a number which we 
might call the length of the circular-section. In both of these cases 
these numbers only give an approximation to the length of the mea- 
suring tape required or the quantity of the material used as a covering 
for the body. 

The theorems of pure geometry are not to l>e confused with the 
numerical results of actual measurement, and the suggestions these 
measurements may give of general truths which the geometrical 
theorems embody. These theorems have to be demonstrated by a 
chain of logical deductions, and before we can prove results about 
the lengths of curves we must first define what exactly is meant by 
the term. It is not sufficient to have a vague idea of what we mean 
by the measurement of the length of the curve. We must define this 
new conception. 

The definition will l>e clearer if we illustrate the principle on which 
it rests by the case of a circle. Starting with two perpendicular 
diameters AOB and COD, the points ABCD are the angular points of 
a square inscribed in the circle. Bisecting the angles at O we get 
an inscribed regular octagon. Bisecting the angles afresh, we get an 
inscribed figuro with 16 equal sides. Proceeding in this way we get a 
set of regular inscribed figures the number of whose sides is doubled 
each time. The perimeters of these figures form a set of numbers 
always increasing, but always remaining less than the perimeter of the 
circumscribing square. 

Now it is a fundamental principle in arithmetic, treated scientificalfy, 
that if an infinite set of numbers is continually increasing and yet 
never passes some fixed number, this infinite set of numbers defines 
a definite number. In mathematical language this number which 
the infinite sequenoe defines is called the limit of the sequence. The 
numbers continually approach it, and can be made to differ from it 

o.r.T. f 
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by as small a quantity as we please by taking a sufficient number of 
them. 

In geometry we define the length of the circumference of a circle as the 
limit of the perimeter of the inscribed regular polygon as the number oj 
its sides is increased indefinitely. 

It is clear that this will correspond to the idea of the length of the 
circumference we have in our mind from the figure or model. The 
more sides we take for the inscribed figure the more nearly does it 
seem to coincide physically with the curve. The definition gives us 
a definite number for the length of the circumference of the circle. 

More generally, in the case of any curve y =/(#), we may define the 
length of any portion of it as follows : 

Let P and Q be the extremities of the arc (Fig. 61). 

Let PM and QN be the perpendiculars from these points to the axis 



If the ordinates at the points where MN is divided into n equal 
parts meet the curve at Pi, P 2 , ...P n -i» the length of the arc PQ is 
defined as the limit of the sum of the lengths of the chords PPj, 
PiP a .-p»— jQ, when the number of these points is indefinitely increased. 

This definition can be widened, and in particular it is shown in 
books on the Integral Calculus that the divisions of the line MN need 
not be equal, provided of course that their number increases indefinitely. 
In this extended form it will be seen that it includes the definition of 
the length of the circumference of the circle given above. 



89 , 90 ] 


CIRCULAR MEASURE 


143 


90.* The length of a curve (continued). We may now define 
the length of an arc AP of a circle as follows : 

Let O be the centre of the circle. 


Fio. 62. 

Let OPi, OP a ...be (?i — 1) radii dividing the angle AOP into n 
equal parts (Fig. 62). 

The length of the arc AP is defined as the limit of the sum of 
the lengths of the chords APj, P^, ... P n -iP as their number is 
inoreased indefinitely. 

We proceed to show that the angles 
at the centre of a circle are propor- 
tional to the lengths of the arcs upon 
which they stand. 

We shall only take the case when 
the angles are commensurable. 

Let AOP be the one angle and 
AOQ the other, and 0 their common 
measure (Fig. 63). 

Let LkOP=pO, 

and L. AOQ = qd. 

Then if we divido the angle 6 as 

above into n parts, the triangles 
inscribed in the arc AOP will be np in number, and in the arc AOQ 
they will be nq in number. The triangles are all congruent. Thus 

the sum of their bases in the one case will be to the sum of 

their bases in the other as 

<1 

This ratio is independent of the number n t and as n is indefinitely 
increased it therefore remains the same. 
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But the limit of the sum is in one case the arc AP and in the 
other the arc AQ. 


Hence 


arc AP jp _ angle AOP 
arc AQ ~~ q ~~ angle AOQ’ 


The second theorem on which our former discussion rests, namely, 
that the ratio of the circumfereuce to the diameter is constant, follows 
in the same way. 

The value of the radian, and the expression for the length of an 
arc follow as before. 


91. The Limit of a Sequence. We have seen in the last three 
articles that to place our work on a proper foundation we must 
introduce the idea of the limit of an infinite sequence of numbers, 
u l9 u 2 , u 3 , ... . The length of the arc of a curve is defined in 
this way, and this is only one of many quantities for the defini- 
tion of which this idea will be required. 

It must not be supposed that this question of limits and 
hmiting value is introduced here for the first time in our 
study of mathematics. It meets us at the foundation of 
arithmetic in the treatment of irrational numbers. It comes 
up again in the conversion of certain fractions into decimals, 
when these decimals are recurring. For example, we say that 
the number defined by 

*3, *33, ‘333, etc., (or ‘3), 

is The reason for this is that the r& th term of this 
sequence is 3 3 3 

lo + To 5 "• + T(P 

l 1 

*■* 3 3'10“’ 

and as n increases, this approaches more and more closely 
to and may be made to differ from J by as small a quantity 
as we please by taking n large enough. 

In algebra the treatment of infinite series depends upon 
the same idea. 

In geometry the tangent at a point on the curve is defined 
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as the limiting position of a secant through that point, and 
the gradient at a point is defined in the same way. 

It appears, in fact, wherever the rate of change of one 
quantity with regard to another is to be considered, and 
in particular in velocity and acceleration in dynamics. 

92. If 6 is the circular measure of the angle,* 



Consider an angle AOP in the first quadrant (Fig. 64). 



FlO. 64. 

Let its circular measure be 0. 

Draw the tangent PT and the ordinate PM meeting the 
radius OA in T and M, and let PM meet the circle again in P', 
so that P'T is the other tangent to the circle from T. 

* The notation lim , lim , lim 

#—►0 *— ►a n— ►*> 

will be used, due to Leathern, rather than 

lim , lim , lim . 

8=0 x~a n=eo 

It is an advantage to emphasize in this way that it is not the value of the 
fraction for the value 0=0 of which we speak. Indeed, we have no right to 
speak of the fraction for the value 0=0 at all. A fraction with denominator 
zero does not exist ; the symbol has no meaning, for it has not been defined. 
But, as $ gets nearer and nearer to zero, the fraction always exists, and its 
limit is what is denoted by 
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Then PP' < arc PAP' < PT + PT. 

Thus we have sin 0 < 6 < tan 0. 

6 1 0 

Therefore l<-r— ■*< and cos 0<- — -< 1 . 

am 0 cos 0 tan 0 

As 0 gets smaller and smaller, the value of cos 0 gets nearer 
and nearer to unity, and by making the angle small enough, 
we can make cos 0 as near unity as we please. 

6 

Hence -- — - lies between 1 and a number greater than 1, 
sm 0 ° 

which continually gets closer to 1 and can be made as near 1 as 

we please by diminishing 6. 

Thus lim^^-^^ = l, and sin 0 is approximately equal to 0 
for small values of 6. 

Similarly limf— — ^ = 1, and tan 0 is approximately equal 
0 _*o \tan 0/ 

to 0 for small values of 0. 

Also since cos 0 = J(l -sin 2 0), cos 0 is approximately equal 
to 1 - J0 2 for small values of 0. 

It has to be noticed very carefully that in these results 0 
is the circular measure of the angle. * 


Thus sin 1' = 00^180 * ver ^ a PP rox ^ ma ^ e ^' 

From the tables, we find, for sin 4°, sin 3°, sin 2°, sin 1° 
and sin 30', and for the circular measure of these angles 
(viz. irj 45, *r/60, tt/90, r/180, 7r/360), the following results : 


sin 4° = *0697565 
sin 3° = *0523360 
sin 2° = *0348995 
sin 1°= *0174524 


tt/45 = *0698132. 
tt/60 = *0523599. 
»/90 = *0349066. 
jt/180 = *0174533. 
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sin 30' = 0087265 ; - ~ = -0087266. 


These numerical results show more clearly what was meant by the 
statement that for small values of 0, sin 0 = 0, nearly. 

What is meant by this statement is that in replacing sin 0 by 0 in 
numerical work the error admitted thereby— namely, (0 — sin 0) — is 
negligible. What magnitude of error is negligible, or is not negligible, 
depends on the precision to which the result has to be taken. Reference 
to these numbers shows that if wo are working correct to 4 places of 
decimals, 4° is a small value of 0, and sin 0 may be replaced by 0, the 

error only affecting the fifth place, since sin 4° =‘0698 and -. = *0698. 
But if we are keeping 5 places, 4° is not. a small value of 0, since 
sin4°= *06976 and *06981, and the difference *00005 is not negligible. 

Neither are 3° or 2°, while 1° is a small value of 0 within the meaning 
of the expression. Working to 6 places, again, 1° is not a small value 
of 0, while 30' is. 


We shall see later, in § 151, that 

. * . 0 * 
nn 

so that the error in taking sin 0 as equal to 6 is less than 


It is clear that, if 


6 » 

3!* 


then 


«_.o\sin 6J 

W?*0\=i 
e-+o\ 6 ) 


Examples. 

Take tt = - 2 ;-'. 

i 

1. Find approximately sin 20', cos 20', and tan 20'. 

2. At what distance will a tower 100 feet high subtend an angle 
of 20' ? 

3. The diameter of a halfpenny is 1 inch. At what distance will its 
diameter subtend at angle of ^ a degree ? 

4. The moon’s distance from the earth is 240,000 miles, and its 
diameter subtends an angle of 31'. Find its diameter. 


c.r.T. 
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93. The area of a circular sector. Let AOP (Fig. 65) be a 
sector of a circle, centre O, the circular measure of lAOP 
being 0. 



Fio. 65. 


Let OP 1? OP 2 , . . . , OP w _i divide the angle 6 into n equal parte. 
Join APj, PiPgj •••» P«-iP* 

Then the area of each of these triangles 

1 2 . 0 

= -.a 2 sm 
2 n 

and the sum of the areas of these triangles 



Now as n is increased indefinitely 



- 1 . 
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Therefore the limit of the sum of the areas of the triangles 
OAPj, OP 1 P 2 , OP n _! P, 

obtained by dividing the angle AOP into n equal parts, is 
equal to \a?0. 

The area of the sector is defined as equal to this limit, 
just as the length of the arc AP was defined as the limit of the 
sum of the chords AP 2 , PjP 2 , P w _iP (ef. Fig. 62). 

Hence 

the area of the sector of a circle of radius a containing an angle 0 
radians is equal to £a 2 6. 

Putting 0—2i r, we find the area of the circle to be 7ra 2 . 

Example 

Obtain the area of a circle from the limiting value of the area 
(i) of the inscribed regular polygon of n sides ; 

(ii) of the circumscribed regular polygon of n sides. 

94. The dip of the horizon. If the earth is taken as a 
sphere, it is not difficult to find how far one should be able to 
see from a point above its surface, such as the top of the mast 
of a ship or the top of a lighthouse on a cliff. 



The lines drawn from the point to touch the surface of the 
earth will meet it along a circle, the visible horizon, the plane 
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of this circle being perpendicular to the radius to the point 
of observation. 

These tangents all make the same angle with the horizontal 
plane. This angle is called the Dip of the Horizon. It is 
equal to the angle POT in Fig. 66. 

Let the radius of the earth be R ft. 

Let the height of the point of observation be h ft. 

Then in the figure 


cos 0 = 



h h* 

R + R2 


The radius of the earth is about 20,000,000 ft. 

If h = 2000, 

^= 0001 , 

and cos 0= *9999, with an error of less than 

10 * 

Thus the angle would be a small one even for a height- of 
2000 ft. 

We proceed to find the dip of the horizon in terms of the 
height h. 

We have cos 0 = — - r. 

R + /& 

sin 0 = Jl - cos 2 0 


r r 2 

V 1 (R + A)2 

j2hR +K 2 
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9 *] 


since 0 is small. 



approximately. 



approximately,* 


The distance of the horizon. The distance of the horizon is 
equal to the length of the arc AT. 

But are AT = 0R, and 0 = 

the distance of the horizon = V: 2h R. 

A simple rule for this distance is given on p. 153, Ex. 11. 

Since 1 nautical mile = the arc of the meridian for an angle 
of V, another simple rule is that the distance in nautical miles 
is given by the number of minutes in 0 , namely, 

l2h 180x60 

V R X 7T * 



Examples. 

Take R =2*090 x 10 7 ft., ir=-y. 

1. Find the distance of the horizon from the top of a lighthouse 
100 ft. high. 

2. Show that the distance of the horizon corresponding to a 
height of h ft. is approximately 1*06 n/£ nautical miles. 

3. At what distance will the top of a lighthouse 240 ft. high 
be visible from a ship’s masthead 90 ft high ? 


^Otherwise thus : 

We have oo S 9=p^=l + ... . 

02 

Also, for small angles, cos 0=1 - nearly. 


.\ nearly. 
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Examples on Chapter XII. 

Take the radius of the earth = 3960 miles ; w — - 2 *-. 


1 . 


Prove that sin 



approximately when $ is small. 


2. A church spire whoso height is known to be 100 ft. subtends an 
angle of 9' at the eye. Find approximately its distance. 


3. At what distance does a man whose height is 6 ft. subtend an 
angle of 30* ? 


4. Show that a foot will subtend an angle of nearly 39" at a distance 
of 1 mile. 


5. A length of a yds. is wound off a reel whose diameter is 1 *5 in. 
on to one whose diameter =0*5 in.: through how many radians does 
each reel turn ? 

6. A string 7 ft. 6 in. long is wrapped round a circle 36 ft. in cir- 
cumference ; what angle does it subtend at the centre ? 

7. If the eye can distinguish an object when it subtends an angle of 
1', find the greatest distance at which a half penny, diameter one inch, 
can be perceived. 

8. If the smallest angle subtended by a spherical object which 
appears to possess a finite diameter is two-thi>ds of a minute, determine 
(correctly to one-tenth per cent.) the least size of an object on the 
moon which at a distance of 240,000 miles would be appreciable. 

9. If the equatorial diameter of Saturn is 73,600 miles, and the 
least distance of that planet from the earth 732,000,000 miles, deter- 
mine in seconds its maximum angular diameter correct to two significant 
figures. 

10. How many nautical miles are each of the following places from 
the equator, measuring along the meridian? Also how many kilo- 
metres, taking a metre to be one ten- millionth of a quadrant of the 
meridian ? 

(1) Edinburgh, lat. 56° 57' N.; (2) London, lat. 51° 30' N./ 

(3) Suez, lat. 30° O' N.; (4) Bombay, lat. 19° 8' N. ; 

(5) Sydney, 33° 51' S. ; (6) Melbourne, lat. 37° 49' S. 
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11 . The number of miles that the visible horizon is distant from a 
point above the surface of the earth is the square root of one and 
a half times the number of feet in the height of the point above the 
surface. 

Establish this approximate rule ; and show that for points not more 
than a mile high, the error is less than 0 02 per cent. 

12. Show that the area of a segment is given by the formula : 
segment = \r*(d - sin $). 

13. Find the area of the segment, having given : 

(1) »•= 2-45 in.; (2) ff = 67‘ 11', r=5 mi. 436 yds. 

14. Two ciroles of radii 3 inches and 4 inches have their centres 
5 inches apart. Find the area common to the two. 

15. A tight string passes round two circular discs, whose radii are 
10 in. and 20 in. ; find the length of the string in contact with the discs, 
the straight portions being inclined at an angle of 20°. 

16. Find the length of a belt required to go round two wheels whose 
radii are 3 ft. and 6 ft., their centres being 10 ft. apart. 

17. Three vertical posts are placed at intervals of one mile along a 
straight canal, each rising to the same height above the surface of the 
water. The visual line joining the tops of the two extreme posts cuts 
the middle post at a poir^b eight inches below the top. Find to the 
nearest mile the radius of the earth. 

18. Two circles are drawn through two points A and B, and their 
centres are on the same side of AB. The radius of the smaller circle 
equals AB, and the centre of the larger circle is on the circumference 
of the smaller circle. Show that the area common to the two circles 

is given by the formula a 2 

133 

and that this is very nearly the same as ra 2 x where a stands for AB. 

= 1-732051, -318310.^ 

19. Two straight portions of a running track are parallel and 60 yds. 
apart. They are to be connected symmetrically by two circular arcs, 
centres Oj, 0 2 , radii 15 yds., joined by a circular arc, centre 0 3 , radius 



(■ * 
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60 yds., so that the whole forms a continuous ourve continuous with 
the straight portions. Show that sin 1, and calculate the 

A u 

length of each arc correct to the nearest inch. 

20. A straight line of railway is to be diverted J ini. to the right, 
and carried forward in a parallel direction. This is to be done by 
means of two curves of 20 ch. radius, connected by a straight portion 
making an angle of 4 5° with the direction of the line : find the length 
of each arc and of the straight portion connecting them. 





PAKT II. 


CHAPTER XIII. 


GEOMETRICAL PROPERTIES OF TRIANGLES AND 
THEIR ASSOCIATED CIRCLES. 


95. Introductory. In this chapter we shall apply the 
methods of trigonometry to the discussion of the geometrical 
properties of the circles associated with a triangle and to other 
geometrical results of the same kind. 


96. The circumcircle. 
circle. 

Let O be the centre of the 
circle circumscribing the tri- 
angle ABC (Fig. 67). 

Join BO and produce it to meet 
the circle again at E. Join EC. 

Then z-BEC = z.BAC, or its 
supplement, if A is obtuse ; 

and z_BCE = 90°. 

BC 
BE' 


To find the radius R of the circum- 


Thus sin A = sin BEC = 





c 

sinC" 


where 


sin A sin B 

S = n^s (s — a)(s - b)(s - c), 


abc 

36 ’ 



156 


PLANE TRIGONOMETRY 


[ch. xrri. 


Examples. 

1. The sides of a triangle are 13, 14 and 15 ft. Prove that R = 8J ft. 

2. If P is the orthocentre of the triangle ABC, prove that 

AP=2R cos A=20D (of. Fig. 72). 

3. In the ambiguous case of the solution of triangles, where a, 5, B 
are given, prove that the two triangles have equal circumcircles and 
that the distance between their centres is ( b 2 cosec 2 B - a 2 )^. 

97. The inscribed circle. To find the radius r of the 
inscribed circle. 

Let I be the centre of the inscribed circle of the A ABC (Fig. 68). 

Let the perpendiculars from I upon the sides a , b , c meet 
them at D, E, F. 



Then A BIC + ACIA +• A AIB = A ABC. 

But 2A BIC = BC . ID = ar, 

and 2 A CIA 

and 2 A AIB =cr. 

Also, we have seen in § 67 that 

A BAC = S = \/s($-a)(s-6)($-c). 

Therefore r=~. 

We can find another expression for r, which is often useful, 
by taking the relation BD + DC = BC. 
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This gives r j^cot ? + cot = a. 

B C 

a sin - sin ^ 



B C 

a sin ^ sin - 
Z 'Z 


Hence 
Since 
we have 


r = - 


cos 


ABC 

2 a sin T sin sin — 
Z ’Z Z 


sill A 


op — a 
-in 

Sill A 

r = 4R sin ^ sin - sin 
2 2 2 


Since Al = r cosec % it follows from this result that 

z 

AI=4R sin - sin 

2 2 

Also, since BD = s - b, we have 

ABC 
r = (s - a) tap. - = (s - b) tan - = (s - c) tan -• * 
2 2 2 


98. The distance between the circumcentre O and the 
centre I of the inscribed circle. 

From the triangle OAI (Fig. 68) we have 
Ol 2 = OA 2 + Al 2 - 20A . Al cos OAI 

= R 2 + 1 6R 2 sin 2 ~ sin 2 ? - 8R 2 sin ~ sin ^ cos OAI. 

But L OAI = (90° — B) - ^ 

A+B+C D A C-B 

“ 2 3 2~2 ’ 


* These formulae give a useful method of solving a triangle when the three 
sides are known. 
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.*. Ol 2 = R 2 + 8R 2 sin ® sin ^ |2 sin ® sin ~ - cos 

d9 Qd0 . B . Of B 4- C\ 

= R 2 - 8R 2 sin ^ sin ^ f cos — ^ — J 

r»0 Oo9 • A . B . C 
= R 2 - 8R 2 sin ^ sm g sin 

/. OI 2 =R 2 — 2Rr. 


Examples. 

1. The sides of a triangle are 200, 250 and 300 ft. ; find the radius of 
its inscribed circle. 

2. Prove that, if the inscribed circle touch the sides a, ft, c of the 
triangle at D, E and F, the sides of this triangle are 

A B C 

2(c -a) sin J, 2(a-5)sin~ and 2(s-c)sin^, 

£ £ & 


and that its area is 


?§! 

abcs 


3. Prove that r= R (cos A + cos B + cos C - 1 ), 

2(r+ R) = acot A + fc cot B + ccot C, 
and 2a(a - b)[a - c) = 4S(R - 2r). 

4. If in a triangle a, c and C are given, and b lt b. 2 are the two values 
of the third side, and r 1 , r 2 the radii of the two inscribed circles, prove 

(n-° ofc i)(|- cot i) =1 ’ 

Q 

= a (a - c) sin 2 • 


that 


99. The escribed circles. The radii r x , r 2 , r 3 of the escribed 
circles. 

With the usual notation, let l x be the centre of the circle, 
touching a internally and b , c externally, and let the perpen- 
diculars from \ x on the sides a, b , c meet them at D v E x 
and F x (Fig. 69). 

Then since ABIjA-f aC^A- aBIjC^ A ABC, 

S 
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Also since 
we have 

which gives 


BDj + DjC = BC, 

r^tan | + tan = a, 

B C 

a cos ^ cos 

r 1 = i-i. 

cos - 



Hence 


ABC 

2 a sin - cos ^ cos - 

r, = 1 , 

sin A 

4 A B C 

ri = 4R sin - cos - cos — . 

1 2 2 2 


Since 


Alj = rj cosec 


it follows from this that 


B C 

Al 1 = 4Rcos - cos 
2 2 
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Also we know that 

AF X = 5 , BDj = s - Cy and CE X = s -b. 

ABC 
Thus r x — s tan - = (g - c) cot - = (a - b) cot 

It will be seen that the formulae for r v which involve the 
angles B, C, may be derived from those for r by putting 
180° - B for B, and 180° - C for C. 

The formulae for r 2 and r 3 would follow by a similar change 
in C, A and A, B. 

100. The distances between the circumcentre O and the 
centres of the escribed circles. 

From the triangle OAlj (Fig. 69) we have 
Oh 2 = OA 2 + Alj 2 - 20A . Al x cos OAlj 

= R 2 + 16R 2 cos 2 ^ cos 2 ? - 8R 2 cos^ cos ^ cos OAI r 
1 1 A 

But L OAh = L OAI 

_ C — B 

— 2 * 

.*. Ol^ = R 2 + 8R 2 cos | cos 5|2 cos ^ cos ^ - cos 

_ 0 B C/ B C . B . C\ 

= R 2 + 8R 2 cos ^ cos cos ^ cos ^ + sin ^ sin ^ ) 

= R 2 + 8R 2 sin ~ cos B cos 

Ol 1 2 =R 2 +2Rr 1 . 

Examples. 

1. Prove that rr x r 2 r 3 = « (« - a) («-&)(« - c) 

r 1 +r a + r 3 =4R + r. 

A A 

2. Prove that I h = a seo ~ = 4R sin 5 

u 4 

A A 

l 2 l 3 =a coseo ^ = 4R cos 


and 
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3. Prove that the area of the triangle l 1 l 2 l 3 may be expressed by 

2 R$, or or 8 R 2 cos ^ cos cos 5. 

2 r 2 2 2 

4. Prove that the areas of the triangles IJ 2 I 3 , l 2 l 3 l 9 I 3 I 1 I, are 
inversely proportional to r, r v r 2 and r 3 . 

5. Prove that the radii of the circumcireles of these triangles are 
all equal to 2R. 

6 . If O be the eircumcentre, I, l lf l 2 , l 3 tlie incentre and excentres 
of the triangle ABC, prove that 

OI 2 + Ol a 2 + OI./+ OI 3 2 + 11^ + ll 2 2 + ll 3 2 + l 2 l 3 2 + w + IiI 2 2 =60R 2 , 
where R is the circum-radius of ABC. 

101. The medians. Let D, E, F be the middle points of 
the sides BC, CA and AB of the triangle ABC. The lines AD, 
BE, CF are called the three medians 
(Fig. 70). 

Since 2 (AD 2 + BD 2 ) = AB 2 + AC 2 , 

a 2 

we have 2AD 2 = c 2 + b 2 - ^ ; 

. AD 2 , 2 c 2 + 2 b 2 -a 2 ) 

4 

with similar results for the other 
two. i 

Also we can find an expression for the angles they make 
with the corresponding sides, as follows : 

Let AL be the perpendicular from A on BC. 

Then cotADL = ?[~ 

AL 

BL - LC 
2AL ’ 

.*. cot ADL=i(cot B-cotC). 

Examples. 

1. Prove that the median AD divides the angle A into two angles 
whose cotangents are 2 cot A -f cot C, and 2 cot A + cot B. 


A 
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2. Prove that the distance between the middle point of BC and the 
foot of the perpendicular from A is — 

3. If the medians make angles a, y with one another, prove that 

cot a + cot /? + cot 7 + cot A + cot B + ootC=0. 

4 . The medians intersect at G. Prove that 

a 2 + b 2 + c 2 


(i) R 2 -OG 2 = - 


9 


8R 2 


(ii) AG 2 + BG 2 + CG 2 =-g-(l + cos A cos BcosC). 


102. The bisectors of the angles. Let the bisectors of the 
angle A meet BC in a and a and be denoted by /, f (Fig. 71). 



Then we have 


Similarly, 


Ba 

aC = 

Ba 

a 


BA 

AC* 

c 

b + c 


ac . _ ab 
Ba = ~— and Ca=— — . 
b + c b + c 

Ba' = -^- and Ca' = — . 

c-b c-b 


Similar results can be obtained for the other bisectors. 

We can find the lengths of the bisectors in the following 
way. We have 

A BAa + A aAC = A BAC. 

But 2 A BAa = cf sin g, 

and 2 A CAa *= bf sin g. 
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Similarly, 


2 S 2bc 

~ , A~b + c 
(b + c)sin - 



2 S 

(c-b)cOS; 


2 bc 

c-b 



Examples. 


1. If 0 is the angle between the median and the bisector of the angle 

c-b A 
= — tan 
c + b 2 


A, show that 


2. Prove that ~~ a + ^ is e(JUal to tllc area of tiie 

triangle; and that M = 2 oM»+l+d ! 

r (b + c)(c + a)[a + b) 


3. If the bisectors Aa, B/3, C 7 make angles a\ /S', 7 ' with the sides 
a , 6 and c, prove that 

a sin 2 a' + 6 sin 2/3' + c sin 27 ' = 0 . 

4. Prove that a/S cuts C 7 in the ratio 2c:a + b. 

5. The bisectors of the angles of the triangle ABC meet the circum- 
circle in the points D, E, F respectively. Prove that the area of the 

triangle DEF is 


6 . Prove that if the bisector of the angle C of the triangle ABC cuts 
AB in D and the eircumcirele in E, 

CE (a + />) 2 
DE“ c- * 


103. The pedal triangle and the orthocentre. Let the 
three perpendiculars AL, BM and CN meet in P. The point P 
is called the orthocentre. The A LMN is called the pedal 
triangle (Fig. 72). 

Then since AM = c cos A, 

and l APM =C, 


/. AP = 


ccos A 

sin C * 


C.P.T. 


AP=2RcosA. 

G 2 
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Also AP is the diameter of the circle round ANM and P. 


Again 


MN 


= AP. 


sin A 

MN = 2RsinAcos A. 
MN=acos A. 



L PLM = l PCM = 90° - A, 
L PLN as* l PBN = 90° - A. 
L MLN = 180° — 2A. 


Thus the sides of the pedal triangle are 

a cos A, bcosB, ccosC, 

and the angles 180° - 2A, 180° -2B, 180° -2C. 

The area of any triangle is equal to half the product of two 
sides, and the sine of the included angle ; 
the area of the pedal triangle 

= \ R 2 sin 2A sin 2B sin (180° - 2C) 

= | R 2 sin 2 A sin 2B sin 2C. 

Also the radius of the circumcircle of the pedal triangle 
_ R sin 2A 
~ 2 sin 2A 

R 

“ 2 * 
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Since every triangle has a pedal triangle, to every triangle 
with sides a, b , c and angles A, B, C, there corresponds a 
triangle with sides a cos A, b cos B, c cos C, and angles 180° - 2A, 
180° - 2B, 180° - 2C. 

Hence from any relation between the sides and angles of a 
triangle, we can get a new relation on replacing the sides and 
angles by those of the corresponding pedal triangle. 


E.g. from 


we obtain 


a-b 
a + b 


tan 


A-B 

2 


tan 


a + b’ 

9 


a cos A - b cos B __ tan (A - B) 
a cos A + b cos B tan (A + E)’ 


104. The distances between the orthocentre and the centres 
of the circumscribed, inscribed and escribed circles. 

From the triangle OAP (Fig. 72) we have 

OP 2 = OA 2 + AP 2 - 20A . AP cos OAP. 

But .1 OAP = (90° - B) - (90° - C) 

= C — B. 

.*. OP 2 = R 2 + 4R 2 cos 2 A - 4R 2 cos A cos (B - C) 

= R 2 - 4R 2 cos A {cos (B + C) 4- cos (B - C) }, 
since A = 180° - B - C. 

O P 2 = R 2 — 8R 2 cos A cos B cob C. 

Again, from the triangle IAP, we have 

IP 2 = AP 2 + Al 2 - 2AI . AP cos IAP. 
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IP 2 = 4R 2 cos 2 A + 16R 2 sin 2 ^sin 2 ? 

2 2 

- 16R 2 cos A sin ? sin ? cos 

using the expressions for Al and AP given in §§ 97, 103. 

C — B b • « C ■ 

Now expand cos— -p- and replace 2 sin 2 -, 2 sin 2 — by 

B B 

(1-cosB) and (1-cosC) respectively, and 2 sin -cos-, 

C c u 

2 sin - cos - by sin B and sin C. 

In this way we obtain 

IP 2 = 4R 2 [cos 2 A + (1 - cos B)(3 - cos C) - cos A sin B sin C 

-cosA(l - cos B)(l -eosC)] 
= 4R 2 [(1 - cos A) (1 - cos B)(l - cos C) - cos A cos B cos C] 

= 32R 2 sin 2 ^ sin 2 ? sin 2 ~ - 4R 2 cos A cos B cos C ; 

2 2 2 

I P 2 = 2r 2 - 4R 2 cos A cos B cos C. 

Similarly, l x P 2 = 2r x 2 - 4R 2 cos A cos B cos C. 


Examples. 

1. Prove that tne radius of the inscribed circle of the pedal triangle 
is 2R oos A cos B cos C. 

2. If the perpendiculars meet the circumcircle at L', M' and N', 
prove that 

(i) PL', PM', PN' are bisected at L, M and N ; 

.... AL' BM' CN' 

(11) AC + BM + W 4 

3. If r', r/, r.J and r 3 are the inscribed and esoribed radii of the 
pedal triangle, prove that 

r' “ R 2 

4. Prove that the area of the triangle L'M'N' is equal to 

8S cos A cos B cos C. 
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105. The nine-points circle. Let U be the centre of the 
nine-points circle (Fig. 72). 

Then U is the middle point of OP. 

Then 2IU 2 + 20U 2 = Ol 2 + IP 2 . 

2IU 2 = (R 2 - 2Rr) + 2r 2 - 4R 2 cos A cos B cos C 
R 2 

- -g- + 4R 2 cos A cos B cos C. 

. , u2 _ (R-2r)g 
" 4 ' 

iu=*r*=*-r. 

2 2 

Thus the nine-points circle touches the inscribed circle. 

p 

Similarly, l 1 U = - + r r 

Therefore the nine-points circle touches each of the escribed circles. 

We can also show that unless the triangle is obtuse, the 
nine-points circle will not meet the circumcircle. 

For, if they met, there would be a triangle with sides 

R, £ and OU = ^OP = ^s/l - 8 cos A cos B cos C. 

we would have 

P P 

- 8 cos A cos B cos C > R ; 

i.e. J 1-8 cos A cos B cos C > 1 ; 
i.c. one of the angles A, B, or C must be obtuse. 

Examples. 

1. If a, /3, y be the distances of the centre of the nine-points circle 
from the angular points, and <j its distance from the orthocentre, 

a 2 + jS 2 + 7 2 + tf = 3R 2 . 

2. If U is the centre of the nine-points circle of a triangle ABC 
and p be its radius, and O is the centre of the circumcircle, prove that 

U A 2 + U B 2 + U C 2 + U O 2 = 1 2 p\ 

3. If the line joining A to the centre of the nine-points circle meets 
BC in H, prove that 

BH : HC = ccos(A~ B) : &cos(A-C). 
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106. The properties of quadrilaterals. Let ABCD be a 

quadrilateral of which the sides AB, BC, CD, DA are denoted 

by a , b , c, and d , and the diagonals 

AC, BD by x and y (Fig. 73). 

Let be the angle between the 

diagonals, and let A 4- C = 2a. 

Let the area of the quadrilateral 

be denoted by S, and let 2s be its 

perimeter, a 4- b + c 4- d. 

Now y 2 = a 2 -f d 2 - 2 ad cos A 

= b 2 4- e 2 - 2 be cos C. 

.j o 7 a b 2 + c 2 -a 2 -d 2 
. . be cos C - ad cos A = . 

But be sin C 4- ad sin A = 2S. 

Therefore squaring and adding the corresponding sides of 
both of these equations, 

(h2 i r 2_ n 2_ / 72\2 

a 2 d 2 + b 2 c 2 - 2 abed cos 2« - 4S 2 + 



1 6S 2 = 4 (ad + be) 2 - (b 2 4- c 2 - a 2 - d 2 ) 2 - 1 6a bed cos 2 a. 

But 4 (ad 4- be) 2 - (b 2 + c 2 - a 2 - d 2 ) 2 

= {2(cid + bc) + (b 2 + e 2 -a 2 -d 2 )}{2(ad+ l oc)-(b 2 + c 2 -a 2 -d 2 )} 
- {(6 + c) 2 - (a - d) 2 } { (a + d) 2 - (& - c) 2 }. 

= (b + c + a - d)(b 4- c - a + d)(a 4- d + b - c) (a 4* d - b 4- c) 

- 16 (s-a)(s-£>)(s- c)(s-d). 

.*. S 2 = (s - a)(s - b)(a - c)(a - d) - abed cos 2 a, 
and in the case of a quadrilateral which can be inscribed in a circle, 


S = <d(s - a) (s - b)(s - c)(s - d). 


107. Other expressions for the area. Since the quadrilateral 
=sum of the triangles ABD and BCD (Fig. 73) 

= \y . AO sin <j> 4- \y . OC sin </>, 

8 = \xy sin <£. 
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Also 20A . OB cos <£ = OA 2 + OB 2 - a 2 , 

20C . OD cos 4> = OC 2 + OD 2 - c 2 , 

20A . OD cos <j> = d 2 - OA 2 - OD 2 , 
and 20B . OC cos <f> — b 2 - OB 2 - OC 2 . 

2 xy cos 4> = b 2 + d 2 - a 2 — c 2 . 

Eliminating xy, we have 

8 = \ ( b 2 + d 2 -a 2 - c 2 ) tan <f>. 

If we eliminate cf>, we have 

S = i (4xy - (i 2 + d 2 - a 2 - c 2 ) 2 ) 4 , 
an expression which gives the area in terms of the sides and 
the diagonals of the quadrilateral. 

Examples. 

1. If ABCD is a cyclic quadrilateral 

xy=ac + bd, 
x_ad + bc 
y ~ ah + cd ‘ 

2. If the quadrilateral can have a circle inscribed within it, as well 
as round about it, prove that its area is si abed. 

3. If R is the radius of the circle in which the quadrilateral ABCO 
is inscribed, prove that 

. a P2 _ ( ac + fojj) ( a ^ + cc 0 ( ac ^ + M 

(8 - a) (s - b) (8 -c)(s~d) ' 


Examples on Chapter Xltl. 

L* 

1. Prove that (i) 2R ^p - ri = c ° s A, 

(iii) U. 

sir fa + r 2 r 3 + rfa 

2. Prove that the roots of the equation 

tff Mjzjt ) / ^-8rR + r 2 \ r* 

^ * l 4R J+*l 1RR2 ) 16R a ' 
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3. D is any point upon the side BC of the triangle ABC. Prove 
that the distance between the circumcentres of the triangles ADB 

and ADC is ~ cosec ADB. 

4. If the sides of a triangle are in arithmetical progression, prove 
that their common difference is sl2r{R-2r) and the product of the 
least and greatest sides is 6Rr. 

5. If O be a point on the circumcircle of a triangle ABC, and if 
OA, OB, OC meet BC, CA, AB in P, Q, R respective^, prove that 
(with a convention as regard sign) 

cos A cos B cosC _ n 
"AP~ + ~BQ + “cr“ 

6. If 01 meets the perpendicular from A to BC in K, show that 

OK = Oloos— j^/sin* 

2 / A 

7. If 10 makes with BC an angle then 

, cos B 4 - cos C - 1 

tan * = “sorB^a'B _ - 

8. Prove that if P be any point on the line joining the incentre 
and ciroumcentre of a triangle ABC, 

a{b -c)AP 2 + 6(c - a)BP 2 +c(a-&)CP=0. 

9. Prove that the length of the common chord of the circumcircle 
and the escribed circle opposite A is 

/r, 3 (4 R-r 1 ) \^ 

VR(ft+2r,)/ ' t 

10. Prove that the circumcircle cuts the escribed circle opposite A 
at an angle whose cosine is 

(l - 2 sin J cos | cos?). 

11. Circles are described touching one another externally at A, B 

and C. Prove that the area of the triangle formed by joining their 
ceiUtres is R 2 tan A tan B tan C. 

12. If the inscribed circle passes through the orthocentre, show that 

ABC 

cos A cos B cos C = 4 sin 2 - sin 2 - sin 2 

13. If the in-oircle passes through the ciroumcentre, show that 

cos A + cos B + cos 0=^2. 

Hence determine the cosine of the vertical angle when the triangle 
is isosceles. 
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14. Prove that the diameter of the circumcirele through A is divided 

by BC in the ratio tan B tan C : 1. 

15. Prove that if O is the centre of the circumcirele and AO meets 
BC in D, then 

AD (sin 2B + sin 2C) = 4R sin A sin B sin C. 

16. If Bn 0 a , ^3 are the acute angles at which the circumcirele of a 
triangle cuts the escribed circles, 

ABC 

cos &i + cos 0. 2 4- cos 0 3 = l - 2 sin sin ^ sin 

17. Prove that if 6 be the angle which a straight line passing 
through the angular point A of a triangle ABC and dividing the base in 
the ratio l : m makes with the base 

cot 9 — ~ — cot C cot B. 

I \-m m + l 

18. If p , q t r be the lengths of the bisectors of the angles of a 

triangle produced to meet the circumcirele, and u , v, w the lengths of 
the perpendiculars of the triangle produced to meet the same circle* 
prove that p 2 ( v - w ) + q 2 {w - n) -f r 2 (u - v) = 0. 

19. Show that if the medians BE and CF meet in G, 

tan BGC = 62 + c2 _-^- 2 , 
where A is the area of the triangle. 

20. The two medians BE, CF are at right angles ; prove that 
cos A> 1. 

21. If the median m drawn from the angle A of a triangle ABC 
makes an anglo 0 with BC and an angle <f> with AC, show that 

cos ( B + 2C + (p) — 2 cos ( B + <p) - cos ( B - <p). 

If m, B and <f> are given, show that there are real solutions of the 
triangle, only when cot 0>(2 v /2 - 3 cos B)/sin B, and then there are 
two solutions. 

22. The internal bisector of the angle A of a triangle meets BC in D, 
and the radius of the circumscribing circle drawn to C meets AD in K. 
Show that the length of KD is 


ab cos A 



23. If the perpendiculars AD, BE, CF on the opposite sides meet 
in P and if L, M, N be the middle points of AP, BP, CP, then the 
perimeter of the hexagon DNELFM is 2(R + r). 
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24. AD, BE, CF are the perpendiculars from A, B, C, the vertices of 
a triangle whose sides are a, 6, c, on the opposite sides : if the sides of 
the triangle DEF are denoted by a, /S, y, prove that its area is equal to 


the expression 




25. If Q is the orthocentre of the pedal triangle of the triangle ABC 
and P is the orthocentre of the triangle ABC, 

PQ 2 = R 2 (cos 2A cos 2B cos 2C + 8 cos 2 A cos 2 B cos 2 C). 


26. If D, E, F be the feet of the perpendiculars of a triangle ABC 
and if a line OP be drawn from O, the middle point of EF, perpen- 
dicular to BC, show that AP makes with BC an angle 0 such that 


cot 0 = ^ cos 2 A (cot B cot C). 

27. If the perpendicular from A on the base BC intersect the 
inscribed circle in D and E, prove that the length of the chord DE 

A 

is 2 r cosec ^ \^cos B cos C, where r is the radius of the inscribed circle. 


28. The diagonals of a quadrilateral inscribed in a circle subtend 
acute angles 6 and 0 at the circumference. Prove that if a circle can 
be inscribed in this quadrilateral the acute angle between the diagonals 
has its tangent equal to /sin 0 + sin 0\ 

\ cos 0 cos 0 / 

29. A quadrilateral is formed of four jointed rods of length a, 6, c, d. 
If the area of the quadrilateral when the angle between a, b is a right 
angle is equal to the area when the angle between c, d is a right angle, 
show that either ab = cd y or a 2 + b 2 = c 2 + d?. 

30. If a line be drawn through O, the intersection of the diagonals 
of a cyclic quadrilateral, terminated by the opposite sides 6, d and 
bisected in O, show that it divides the side d in the ratio 

. cd ad . 


IL* 

1. From the angular points of a triangle ABC perpendiculars AL, 
BM, CN are drawn to the opposite sides meeting them in L, M, N : of 
these sides the middle points are D, E, F. The lines LE, LF meet 
MN produced in P, Q : prove that 

PQ _ sin 2B sin 2C 

BC “ 2 sin (2C - B) sin (2B-C)’ 
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2. The perpendiculars from the angular points of an acute-angled 
triangle ABC on the opposite sides meet in P : and PA, PB, PC are 
taken for the sides of a new triangle. Find the condition that this 
should be possible : and if it is, and the angles of the new triangle are 
a, /3, 7 , show that 

. cos a cos j 8 cos y 1 A _ ~ 

1 _| + — -f- ' = scc a sec B sec C. 

cos A cos B cos C 2 


3. If O, I, P be the circumcentre, incentre and orthocentre respec- 
tively of a triangle ABC, prove that the square of the tangent from A 
to the circumcircle of the triangle 01 P is equal to 

2 R 2 cos A sin ® sin ? (1 - 2 cos B) (1 - 2 cos C) 


4. Prove that the common chord of the nine-point circle and the 
circumcircle in an obtuse-angled triangle is of length x y where 

2 _ 16R 2 cos A cos B cos C (1 + cos A cos B cos C) 

1-8 cos A cos B cos C 

5. Prove that if the line joining the centres of the inscribed and 
nine-point circles of a triangle is perpendicular to one of the sides, 
either the triangle is isosceles or else the sides are in arithmetical 
progression. 


6 . Provo that the radical axis of the two escribed circles to the 
sides AB and AC is the line drawn through the middle point of BC 
parallel to the bisector of A. 

7. The tangent at a rvf point P to the inscribed circle of the triangle 
ABC meets the sides BC, CA, AB in D, E, F respectively, and PD = a, 
PE = /3, PF = 7 , taken positively in the same direction. 

Prove that (r 2 + a 2 ) (r 2 + (3y ) (/? - y )/a is equal to two similar expressions. 

8 . Show that the square of the radius of the circle orthogonal to 
the three escribed circles is 

R a (l 4 - cos B cos C + cos C cos A + cos A cos B). 

9. Prove that if R lt R. 2 , R 3 arc the radii of the circles circum- 
scribing the triangles cut off a given triangle by tangents to the 
inscribed oircle parallel to the sides, 

Rj + Rq4* R3 = R» 




RV* 

Ws’ 


where r, r 2 , r 2 , r 3 are the radii of the inscribed and escribed circles of 
the given triangle, and R the radius of the oiroumsoribed circle. 
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10. Two circles of radii p 1 and p 2 are drawn through the centre of 
the circumscribing circle to touch the sides AB and AC. Show that 

+ J r r+2R 

Pi P'2 Pi P'2 

11 . ABC is a triangle, R the radius of the circumscribing circle, I the 
centre of the inscribed circle : if R 1 y R 2 } R 3 be the radii of the circles 
circumscribing the triangles IBC, ICA, IAB respectively, show that 

R, 2 + R 2 2 + R 3 2 =4R 2 - 

12. The radii of the escribed circles being given, show that the 
triangle is given uniquely. 

13. If the bisector of the angle A meets the circumcircle in Q and P 
is the orthocentre, prove that PQ makes an angle 0 with BC, given by 

2 2 (1 - cos A + 2 cos B cos C - 4 cos A cos B cos C) 

" sin 2 (B-C) 

14. Lines AD, BE, CF are drawn through the vertices of a triangle 
ABC so that the angles between DA and BC, EB and CA, FC and AB 
{measured in the same sense) are each equal to an angle 0. Prove that 
the area of the triangle formed by AD, BE, CF is to the area of ABC as 
4 cos 2 0 to 1. 

15. Equilateral triangles are descr ibed outwards on the sides of a 
triangle ABC. Prove that the triangle whose corners are the centroids 
of the equilateral triangles is also equilateral, and that its side is 

equal to 2R ^ + cos ^ CQS g cos q + ^ s j n ^ sin B sin C)^, 

v 3 

where R is the circum-radius of ABC. 

16. A point O is taken within a triangle ABC such that the angles 
OBC, OCA, OAB are each equal to w ; show that the radius of the circle 
round the triangle formed by the circumcentres of the triangles OBC, 
OCA, OAB is JR ooseo w. 

17. Prove that the perpendiculars from the vertices on the lines 
joining the orthocentre and circumcentre are, with a certain convention 
as to sign, 

2R cos A sin ( B - C) 2R cos B sin (C - A) 2R cos C sin (A - B) 

_ , _ , x ’ 
where X 2 = 1 - 8 cos A cos B cos C. 

Hence Bhow that the centroid lies on the same line. 
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18. The pedal line of any point on the circumcircle cuts BC, CA, 
AB at distances x t y, z from the circumcentre. Prove that 

x 2 sin 2A + y 2 sin 2B + z 2 sin 2C = (3R 2 + D 2 ) sin A sin B sin C, 
where D= distance between the orthocentre and circumcentre. 

19. If P be any point in the plane of a triangle ABC, show that the 
area of the triangle formed by the orthocentres of the triangles BPC, 
CPA and APB is equal to the area of the triangle ABC. 

20. Prove that the cosine of the angle 0 between the lines joining the 
orthocentre to the centres of the inscribed and circumsoribed circles is 

1 - 2 cos A 4 - 22 cos B cos C - 8 cos A cos B cos C 
- 8cosAcosBcosC)(l - 2cosA+2cosBeosC-2cosAeosBcosC)}* 

21. If AG, BG, CG are lines drawn from the angular points of a 
triangle to the middle points of the opposite sides, and lines AA', BB', 
CC' are drawn so that the angles CAA', ABB', BCC' are equal to the 
angles GAB, GBC, GCA respectively, prove that AA', BB', CC' meet in 
a point K (the sj’rrimedian point). 

If O is the centre of the circumscribing circle and R its radius, prove 
that o 3 tt 2 6 2 c 2 

(a 2 + 6 2 + c 2 ) 2 

with the usual notation. 

22. A circle subtends angles 2a, 2£, 2y respectively at three collinear 
points A, B, C in its plane. Prove that, if B bo between A and C, the 
radius r of the circle is given by 

1 _ co£ec 2 a cosec 2 7 cosec 2 /3 

r 2 “ ABTAC + BCTAC " AB7BC* 


23. Lines are drawn from the vertices of a triangle ABC outside the 
triangle, making angles 0 with AB, BC and CA respectively. Show 
that the area of the triangle so formed is a maximum when 


tan 20= 


4A(a 2 -f -b 2 + c 2 ) 
a 4 + b* T c 4 ’ 


where A is the area of the triangle ABC. 


24. Three circles, whose centres are P, Q, R and radii p , g, r, touch 
each other externally at A, B and C, and the triangles ABC, PQR are 
formed. If p is the radius of the oircle circumscribing ABC and A the 
area of ABC, show that 

. P . Q . R * n 2 P Q R 

p tan g = q tan — r tan ^ , A = 2 cos ^ cos cos ^ 
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25. ABCD is a quadrilateral, having sides AB, BC, AD, CD in 
arithmetical progression ; prove that 


( . „A . 2 C'| 

2 

. „B . .D-l 

s> n V Sm 2 

1*1 

8m 2 + Sm 2| 

H-s] 

1 1 



26. N is the centre of the nine-point circle of a triangle ABC, and 
perpendiculars ND, NE, NF are drawn to the sides of the triangle; 
prove that the area of the triangle DEF is 

abc 4- 2 (a 3 cos A + b 3 cos B + c 8 cos C ) ^ ABC 
16a6c 

27. A quadrilateral of area S circumscribes a circle of radius r and 
centre O, and the lines joining the points of contact intersect at right 
angles in P. If PO is of length d and the angle OPA is a, where A is 
one of the points of contact, show that 

2d' V 2 sin 2a= fs J{S 2 ( r 2 - d 2 ) 2 -16 r 8 (r 2 - d 2 ) 

28. In a quadrilateral ABCD, whose sides are a, &, c, d , and area Q, 
the radii of the circles round DAB, ABC, BCD, CDA are R A , R B , R c , R D ; 
prove that the difference between the product of the segments of the 
diagonals AC, BD is 

(Ra^c ** Rb^d) A sin B sin C sin D. 

29. O is the point of intersection of the diagonals of a quadrilateral 
ABCD, inscribable in a circle, and the lengths of its sides taken in 
order are a, 6, c, d. Show that if a quadrilateral, inscribable in a 
circle, can be formed with its sides equal to OA, OC, OB, OD in order, 
then its area is 

(ab + cd){ad + bc) *>AS - abf(§ - be) (S~cd)(S- da), 
where 2S = (6 + d)(a + c). 

80. ABCD is a quadrilateral inscribed in a circle; AB, DC when 
produced meet in P ; and CB, DA when produced meet in Q ; prove 
sin P AD 2 - BC 2 



CHAPTER XIV. 

ND ITS 


DE MOIVRE’S THEOREM AND ITS APPLICATIONS. 


10^,/Introductory. In this chapter we shall prove De 
Moivre’s theorem with regard to the expression 

(cos 9 + i sin 9 ) n , 


and show the important results which can be readily deduced 
from this theorem. 


10^o prove that 

(cos 9 X + i sin 9 X ) (cos 9 2 + i sin 0 2 ) ... to n factors 


= cos(^ + 0 2 + ... + 0 n ) + i sin(^ + 0 2 + . . . + 0 n ). 


Since (cos 9 i + i sin 0 X ) (cos 0 2 + i sin d 2 ) 

= cos 9 X cos d 2 + i( sin 6 X cos 0 2 + cos 9 X sin 0 2 ) - sin 9 X sin 0 2 
= cos(^ + 0 2 ) + i sin(0 1 + 0 2 ), 


the theorem holds for n — 2. 

Also, if we take three factors, we have 

(cos 9 X + i sin ^)(cos 0 2 + i sin 0 2 ) (cos 0 3 + i sin 0 3 ) 

= {cos(^ + 0 2 ) + i sin (0 l -f 9 2 )} (cos 0 3 + i sin 0 3 ) 

= cos (9 X + 9 2 + 9 S ) + i sin (0 X + 9 2 + 0 3 ). 
the theorem holds for n = 3. 

And proceeding in this way it follows that it is true in 
general for any positive integer. 



178 


PLANE TRIGONOMETRY 


[CH. XIV. 


110. /To express 

^cos(0j + 0 2 + . . . 4- 0 n ) t and sin + 0 2 4- . . . + 0 n ) 
in terms of the ratios of 0 l , 0 2 , 0 3 , ... . 

The theorem of last article gives us an easy means of 
expressing the cosine or sine of the sum of n angles in terms 
of the ratios of the angles. 

We have 


cos(0 1 + + . . . + 0 M ) 4 i sin ( 6 ^ 4 0 2 + • • • + 0«) 

= (cos 0 l + i sin 0 Y ) (cos 0 2 4 i sin 0 2 ) . . . (cos 0 n 4 i sin 0 n ) 

— cos 0 X cos 0 2 ... cos 0 n (l 4 i tan ^)(1 4 i tan 0 2 ). ..(1 4 i tan 0 n ). 

;. cos (0 X 4 0 2 4 . . . 4 0 n ) = cos 0 t cos 02 . . . cos 0 rt [1 - s 2 -f s^Jj^. .], 
and sin (0j 4- 0 2 + • • • + 0 n ) = cos cos 0 2 . . . cos 0 V [s, - s 3 4- s 5 -f. 
where s x = the sum of the tangents one at a time, 

s 2 = „ products of the tangents two at a time, 

$ 3 = ,, ,, ,, ,, three „ 

etc. 

It follows that 

Moivre’s Theorem. For all real values of n, 
cos n0 4 i sin n0 * 

is the value, or one of the values, of 
(cos 0 4- i sin 0 ) n . 

We shall prove this theorem, 

(i) for n a positive integer, 

(ii) for n a negative integer ; 

in both of which cases there is only one^ralue of 

and this is 

(iii) for n a positive fraction -2 in its lo^ejtf^tenns, p >, q 
being positive integers, ® 


(cos 0 4* i sin 0)*^ 
cos n 0 4- i sin n0 : 
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(iv) for n a negative fraction --in its lowest terms, 

p and q being positive integers^, 
iri both of which cases there are jjjmlues of (cos d 4- i sin d ) n , 
one of which is cos nd + i sin ndr'iw next article v/e shall 
see what the other values are. 


Case I. Let n be any positive integer. 

We have seen that 

(cos 9 y 4- i sin 0J (cos d 2 + i sin d 2 ) . . . (cos 6 n 4- i sin 0„) 

= cos (d l + 0 2 + . . . + 9 n ) + i sin (0 X + 0. 2 + . . . 4- d n ). 
Put 6 l — 9. 2 = . . . = 6 n = 9, and we have 

(cos 0 + i sin 0) n = cos nd + i sin nO. 


Case II. Let n be any negative integer - ?/?, where m is 
a positive integer. 

Since mO 4* i sin md) (cos md -i sin md) = 1 , we have 
cos md -i sin md = - ^ 


cos mO + i sin md 
1 


, by Case I. 


(cos 9 -h i sin 9) n 
cos( - m9) 4- i sin( - md) = (cos 9 4 i sin 9)~ m ; 
cos n9 + i sin nd — (cos 9 4- i sin 9) n , 
where n is any negative integer. 

In both of these cases cos nd 4* i sin nd 
is equal to the value of (cos d 4 * i sin d) n . 

Case III. Let n be any positive fraction in its lowest 
terms, p } q being positive integers. ® 

Since ^cos ~ 4- i sin ^ ^ = cos pd 4- i sin pd , by Case I, 

^cos — + i sin is one of the # th roots of (cos^04-iainj?0). 
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vS . . pO 

.*. cos ~ + i sin is one of the q th roots of (cos 0 + i sin 0)*, 
by Case I. 

pO pO £ 

cos — + i sin — is one of the values of (cos 0 + i sin 0) 9 . 
q q — v 7 

Case IV. Let n= , p and q as in Case III. 
q * 

Since ^cos ^ - 2-^ + i sin ^ = cos ( -pO) + i sin ( - p0) t 

by Case I, 

cos ^ + i sin ^ is one of the q th roots of 

cos ( -p0) + i sin ( - pO). 

cos ^ + i sin ^ is of the <y th roo ts of 

(cos 0 + i sin 0) -p , by Case II. 

/. cos^ + i sin ^ is one of the values of 

(cos 0 + i sm 0) q. 

( Thus we have proved that, for aU rational values of n, cos n0 + i sin nO 
is one of the values of (cos 0 + i sin 0) n . 

The theorem also holds for irrational values and thus for all real values 
of n, but a formal proof would be unsuitable for this book. 


112. De Moivre’s Theorem (continued). In the two last 

cases m De Moivre’s Theorem, n= ±~, we have only shown 

that cos nO + i sin nO is one of the values of (cos 0 + i sin 0) n . 
We proceed to find what the other values of 

(cos 0 + i sin 0) n 

are in these cases. 
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We have (cos 4 - + i sin + ^~ )) 

= cos (pO 4 - 2ttt) 4 - i sin (pO + 2nr) 

= cos pd + i sin pO, when r is any integer, 
= (cos Q + i sin 6) p . 


JP d + 2r *) + i sin (P0 + *1) 
\q q J \q q J 


is one of the q values of (cos 0 + i sin 6) q i when r is any positive 
or negative integer^/ 

But the angles — + — , 

b q 9 


when r is given the values 0, l, ... , q- 1, are all different and 
no two have at the sa me time equal cosines and equal sines. 


/pO 

cos 4- 

\q q > 


4 - 1 sm ( -- - 4 

\q q 


has q different values for these q integers. 

Also, by putting r equal to any other integer, this expression 
repeats one or other of these q values. 

It follows that any consecutive q integral values of r, and in 
particular the values 0, 1, ... , q - 1, make the expression 


,(JLV^) + is in (^ + ^) 


equal to the q different values of the expression 

P 

(cos 04-i sin 6)\ 

and that the qth roots of (cos 0 4- i sin 0) axe given by 
cos - 4- i sin 

C08 ^±iE +i8lll ^E, 

q q 

04-47T , , , #4-47T 
cos hi sin , 

q q 


cog a+ . fc iy T + 1 gtn fl+2(q,-l)jr 

q q 
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y Examples. 

1. Express {sJ3 + i ) in the form 

r(cos0 + isin 0), 

and lienee find (^3 + if. 

We have *J3 + i 

-wo 


=2[cos| + i S m|} 
/. (*J3 + if = 2® £cos ~ + i sin ^ J 


= 2® (cos 7 r + i sin 7r) 
= - 2 ®. 


2.^Prove that if 


cos a + cos ft 4- cos 7 = 0 , 
li id sin a + sin (3 + sin 7 = 0, 

then cos 3a + cos 3/3 + cos 37 = 3 cos (a + £ + 7 ), 

md sin 3a 4 - sin 3/3 + sin 87 = 3 sin (a + /3 -f 7 ). 

Let a = cos a + i sin a, 

b = cos ($ + i sin /3, 
c=cosy + isin 7 . 

Then « + fr + c=0. 

But a 3 -f b 3 + c 3 - 3 abc — [a, + b + c)[a? + b* + c 2 - ab ~ be - ca ). 

a 3 + b 8 + c 3 = 3abc, since a + 6 + c = 0. 

But a 3 = (cos a -f i sin a ) 3 = cos 3a + i sin 3a, 

and 3 abc = (cos a + i sin a) (cos £ + i sin /3) (cos 7 + i sin 7 ) 

= cos (a + 0 + 7 ) -fi sin (a + /3 + 7 ). 

Equaling real and imaginary parts in the equation 

/ a 3 + 6 3 + c 3 =3a6c 

the result follows. 


'Simplify 


(cos 6 - i sin fl) 10 
(cos 6 + i sin 0) 12 ’ 

/ T . . IT'S* 

( ii) tiLi±iL 

(oos^ + isin^) 
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4. Prove that 

-sin 0 + tcos 0 Y l fnir \ . . /mr \ 

-sin 0 -icos 0 / \2 \2 ) 

when n is a positive integer. 

5. From the identity 


/ 1 +s 

\l+8 


(#- b)(x-c ) (# - c)_(x - a) (x -a)(x - b) _ 

(a-b){a-c) + ( b-c)(b-a ) + (c -a)(c -b)~~ 9 


deduce by putting 


that 


# = 008 26 + i sin 20, 
a = cos 2a + i sin 2a, 
etc., 

sin( 0 -d)sin( 0 - 7 ) . ^ 

sin (a - p) sm (a - 7 ) 


APPLICATIONS OF DE MOIVRE’S THEOREM. 

113. Xo express sin n0, cos n9 and tan n0 in terms of the 
ratidb^of 0, n being any positive integer. 

Since (cos 116 + i sin n0) V v 

= (cos 9 4 - i sin 0)'\ 

on expanding this expression and equating real and imaginary 
parts in the identity, vve have 

cos n#= c^i w 0 - — cos " -2 0 sin 2 9 + . . . , 

12 ^ 

sin nO = n cfcs " - 1 0 sin 9 - n cos" - 3 0 sin 3 9 + 

1 . 2.3 

Hence 


tann#= 


ntan^ n(n - 1 2 ) ^- 2) tan^+... 

1 - ^ (n --- 1) tan 2 6 + n(n - 1)( n — 

1.2 1 . 2 . 3.4 


Examples. 

K Prove that cos 40 = cos 4 0-6 cos 2 0 sin 2 0 4* sin 4 0. 

2. Prove that sin 40 = 4 sin 0 cos 3 0-4 cos 0 sin 3 0 . 

3. Prove that cos 50 = cos 5 0-10 cos 3 0 sin 3 0 + 5 cos 0 sin 4 0 . 

4. Prove that sin 50 = 5 cos 4 0 sin 0 - 10 cos 2 0 sin 3 0 + sin 5 0 . 
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5. Prove that cos 60 = cos 6 0 - 15 cos 4 0 sin 2 0 + 15 cos 2 0 sin 4 0 - sin 6 0. 

6 . Prove that sin 60 = 6 cos 5 0 sin 0 - 20 cos 3 0 sin 3 0 + 6 cos 0 sin 5 0. 

4 tan 0-4 tan 8 0 


7. Prove that tan 40 = 


1-6 tan 2 0 + tan 4 0 

o t> ,, . , 5tan0- lOtan 3 0 + tan 5 0 

8. Prove that tang i _ iotan*fl + 5tan«fl ~ 

9. Show that, when n is any odd positive integer, the sum of the 
products taken two together of the (n - 1 ) quantities 


— v 2tt 

tan tan — , . . 


n-l . n(\-n) 

■ tan — — it, is ~ — '• 

n Z 


10. Show that 

tan - + tan — - - + tan ~ — + .. . + tan — Ll![ = _ n co t 0 or n tan 0, 

n n n n 

according as n is even or odd. 

114. /Expressions for sinn0 and cosn0 in series of descend- 
ing powers of cos 0 or sin 0. From the results of last article 
it follows that, whatever integer n may be, eos7i0 can be 
expressed in a ^finjt& series of descending powers of cos 0, since 
the powers of sin 0 m the expression for cos nQ are all even. 
E.g. cos 30 = 4 cos 3 0 - 3 cos 0, 

cos 40 = 8 cos 4 0 - 8 cos 2 0 + ] . 

Also that, when n is odd, C0 - 8 - ^ - can be expressed in a finite 

cos 0 r 

series of descending powers of sin 0. 

„ cos 30 . . on . , 

E.g. - - - - = - 4 sin 2 0 + 1, 


cos 0 
cos 50 
cos 0 


= 16 sin 4 0 - 12 sin 2 0 + 1. 


It is clear that, when n is odd, sin nd can be expressed in a 
finite series of descending powers of sin 0. 

E.g. sin 30 = - 4 sin 3 0 + 3 sin 0. 

Also that, when n is even, can be expressed in this way. 
r ? „ sin 40 

Kg - WT 


- 8 sin 3 0 + 4 sin 0. 
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We shall see in § 146 how to obtain the general expressions 
for these series in powers of sin 9 only, or of cos 6 only. At 
present we simply point out the possibility of these expansions 
and show some ways in which they may be used. 

Examples. 

Prove that 

1. cos 7 0 = 64 cob 7 0 - 1 12 cos 8 0 + 56 cos 3 0 - 7 cos 0. 

2. sin 70 =7 sin 0-56 sin 3 0 +112 sin 8 0 - 64 sin 7 0. 

3. cos 80 = 128 co8 8 0 - 256 cos 6 0 +160 cos 4 0 - 32 cos 2 0 + 1 . 

4. sin 80 = sin 0 ( 128 cos 7 0 - 1 92 cos 5 0 + 80 cos 3 0 - 8 cos 0 ). 

5. cos 90 = 256 cos 9 0 - 576 cos 7 0 + 432 cos 8 0 - 120 cos 3 0 + 9 cos 0. 

6. sin 90 = 256 sin 9 0 - 576 sin 7 0 + 432 sin 5 0 - 120 sin 3 0 + 9 sin 0. 


115. The trigonometrical ratios of sub-multiple angles. 

In §§ 53, 54 we saw that when sin 0 was given, there were four 

0 9 

possible values of sin - and four possible values of cos Also 


that when cos 9 was given, there were two possible values of 

9 9 

sin ~ and two possible values of cos We can obtain similar 

2 2 q 

information for the case of the angle - from the series of 
last article. 

Consider the equation 


& n 0 n(n- 1) n t>9 a & /1v 

cos 6 = cos n ^ — - cos n ~ 2 - sin 2 - + ..., (1) 

n 2! nn w 

which gives an expression for cos 0 in descending powers of 
0 

cos 

n 

Let cos 0 be given, and let a be the smallest positive angle 
with this cosine. 

The angles (2r7r + a) all have the same cosine as a, when r is 
any positive integer. 
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Thus, if we substitute for cos - in the expression derived 
from (1) any of the values cos - r?r + a , we obtain cos (2nr + «), 


Hence cos , when r=0, 1, 2, ... (n~l), satisfies the 

equation of the n th degree in cos - , 

M 0 n(n- 1) 2 6 ( „ 0\ 

cos a = cos n — cos n ” 2 - ( 1 - cos- - + (2) 

n 2 ! n \ nj v 

If a is not zero or a multiple of 7r, it is easy to show that 

a a + 2 tt a + 2(n-l)?r 

cos cos , ... cos (3) 

n n n 

are all different, and thus they are the n roots of the equation (2) 
regarded as an equation in cos 

In this case this equation gives a means of obtaining the 

symmetrical functions of 

a a + 27 T a + 2(n-V)TT 

cos cos , . . . cos 5 ' — 

n n n 

On the other hand, if a is zero or a multiple of tt and n> 2, 
the equation (2) has repeated roots. This can be seen from the 
factors of (cos nd - cos na) given in § 122, but it is still the 
case that its roots are given by (3). 

x Examples. 


s jjAaiupica. 

frt Vmve that cos cos y , cos y are the roots of the equation 

-f 4a: 2 - 4a: - 1 — 0. 

We find cos70=64cos 7 0 - 112cos 5 0 + 56cos 3 0-7cos0. 

Putting cos 70 = 1, and writing cos 0 = x, the equation 
64a* - 112a* + 56a* - lx - 1 =0 

has for its roots 1, cos— cos™. cos—-. 

7 7 7 

A1 2tt 127 r 4 tt IOt , 6tt 8ir 

Also cos y 3 = cos ~fj — , cos y = cos y- and COS y = COS y . 
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Rut Q4# 7 “ ll^rc 5 4- 56a^ -7x-\ = (x- 1) (8a^ + 4a; 2 - 4a; - l) 2 . 
Hence the equation 8ar* 4- 4x 2 - 4a; - 1 = 0 

has for its roots 


cos^, cos^, and cos 5^. 
7 7 7 


2. Prove that 
where 


16 cos a cos 2a cos 3a cos 4a = 1, 


3. Prove that cos cos cos cos ~ are the roots of the equa- 

< • 9 9 9 9 

tion 

16a^ 4- 8a^ - 12a; 2 - 4a; 4- 1 =0. 

116. The trigonometrical ratios of sub-multiple angles 

( continued ). Again, if we take the expression for cos 0 in a 

6 

series of descending powers of sin- when n is even ( 2 m, 

say), we obtain an equation whose roots are the 2 m sines 

0 ( 0 7 r\ . / 0 2tt\ . ( 0 (2m-l)7r\ 

2m \2m mj \2m m ) \2m m ) 

Similarly, the expansion of sin 0 in descending powers of 
6 

sin - when n is odd ( 2 m 4 - l,say), will give an equation whose 
n 

roots are the 2 m + 1 sines 

0 . / 0 2 tt \ . / 9 4mir \ 

Sm 2 w+T’ Sin (, 2 ^n + 2 ^n> -^v^rn+^r+ij- 

The expansions of 

cos nO sin nd sin nO , , n 

2 -, --v -x , w and tan nd 

cos 0 sm 0 cos 0 

can be used in the same way, as will be seen from the follow- 
ing examples. 

Examples. 


1. Prove that 


a . ir . 2ir . 3ir 
8 sm ^ sin y sm y = v /7. 


We have sin 70 = 7 sin 0 - 56 sin s 0 4-112 sin 5 0 - 64 sin 7 0. 

O.P.T. H 
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Henoe putting sin 70 = 0, the equation 

64a? 7 - 112a? 5 4- 56a? 3 -7a? =0 


has for roots 
. Thus 
and 


0, ±sin^, ±sin~, ±sin^. 

• n IT n 2ir • a 37T 7 

8in !, j? sin a y8in a y=g i 

Q . it . 2ir . 3t « 

8 sin ^ sin -y- sin y =*//, 


where we take the positive sign because the product is positive. 
2. Prove that 

tan tt tan lT tan tt tan tan —-a/11. 


'll w 11 
11 tan 0 - 


11 11 
11.10.9 


Since 


tan 110=- 


3! 


tan 3 04- ... - tan n 0 


1 


• -y-~ 2 ~ tan 2 0 4- ... - 1 1 tan lo 0 


if we put tan 110=0, the equation 
11.10.9 


11 tan0- 


3! 


tan 3 0 4- . . . - tan ll 0 = 0 


has for roots 

0, ±tan~, ±tan?^, ±tan~, itani^, dbtanj-. 


we have 
and the result follows. 


tan 2 ^ tan 2 ]j • • • > tan 2 = 11, 


3. Prove that 2 cos y is a root of 

t? -a? 2 - 2x 4- 1=0, 
and write down the other roots. 

4 . Prove that x=2 cos ^ is a root of the equation 

ofi - 6a? 4 + 9a? 2 -1 = 0, 
and write down the other roots. 

in a series of cosines, and then put sin90=O.~l 
sin 0 > r j 

5. Prove that the roots of the equation 

a? 8 -21a? 2 4- 35a? -7=0, 

are tan 9 ^, tan 2 ^, and tan 9 ^, and hence show that 


^Expand 


sec 4 ^ 4- seo 4 y + sec 4 y- =416. 
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117. To express cos n 0 in a series of cosines of multiples of 
0 when n is a positive integer. 

If we put cos 0 4 i sin 0 —x, 

we have cos 0 - i sin 0 — ar 1 , 

and cos nd 4 i sin nd = x n f cos nd - i sin nd = x~ n . 

Hence 2 cos 0 = x 4 x -1 and 2 i sin 0 = x - x -1 , 

2 cos n0 = x n 4 x _n and 2i sin nO = x n - x~ w . 

It follows that 
(2 cos 0) n = (x 4 x -1 )* 

= x w 4ftx n_2 4 — -x n ~ 4 + ... 4x~ n 

= (x n 4 X~ n ) 4 7? (x n ~ 2 4- X“ n+2 ) 4- ... 

= 2 cos w0 4 2n cos (n - 2)0 4 — cos (w - 4)0 4 . . . . 

2 n ~ 1 cos w 0 = cos n0 4 n cos (n - 2) 0 4 ^ cos (n - 4) 0 4 . . . . 

L\ 

If n be odd, there is an even number of terms in the 
expansion (x4-x~ 1 ) n , and the terms may be taken in pairs, 
the last term in the series for cos"0 containing cos 0. 

If n be even, there is an odd number of terms in 
the expansion, so that when the terms are taken in pairs the 
middle term is left over and does not contain x. In this case 
the last term in the expansion of 2 w cos n 0 is independent of 0, 
and this binomial coefficient is not doubled in the series. 

A similar piece of work applies to the expansion of sin"0. 
When n is even, the series is in terms of cos nO, cos (a - 2)0... ; 
when n is odd, it is in terms of sin ?&0, sin (n - 2)0 — 

The same method will also apply to expressions in which 
both sines and cosines enter, and this transformation is 
frequently of use. Cf. § 155. 

. Examples. 

- f2cos 2 0 = l 4 cos 20, 2 J2 2 cos 3 0= cos 30 -3 cos 0. 

\2 sin 2 0 = 1- cos 20. * \2 2 sin 3 0 = - sin 30 4 3 sin 0. 
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3. Expand cos 6 6 and sin 8 # 

in a series of cosines of multiples of #. 

4. Expand cos 7 # and sin 7 #, the first in a series of cosines, the 
second in a series of sines, of multiples of #. 

5. Prove that 

2° cos 8 # sin 4 # = cos 7# - cos 5# - 3 cos 3# + 3 cos #. 


118. To find the factors of cos n 9 . 

We have seen in § 113 that 

cos nQ = cos n 0 - | cos n ~ 2 0 sin 2 0 + . . . 

and thus cos n0 is a polynomial in cos 0 of the n th degree. 

Also the term in cos n 0 is 2 n_1 cos n 0, since on rearranging 
this series and substituting 

sin 2 0 = 1 -cos 2 0 

its coefficient becomes 


n(n-l) n(n-l)(n-2)(n-3) , 

i+~ 2 j + 41 + •••» 

i.e. £{(1 + 1)” + (1-1)"} or 2"-*. 

Hence 

cos nO = 2 n ~ 1 (cos 6 - cos a x ) (cos 0 - COS a 2 ) . . . (cos 0 - cos a w ), 
where cos a 1 , cos a 2 , ... cos a n 

are the n values of cos 9 which make this expression of the 
n th degree in cos 0 vanish. But 

cosn0=O, when 0 = ... (2n- 1)J, 

and all these angles have different cosines. 

Hence 

cos nO = 2 n_1 (cos 0 - cos (cos 6 - cos . . . 


x (cos 0 - cos 
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We may rearrange these in pairs and obtain 
cos 2 w " a ^cos 2 0 - cos 2 ^cos 2 0 - cos 2 ?^ • • • 


when n is odd ; and 


x ^cos 2 0 - cos 2 ^ n ~ 2n ^~ ) cos ^ 


cos ti 0 = 2 w ~ 1 ^ cos 2 0 - eos 2 ^-^cos 2 0 - cos 2 ^^ 


when n is even. 


^cos 2 6 - cos 2 ^" ), 


These expressions may also be written 


°~ S n j? = 2 rt ~ A f sin 2 ^- - sin 2 ^Vsin 2 - sin 2 0V.. 
cos 0 \ 2 ti /\ 2 n ) 

x ^sin 2 — - 9 ^ - ?r - sin 2 9\, 
when % is odd ; and \ *n j 


cos 7i0 = 2 ,l ~ 1 ^sin 2 ^ - sin 2 0^ ^sin 2 - sin 2 0J . . . 

x /sin 2 ^ *) . y - sin 2 0 \ 

i • V 2 n ) 

when 7i is even. 


Letting 0->O, we see that 


in=L . 7T . 3?r . (71-2 )tt 

2 * sm g- sin ... sm -g - -' — = 1, 
2n 2ti 2n 


when n is odd, and 


«s=y . 7T . 3 tt . (ti — 1)tt . 

2 2 sm (T-sinx-.-sm ' - 5 - = 1, 

2w 2 ti 2w 


when n is even. 

In extracting the square root the positive sign is taken, 

since ... are all less than 

2n 2n 2 
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Using these expressions, we now obtain 



when n is odd ; and 



when n is even. 


119. To find the factors of sin n0. 

We have seen in § 113 that 

sinw0 M 1Z3 n(n-l)(n-2) • 9n n _, 

— 7 r — n cos n-1 0 'sm 2 0cos n 3 0+..., 

sm (/ 3! 

and it can be shown in the same way as in last article that on 
substituting gin 2 6=1 - cos 2 6, 

the coefficient of cos n_1 0 is 2 W_1 . 

Hence, as above, 




1-1 ^cos Q - cos ^ (cos, 0 - cos . . . (coad-cos ^ ~ — ^ 


These values may be again grouped in pairs, and we have 


n,- 

sin 0 


w-1 cos 0^< 


cos 2 0 - cos 2 - ) ( cos 2 0 - cos 2 - 


when n is even ; and 


x ^cos 2 0 - 


= 2”“* (cos 2 9 - cos 2 (cos 2 9 - cos 2 — ) . . . 

sm 9 \ nj\ n ) 


x (cos 2 0- cos 2 


(n-l) 


when n is odd. 


-1)tt\ 
2 n )' 
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These expressions may again be changed into 
Sv = 2"- 1 cos d(sin^ - sin 2 0 ) (sin 2 ^ - sin 2 6 s ) . . . 

- 2)ir 


when n is even ; and 
sin 
sin 


x (sin 2 - - sin 2 ^) : 


5TF" 1 2 ’ , ' 1 ( sin ^ - sin ^)(sin 2 J - sin 2 d) .. 

x ^sin 2 ~ 

)(^> 


- 1)tt 


when n is odd. 
But 


2 ft 


- sin 2 0^, 


sin n0 _ / sin nd 
sin 6 ~ n \ nd 


/ sin nd\ 

I = n lim ( 

fsin w0\ 

\ sin 0 ) 

r _ * 

e-*o 

\ nO ) 


= n, by § 92. 

Letting 0->O in each of the above results, we have 
r ^ . 7t . 2tt . (n-2W 

Jn= 2 2 am _ am sin} L 


. 7 T . Z 7 T 

2 sm-.sm sm 

» n 


2n 
(n-l)7r 


when n is even, and 

r - tt . 2tt 

Jn = 2 2 sm-.sm — ...sm- ^ 

n n 2 n 

when n is odd. 

In extracting the square root the positive sign is taken, 
since all the sines are positive. 

Therefore we have 

CO. 0/1- 

n sin 6 

when n is even ; and 


Bin 2 0 \ / Bin 2 0 \ / sin 2 0 \ 

. '-d '-?)1 '-“if 1 / 

Bln n0 _ / _ sin 2 0\ / _ sin 2 0\ / _ sin 2 0 \ 

ngln6 '~(^ sin 2 jO( sln 2 ^)"\ gin 8 '~—J 


when n is odd. 
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120. To solve the equation x n = 1, or to find the n th roots 
of unity, n being any positive integer. 

Since cos 27 r + i sin 2ir = 1, 

we have x n = cos 2tt + i sin 2 tt. 

It follows from § 112 that 

2(r+l)7r , . 2(r+l)7r 

x = cos — — + 1 sin — 

n n 


where 


where r= 1, 2, ..., n. 

When n is an even positive integer 2p, we have 

TIT T7T 

x-cos — H i sin — where r = 1, 2, .. . , 2p. 

P P 

! The values r =p and r = 2p give x = - 1 and -f 1. 

The values r = s and r = 2p-s give a = eos — ±i sin — . 

6 P V 

\there s now goes through the values 1, 2, ... p - 1. 

1 When n is an odd positive integer 2p 4- 1, we have 

l 2rir . . 2rir , 1 - 

\ x = C0S 2p+ \ + 1 Sln 2p+I’ wherer=1 > 2 > > 2P+ 1 - 

vjThe value r = 2p+ 1 gives x= 1. 

. The other values may be arranged in pairs and give 

2r7r , . 2r7r 

x = cos H ± i sin ~ — —T 9 

2p + 1 2p + 1 

for r= 1, 2, ..., p. 

COR. The factors of x 2 ? - a 2p are 


r = 0, 1, ..., n- 1. 

. 2rir . . 2nc 

,. £ = cos f-tsm , 

n n 


(x 2 - a 2 ) ^x a - Sax cos ^ + a 2 ^ ^x 2 - 2ax cos ^ + a 2 ^ . . 

x ^x 2 - 2ax cos ~ + a 2 
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and the factors of x 2p+1 - a 2p+1 are 

(x-a)(x*-a»xo„,^j+a ! ) (x l - 

*( 


)••• 


fl fiT cos — — h a 2 
2p + l 

x 2 - 2ax cob L -f- a ! 

2p+l 


■> 


Examples. 


1. Solve the equation x 3 =a 3 . 
We have 




x 2nr . . . 2nr . - 

- = cos -w- 4- i sin -5-, (r = 1, 2, 3). 
a 6 6 


2. Solve the equation x 4 = a 4 . 

We have 


(S)‘- 


X rir . . rir . . n 

- = cos 1 sin (r=l, 2, 3, 4) 
nr ... nr / , ov 

= cos — iisin-g. (r=l, 2). 

3. Prove that when n is a prime number and a is any one of the 
imaginary n fA roots of unity, the other roots are 

/ a 2 , a 3 . . . a”. 

121^X0 solve the equation x" -f 1 = 0 , when n is any 
positive integer. 

Here we have x n — - 1 = cos ir 4 - i sin tt. 

the n values of x are 

cos (2r + 1)- 4- i sin (2?* 4* 1)-, 
v 'n 'n 

where r — 0 f 1, 1. 

When n is an even positive integer 2 p, all the roots are 
imaginary and are given by ^ 

|vhere r = 0, 1, 

I| When n is an odd positive integer 2p + 1, the root corresponding 
p^^is real and the other roots are imaginary. 

C.P.T. H 2 
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Therefore we have in this case 

2r + 1 . . 2r + 1 

2p+l 2p + l ’ 

for r = 0, 1 , p- 1 ; and x= - 1 , for r-p. 


COR. The factors of x 2 * -f- a 2 ^ are 

^x 2 - 2ax cos ~ 4- a 2 ^ ^x 2 - 2ax cos + a2 ) * * * ( x2 “ 2ax 008 ^— ^4- a 2 ^ 

and the factors of x 2p+1 +a 2p+1 are 

(s + a) (x 2 - Sax cos + a 2 ) (x 2 - Sax cos + a 2 ) . . . 

x (x 2 -2ax cos ??^7r + a 2 Y 
\ 2p+l ) 


Examples. 

1. Solve the equation x 4 + a 4 = 0. 

We have (^j = - 1 = cos tt + i sin tt. 

. (x\ 2r + 1 , . . 2r + 1 

( - J = COS IT + 7 Sin 7T, 

\aj 4 4 

. x , i T . . TT 

-= ±cos T ±7sm T . 
a 4 4 


for r=0, 1, 2, 3. 


2. Solve the equation 

\6 


x B + a 5 =0. 


We have 


- ) = - 1 = cos 7r + i sin tt. 
a) 

x 2r + l . . 2 r+ 1 
- =cos — = — 7r + 1 sin — = — ir, 
a 5 5 

05 TT , . . 7T 

-=COS =■ ±18111 

a o o 

37r . . 3 tt 
cos -=- ± i sin 
o o 


for r= 0, 1, 4. 
for r=0 and 4, 

for r=l and 3, 
for r=2. 


and - 1, 

3. Solve the equation X 1 +x/ i + x?+l=0. 

12^/To solve the equation x 2n - 2a n x n cos na + a 2w = 0, 
where n is any positive integer. 

We have x 2n - 2a n x n cos na + a 2n * 0. 

(aP - a n cos na) 2 + a 2n sin 2 nai=0. 
x n =a n (cos na±i sin na).^y 
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Thus the 2 n values of x are 


x = a cos • 


na + 2r7r . . fta-f2r7rN 

► — ± i sin 


where r=0, 1, ... , n-1. 

These may be arranged in pairs, and it follows that 
the quadratic factors of x 2n - 2a n x n cos na -f a 2n are 

(x 2 - 2ax cos a + a 2 ) jx 2 - 2ax cos -f + a 2 | . . . 

x jx 2 - 2ax cos + a 2 |. y/ 

Seme important results can be obtained from this formula: 

Put x^a and write 0 for a. Then we have 

(1 -cosw0) = 2 n_1 (l -cos 0) 1 -cos + 

x {l-cos ( 0 + 2j!L ^ 5 )}- 

If we put 20 for 0 in this relation it gives 

sin 2 n0 = 2 2n ~ 2 sin 2 0 sin 2 ( 0 + ~ ) • • • s ^ n2 ^ n^ ')’ 

or sinw0= db2 n-1 sin 0sin^0 + ^ ... sin ^0 + ^ n 

where the ambiguous sign has yet to be fixed. 

But if we divide by sin 0, and then let 0-*O, we see that 

. on i • 77 • 2?r . (n-l)Tr 

n= ±2 n ~ 1 sm - sin — ... sm — . 

n n n 

The factors sin-, sin — , ... , sin — — are all positive, so 
rin n 1 

the positive sign must be taken above. 

Hence we have 

sin nO = 2 n ~ 1 sin 0 sin ^0 + ^ ... sin ^0 + 
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This gives, on putting 0 + ^ for 0, 

cos no =2-1 sm(o + ^) sin (« + g) ... sin + 

Again put x — a (cos Q + i sin 0). 

Then we have cos nd - cos na = 2 rt_1 (cos 0 - cos a) 

x jcos 0 — cos ( a + “")j ••• jc° s 0-cos + 

In this identity replace 0 and a by + 0 and + a. 

Then, if n is even, we have 

cos (cos nO - cos na) — 2 n_1 (sin 0 - sin a) 
x |sin 0 - sin + ~ ^ j . . . jsin 0 - sin ~ . 

Wir • • 

When n is odd, sin (sin nO - sin na) is to be written in 
)lace of cos ^ (cos nO - cos na). 

123yTo find the n th roots of A + iB, where A and B are real. 

Lct A = r cos a and B = r sin a, 

so that (r, a) are the Polar Coo rd iimtog of the point whose 
Cartesian Coordinates are (A, B), the angle a being taken 
between - w and w. 

Then r=Jk 2 + B 2 and tana = ?. 

A 


Thus A + iB=r(cos a + i sin a) and the n th roots of (A + iB) 

are given by i/ a + 2 r 7 r . . a + 2 r 7 r\ 

r n ( cos + 1 sin ), 

\ n n J 

where r=0, 1 , ... , n- 1 . 

Examples on Chapter XIV. 

1. Prove that 

sec*0 -|- sec 2 ^0 + ^ + . . . sec 2 (d + ^ = 7l * 8ec *^» or n 2 coseo 2 »0 t 
as n odd or even. 
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2 .* Prove that 


1 


(i) cosec 2 ^ + cosec 2 — + cosec 2 = 12 . 

(ii) -»£*»£-£-}. 

(iii) If a =24°, cos a + cos 2a 4- cos 4a 4 - cos 8 a = 

(iv) If a=^-, cos a 4 - cos 3a + cos 9a = 

cos 2 a 4 - cos 6 a 4 - cos 1 8a = 

(v) If a=yp co 8 B a + cos 5 2a + cos 5 3a fco8 5 4a + oos 5 5a = 

(vi) If a = j^, cos a cos 2 a cos 3a . . . cos 9a = 

7T 1 

(vii) If a = — , cos 2a 4 - cos 4a 4 - cos 8 a 4 - cos 16 a = 5 . 

lo A 

sin 2a 4- 4 - sin 16a = ^(™o 

(viii) If a = ~ t tan 4 a + cot. 4 a + tan 4 2a + cot 4 2a 
lo 

4 - tan 4 3a 4 - cot 4 3a = 678. 

_ 16 

(ix) If a = j=, 2cosec 2 ra = 96. 

17 r =l 




# = cosa4-fc sin a, 
y=cosj8 + tsin /8, 

2 = cos 7 4- i sin 7, 

(y 4- z) (2 4- a;) (x 4- y ) = 8 xyz cos cos ^~2~ cos ~~2~ 


1 

2 * 


4 . If sin A + sin B 4- sin C =0, 

cos A 4 - cos B 4 - cos C=0 ; 

then 3(A- B), 3(B-C), 3(C-A) 

are multiples of 2ir, and 

cos 2 A 4- cos 2 B 4- cos 5 ^ = 

5. If cos a 4- cos p 4* cos 7 4- cos 5=0, 

sin a 4- sin /3 4- sin 7 4 - sin 3=0, 

then of the given angles a, 0, 7 , 3, two differ by an odd multiple of ir, 
and the other two differ also by an odd multiple of t. 
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6. * Prove that if a, p, 7, 5 , e be any five angles such that the sum of 
their sines and likewise the sum of their cosines is zero, the following 
relations hold : 

( 1 ) cos 4 a + cos 4/8 + cos 4 y + cos 45 + cos 4 e = ^ (cos 2 a + cos 2/3 + . . . ) 2 

-■|(sin2a + sin2/8+ ...) 2 . 

( 2 ) sin 4 a + sin 4/8 + sin 4 y + sin 45 -f- sin 4 e 

= (8in 2a + sin 2/3+ ...)(cos2a + cos 2 / 3 + ...). 

7 . Given cos a + cos /S +C0S7 = £, 

sin a + sin /3 + sin 7 = m t 
cos 2a + cos 2/8 + cos 2 y = p, 
sin 2a + sin 2/8 + sin 27 = q, 

show that (p - P + m 2 ) 2 + (q - 21 m ) 2 = 4 ( J 2 + m 2 ). 

8. * Resolve x 13 - 1 into factors. 

Show that 

0 27 T 107T 0 4tT 67T 87T 0 12it 

2cos y^+2cos^-, 2cos jj + 2cos 2 cos + 2 00s 

are the roots of the equation 

ar* + x 2 - 4 a: + 1 = 0 . 

2tt 

9 . If r=cosa + tsina where a = -y, show that r + r 6 , r 2 + r 5 , r^ + r 4 
are the roots of a cubic equation with real integral coefficients. 

10 . Resolve x 2n - 2 x n cos n 9 + 1 into quadratic factors when n is a 

positive integer, and show that 

nir / , ir\ 

cos -^--costtf $ + 2 ) 

=2 ,i '‘ 1 sin0sin + sin + ••• sin^0+ ^ — — 

11 . Prove that 

n(oo 8 0-co8?^) + n {1 -00s (0+^)} =0. 

12 . Prove that 

cos n$ + sin nd = 2 n “ ^ rf sin (o + ^4^* )’ 

13 . * Prove that 
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14. Let A 1} A 2 , , A n be a regular polygon of n sides inscribed in a 

circle, centre O, of radius a. 

Let P be any point in the plane of the circle, its distance from O 
being c. 

Let the angle POA x be 0 . 

Prove that PAj 2 . PAg 2 . . . PA, 2 = a 2 " - 2 a v c n cos nd + c 2 ". 

This is known as De Moivre’s Property of the Circle. 

Deduce that when P is on the radius OAj , 

PAj . PAo ... PA n =a w - c w , 

and that when P lies on the bisector of the angle A 1 OA w 
PAj . PAs ... PA n =a w + c w . 

These are known as Cotes’ Properties of the Circle. 

15. From any point O on the circumference of a circle lines are 
drawn making angles 

7 r 2 IT (n - 1 ) 7T 

2 ri 2n * ‘ * 2n 9 

with the diameter through O ; prove that the product of the lengths 
intercepted on them by the circumference is a n- yn of radius a. 



CHAPTER XV. 

THE INVERSE NOTATION. 

124. Introductory* In this chapter we explain a notation 
which is of general use in many parts of mathematics. It 
will also simplify the expressions for the solution of trigono- 
metrical equations to be considered in the following chapter. 

125. The Inverse Sine, sin -1 x. To any value of x between 
-1 and +1 there correspond an infinite number of angles 
which have this number for their sine. If y is the number ot 
radians in an angle satisfying this condition, 

sin y = x 

is the equation connecting x and y . 

For example, all the angles 

tt7T + (-l) n ^, 

/3 

where n is any integer, have their sines equal to 

If we give different values to y , we can obtain from the 
tables the corresponding values of x , and in this way plot out 
the curve si xiy = x. 

It is clear that it is a periodic curve, of period 2tt in y , and 
that it could be obtained from the sine curve 

y = sina; 

by placing this curve along the axis of y instead of along the 
axis of x. 
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Another way of drawing the curve would be to fold the 

paper on which the curve 
r r y — sin* 

is drawn, about the line 

and the sine curve would then occupy the position of the ourve 
sin y = x. 

It is convenient to have a 
name and a symbol for this 
functional relation. If y is the 
circular measure of the angle 
whose sine is .r, y is said to be 
the inverse sine of x and the 
notation adopted is 
y = sin -1 t . 

A part of the curve y = sin -1 x 
is given in Fig. 74, the curve 
being drawn more heavily from 
- to \tt. 

To save ambiguity, and to 
make the function single- 
valued, that is, to give only 
one value of y for one value 
of x . it is an advantage to 
restrict the symbol sin -1 x 
to the number of radians in the 
angle between -- and * whose 
sine is x. 

This is sometimes spoken of 
as the Principal Value of the 
inverse sine , or the Principal Value of sin" 1 x . In this book we 
shall use the symbol sin" 1 x for this value only. 



Fio. 74. 
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sin- , (l) = |, sin '(- 1)= 

With this definition we are taking from the curve 
y = sin -1 x 

of Fig. 74, the part from t/= to y=- (drawn with a heavier 
line), and we have 

y-sin- 1 ®... -1<*<1, -\<V<\ 

126. The Inverse Cosine. cos -1 x. In the same way to 
any value of x between - 1 and 1 there correspond an infinite 
number of angles which will have this value of x for their 
cosine. If y is the number of radians in an angle satisfying 
this condition, cos y = x 

is the equation connecting x and y. 

This relation is also expressed by the notation 

y = cos~ x x, 

and y is said to be the inverse cosine of x. 

A part of the curve y = cos- 1 x 

is given in Fig. 75, and it may be obtained from the cosine curve 
in the same way as the curve of the inverse sine from the 
sine curve. In the case of the inverse cosine it is again 
convenient to make the function single-valued. For this 
purpose it is best to restrict the notation 

cos~ l x 

to the number of radians in the angle between 0 and i r whose cosine 
is x . 
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Thus 

“■"'GsK- 






cos-‘(l) = 0, 

COS'" 1 ( - 1) = 7T. 



Fio. 75. 


With this definition we are taking from the curve 

y = cos' -1 ® 

of Fig. 75, the part from y=0 to y = 7r (drawn with a heavier 
line), and we have 

y-cos- 1 ®... -1<®<1, 0 <y<xr. 
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On this understanding it will be seen that for any value of x 
between - 1 and + 1 

cob - 1 x + sin -1 x=4 

127. The Inverse Tangent, tan' 1 x. In the same way to 
any value of x between - oo and + oo there correspond an 
infinite number of angles which will have this value of x for 
their tangent. If y is the number of radians in an angle 
satisfying this condition, tan = x 

is the equation connecting x and y. 

This relation is also expressed by the notation 
y=tan -1 x, 

and y is said to be the inverse tangent of x. 
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Flo. 76. 


A part of the curve y = tan -1 x 

is given in Fig. 76. 

In the case of the inverse tangent it is also convenient to 
make the function single-valued, and this is done (Fig. 76) by 
restricting the notation tan' 1 x 

to the number of radians in the angle between - ~ and ^ whose 
tangent is x . * 
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Thus tan ' , (^)=I> 

tan-(l) = 4, tan-«(-l)--J 

tan _1 (oo ) = ^, tan -1 (-oo)= 



Fig. 77. 


y^sec~\ 



The other inverse functions 

cot -1 a;, sec” 1 # and cosoc _1 a; 

need only be mentioned. The curves for these functions are 
given in Figs. 77, 78, 79; but to render them single-valued, 
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we use the symbols cot” 1 x and sec” 1 x , respectively, for the 
circular measure of the angles between 0 and 7 r with cotangent 
and secant x , and the symbol cosec -1 x stands for the circular 


measure of the angle between - ^ and ^ whose cosecant is x. 



Fig. 79. 


On this understanding it will be seen that 

1 1 7r 

tan -1 x + cot” 1 x = ~, 

2 

and sec” 1 x -f cosec -1 x = ^> 

as well as cos -1 x + sin -1 x = ^. 

The Trigonometrical Ratios from their connection with the circle 
are usually called the Circular Functions. The six functions defined 
in §§ 125, 126, 127 can thus be called the Inverse Circular Functions. 
It follows from the definition of the symbols that 

sin (sin -1 x) =x, cos (cos- 1 x) =x, tan (tan -1 x) =x, etc., 
and the reason for the notation is obvious. The beginner must take 
care to notice the difference between sin -1 x and (sin a:) -1 . 

The notation arc sin x , arc cos x , etc., are also frequently used. 41 

* arc sin 2 stands for the arc of a oircle of unit radius cut off by two radii 
which include an angle whose sine is x. 
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Examples. 

1. Prove that sin -1 (#) + sin -1 ( - x) = 0, 

C08 — 1 {X) + COS -1 ( - X) — 7T, 

tan -1 (a?) + tan” 1 ( - x) = 0, 

and writ© down the corresponding results for cot -1 #, sec -1 #, tan -1 #. 

2. Prove that sin -1 = cos -1 ^ = tan -1 


3. Prove that 


4. Prove that 


ain "©= 8in - 1 ( ! #)- 


128. The addition formulae for the inverse circular 
functions. Let 0 and <f> be two acute angles sin -1 a: and sin^y, 
whose sum is also an acute angle. 

Then sin (0 + <f>) = sin 0 cos 4> + cos 0 sin <f>. 

But we have sin 0 = x and sin = y. 

cos 0 = Jl - x 2 and cos <f> = Jl - y 2 , 
if 0 and </> are acute. 

.’. sm(0 + (f>) = xjl -y 2 + yjl -x 2 . 

If we did not know that # + </> was acute, we could not say 
whether 0 + <j> = s i n -1 ( xjl - y 2 + yjl -x) 

or 0 + 4> = 7r - sin"* 1 (xjl -y 2 + yj 1 - x 2 ). 

But if we are given that 0 + </> is acute, we have 
sin" 1 :*; + sin" 1 ?/ = sin" 1 (xjl - y 2 + yj 1 - x 2 ). 

The same difficulty will be found in all the formulae which 
correspond to those for sin(A±B), cos(A±B), tan(A±B), sin 2 A, 
cos 2A, etc., and to make these formulae true in general it is 
necessary to drop the restriction of the notation to the 
Principal Values of the inverse functions. 



210 


PLANE TRIGONOMETRY 


[CH. XV. 


Examples. 

1. Verify that, if all the angles are acute, 

(i) 2 sin” 1 a = sin“ 1 ‘2a\/l -a 2 , 

(ii) 2 cos” 1 a = cos” 1 (2a 2 - 1 ), 

(iii) 2 tan” 1 a = tan” 1 § > 

(iv) sin” 1 a - sin” 1 b — sin” 1 (a x/1 - 6 2 - 6 \/l -> a 2 ), 

(v) cos” 1 a + cos” 1 6 = cos” 1 (ab -sJl - a 2 s/l -6 2 ), 

(vi) cos” 1 a - cos” 1 b = cos” 1 {ab + V( 1 - a 2 )\/( 1 - b 2 ), 

(vii) tan” 1 a + tan”\6=tan” 1 ^^i^^, 

(viii) tan” 1 a- tan” 1 6 = tan” 1 ^^^^. 

2 . Verify that (i) tan -1 i + tan” 1 ^-, 

(ii) tan” 1 1 + tan” 1 1 

(iii) tan” 1 5+ tan” 1 - + tan” 1 

129. Inverse functions. The inverse circular functions are 
a particular case of inverse functions in general. 

If we are given a functional relation 

y =/(*)> 

and we suppose x obtained from this in terms of y, as 

x=Hy)> 

then <f>(x) is called the inverse of the function f(x). 

For example, y = sin x 

gives a; = sin" 1 !/, 

so that sin ” 1 a; is the inverse of sin x. 

In the same way Jx is the inverse of « 2 . 

The curve y -<\>(x) 

can always be obtained from the curve 

y=f(x) 
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by interchanging the letters x and y on the axes and then 
turning the paper over so that the axis of x has its usual 
position with reference to the axis of y. 

It will be seen that it may be obtained more directly by 
rotating the plane of xy through 180° about the bisector of 
the angle between Ox and Oy, or in mathematical language by 
taking the image of the original curve in this bisector. 



y = 2 six - 1. 

Inverse curve, y = 1 -f -j- 
Pi o. 80. 

Since, if ( x , y) is any point P upon the curve y=f(x ), there 
corresponds to P a point Q upon the curve y = <£(#), th 0 C0 ‘ 
ordinates of Q being those of P interchanged (Fig. 80). That 
is, if Q is the point (x\ y), then 
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Thus in Fig. 80 where the curves y = 2 Jx - 1,1 

- x 2 \ are drawn, 

»- 1 + 4 ' J 

ON»OM, 

NQ= MP, 

and PQ is perpendicular to the line bisecting the angle between 
the axes and is bisected by that line. 

Examples on Chapter XV. 


1. Prove that if tan" 1 a; + tan“' 1 y -f tai> -1 z=j5, 

v/ 

xy + yz + zx= 1. 

z are the lengths of three straight lines and 


r=s/x 2 + y 2 + z 2 f 


prove that tan” 1 — + tan” 1 — + tan” 1 — = 5. 

r xr yr zr 2 


3/ Prove that 


4. Prove that 


sin -1 (s/2 sin 0) + sin^x/cos 20 = 


2 tan-’( tan ^ f\ 

\ V a + b 2] \gh-&cos0/ 


5. Verify that 


6. ^S^iplify 


4tan-‘i-tan-^=^ 
4tan->i-tan->i + tan-*i=?. 


tan (2 8in " > r& + ^ 008 “ 1 r^)‘ 


7. Solve the equation 

tan” 1 2a? + tan” 1 4x = tan” 1 3. 

8. * Prove that, if A + B + C = 180°, 

■ , , . _ , . ( , , 8 cos A cos B cos C \ 

S tan-' (cot B cot C) = tan (^1 + 8in 22A+sin^BTSin=2C)‘ 
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9. Express the equation 

tan -1 #-f tan -1 y=a 

as a rational integral equation in x and y. 

10. Express the equation 

sin -1 # + sin -1 y=a 

as a rational integral equation in x and y. 

11. Express the equation 

as a rational integral equation between x and y. 

12. *If xy=a 2 + 1, show that 


i/ 

and deduce that 


tan -1 — f tan -1 — — = tan -1 - 

a+x a+y a 

tan -1 i -f 2 tan -1 ^ + 3 tan -1 



CHAPTER XVI. 


SOLUTION OF TRIGONOMETRICAL EQUATIONS. 


130. Introductory. A trigonometrical equation is an 
equation involving the trigonometrical ratios of one or more 
unknown angles. It is said to be solved when the values of 
the angles are obtained whose trigonometrical ratios satisfy 
the equation. 

We have examined some simple cases of such equations in 
§18, where we found the acute angles which satisfied the 
equations to be solved. We return to this subject, but we 
are now able to give, for these and other cases, the general 
solution which will contain all the angles which satisfy the 
equation. 


131. To solve the equation 

sin 0 = a, 

where a is any proper fraction. 

Let a = sin" 1 a, 

so that sin a = a. 

Therefore we have sin 0 - sin a = 0 ; 

0 + a . 0 — a A 
t.e, 2 cos — sin — x— = 0 ; 


. 0 + a A . 0 - a 

t.e . cos — = 0, or sm 

0 + a 


All the angles which satisfy cos— ^ 


0 + a 7 r 


- 0 . 

= 0 are given by 


2 
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where n is any integer, positive or negative ; 

i.e. by 6 = (2n + l)7r - a. 

All the angles which satisfy sin^-^ = 0 are in the same 

• 0 — a L 

way given by = mr ; 

i.e. by O^Zmr + a. 

Thus the general solution of the equation is 

0 = n7T-f ( — l) n a. 

The student should draw a figure to illustrate this solution. 
It will be noticed that the equation cosec 6 = b will be 
solved in the same way. 


Examples. 


1. Solve the equations 


(i) sin 0 = -j-y 
(iii) sin0=~*- 


(ii) sin 0 = - 




(iv) sin 0= 


2. Solve the equation 


Here 


2 811140 =^/ 3 . 

. . a >/3 .7 r 

sm 40 = ^- = sin 

40 = jiit + (- 1 )”|. 


3. Point out the mistake in the following argument : 
If 280140=^/3, 


we have 


sin 40 = 


_n/? 


••• 


Therefore the general solution is 


.*. 0~ 12 - 


$-nir + {- 1) M 


12 ’ 
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4. Solve the equation sinp0 = sinq0, 

(i) by expressing sin^)0 - sin q$ as a product ; 

(ii) by using the formula 

0 = 717T + ( - l) n a. 

132. To solve the equation cos 0 = a, where a is any proper 
fraction. 

Let a — cos -1 a. 

Then cos a = a ; 

therefore we have cos 0 - cos a = 0. 

. . 0-fa . 0 — a 

. . 2 sm — — sin — = 0. 

. 0 + a A . 0-a A 

. . sm — — = 0, or sin — — = 0. 

In the first case, we must have 0 + a = 2mr. 

In the second case, we must have 0 - a = 2n7r, where n is 
any integer, positive or negative. 

Thus the general solution of the equation is 
0 = 2nxr ±a. 

The student should draw a figure to illustrate this solution. 
It will be noticed that the equation sec 6 = b will be solved 
in the same way. 

Examples. 

1. Solve the equations 

(i) cos0=-~. (ii) cos0=-i. 

(iii) cos0 = ~. (iv) cos0=-i« 

2. Solve the equation 2 cos 30 = 1. 

3. Point out the mistake in the following argument. 

If 2cos30=-l, 

cos 30= -i- 



we have 
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Therefore the general solution is 


0=2 nir± 


27 r 


4. Solve the equation cos 3 0 = cos 20 , 

(i) by expressing cos 30 - cos 20 as a product ; 

(ii) by using the formula 

0 = 2mr ± a. 


133. To solve the equation tan 9 = a, where a is any real 
number. 

Let a = tan -1 a. 

tan a = a. 

we have tan 9 - tan a = 0 ; 

sin 9 cos a - cos 9 sin a . 

i.e. h = 0. 

COS 9 COS a 

we must have sin (9 - a) = 0. 

Thus the general solution of the equation is 

9 — n7r + a. 

The student should draw a figure to illustrate this solution. 
It will be noticed that the equation cot 9 = b will be solved 
in the same way. 


Examples. 

1, Solve the equations : 

(i) tan 0=1. (ii)tan0=-l. 

(iii) tan 2 0 = 4. (iv) tan 3 0=8. 


2. Solve the equation tan 40= 1. 

3. Point out the mistake in the following argument : 


If 

we have 

the general solution is 


tan 30= - v /3, 
»-*■ 


6=nr+^- 


4. Solve the equation tan m0 = tan n0. 
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5. Solve the following equations : 
(i) 2 sin 2 0 - 3 sin 0 + 1=0. 

(iii) 4cos 2 0-l=O. 

(v) sin 0(1 -cos0)=O. 

(vii) 9(cos 2 0 + sin0) = ll. 

(ix) sec 2 0 + tan 0=3. 


(ii) 2sin 2 0-2sin0- 1=0. 
(iv) 4 co8 2 0 - 5 eos 0-1=0. 
(vi) tan0(l + cot0)=O. 

(viii) 15 sin 0 + 2 cos 2 0 -9=0. 
(x) cot 0 + 3 tan 0=5 coseo 0. 


134. To solve the equation 

sin 20 = cos 30, 

and to deduce the trigonometrical ratios of 


10 


We have 


sin 20 — cos 30 = sin - 30^. 

.*. sin 20 - sin ^ - 30^ = 0. 

2 cos (i"l) 8 in (T"?) = 0 - 


we must have cos or sin 


v.-S)- A 

. , , 0 7 r 7 r 50 7r 

. . we must have - T = 7i7r + -, or -x- - T = 7i7r. 

2 4 2 2 4 

Thus the general solution is 

0=(2ra+l)ir + ^, or -g- + jQ- 
The angles between 0 and 2 * given in these formulae are 

7T 7T 9t 137T 37 T 177T 

10’ 2’ To’ TP IP To’ 

But if we solve the equation 

sin 20 = cos 30, 

as an equation in sin 0 and cos 0, we have 

2 sin 0 cos 0 = 4 cos 8 0 - 3 cos 0. 


cos 0=0, which corresponds to 0 = ^ > 
or 4cos 2 0-3 = 2sin0; 
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i.e. sin 0 = 

Therefore we must have 

sin 


i.e . 4 sin 2 # + 2 sin 0 - 1 = 0 ; 
- 1 


4 

tt_ v /5-1 


10 


— sin 18°, 


since and ^ have the same sine and with - they are 
10 10 2 J 

the only positive angles less than two right angles in our 

solution. 

It follows that 

t r Jio+zJb 

cos — -=~ — — -- = cos 18, 

10 4 

7 r fc/lO — 2^/5 a 

sm - = — — ^ y = sin 36 , 

7T n/ 6 + 1 O _o 

COS - = — - — — cos 36 . 

5 4 


and 


Examples. 


1. Prove geometrically that 4 cos 72° cos 36° = 1. 

2. Prove that sin 54° - sin 18° = 

3. Prove that 

cos (36° + A) + cos (36° - A) = sin ( 18° + A) 4- sin (18° - A) + cos A. 

4. Prove that 

sin A = sin (36° + A) - sin (36° - A) + Bin (72° - A) - sin (72° + A), 
cos A = sin (54° + A) + sin (54° - A) - sin (18° 4- A) - sin (18° - A). 


5. Using the expansion of sin 5$, viz. 

sin 50 = 5 sin 9 - 20 sin 3 6 + 16 sin 5 9 % 

show that ± sin ± sin — are roots of the equation 
5 5 


16x 4 -2CKc 2 + 5=0. 

27T 

Hence find sin J and sin 
5 o 

6. Show that if the radius of a oirole is 4 inches, the Bide of an 
inscribed regular pentagon is very nearly 4*7 inches. 

O.P.T. I 
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136. The equation a sin x 4- b cos x = c. (c 2 < a 2 + b 2 .) 

There are three methods by which this equation can always 
be solved. They are all instructive, but the third method is 
that which would be employed in practice. 

First Method . We have 

a sin x + b cos x = c. 

.’. (6 cos #) 2 = (c - a sin #) 2 . 

b 2 ( 1 - sin 2 x) = c 2 - 2 ca sin x + a 2 sin 2 #. 

(a 2 4- b 2 ) sin 2 x - 2 ac sin x + (c 2 - b 2 ) = 0. 

. ac ± >/a 2 c 2 4- (a 2 + & 2 ) (£ 2 - c 2 ) 

• . sin — o to 

a 2 -f 6 2 

_ ac ± b s/a 1 + b 2 - c 2 
_ a 2 4 - 6 2 

If a 2 + b 2 >c 2 the values of sin# are both real, and they 
are also numerically less than unity since 

b 2 (l - sin 2 #) = (c - a sin x ) 2 
requires that sin 2 #<l, as 6 2 (1 - sin 2 #) is positive. 

The angles a and /3 which correspond to 

ac ± b Ja 2 4- b 2 - c 2 
a 2 + b 2 

being found from the tables, 

# = 7i7r 4- ( — l)”a or # = 717T 4- ( - l) w j3 
will be the solution. 

But it has to be noticed that these solutions do not all 
satisfy the equation asinx + bcosx = e> 

and that some of these values of # will correspond to the 
equation asinx-bcosx = c. 

Second Method . In the first method we have eliminated 

cos# and formed an equation in sin# only. 
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We can also find an equation in tan ? and this is the second 
method of solution. 

We have seen in § 50 that 


sinx = 


cos x = 


2 1 

1 + * 2 ’ 
1 -P 
1 + / 2 ’ 


where t = tan ?. 

Substituting these values in the given equation, 
asmx + b cos x = c, 

. , 2 at b(l-t 2 ) , . x 

it reduces to , — = <*, where t = tan 
1 + t 2 1 + 1 2 9 2 

Therefore we have 2 at + fr(l - t 2 ) = c(l + t' 2 ) ; 

i.e. ( c + b)t 2 - 2«i + (c - 6) = 0, 

. a ± si a 2 -f b' 2 - c 2 

«.<?. t = y , 

b + c 

and if a 2 + b 2 >c 2 , both values are real. 

Let y, 8 be the angles with these tangents given by the tables. 

Then ~ = mr -f y or mr + 3. 

.*. x = 2m r + 2y or 2??,7 t + 25 

is the solution. 

This is an important method. Any equation involving the 
trigonometrical ratios of x may be reduced to an equation 

in tan ? by substituting for the ratios their values in 

terms of tan?, cf. §136, Ex. 1. 

2i 


Third Method. In this method we introduce a subsidiary 
angle a, such that . b 

a 

There is always such an angle, since the tangent may have 
any value, positive or negative. 
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We have 


asinz + &cosa; = c. 


smx + - cos& = — 
a a 


sin# + tanacos:c = -. 

a 


sm x cos a + sm a cos x = - cos a. 

a 


sin (x + a) = - cos a. 
v 'a 


But, since 


tan a = 

a 


c 2 2 c 2 
a 2 C0S a “a 2 + 6 2 * 


^ cos2 a < 1 » provided a 2 4* b 2 > e 2 


and we can find an angle whose sine is -cos a. 
Let this angle be denoted by /?. 

Then x + a = n7r + ( - l) n /3 

is the solution of the equation. 


Examples. 

1. Solve in each of these ways the equation 

• , s/ 2 

Sma + COStfir—-. 

iu 

sJ3 

2. Solve the equation sin x + 2 cos x = 

3. Prove that the maximum of the expression 

a sin x 4- b cos x is s/a? + b 2 . 

4. Prove that if «, p be two solutions between 0 and 2 ir of the 

equation, a sin x + b cos x + c = 0, 

a -b tan 


then 
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136. Examples illustrating other methods of solution. 

Ex. 1. Prove that the equation 

cos 2 x + a cos x + b sin x + c = 0 

has in general four solutions a, p, 7, and 5 lying between 0 and 2 tt, 
and that a+£ + 7 + 5isa multiple of 2 ir. 

Put 


tan ^ 


Then 


and 

we have — 


cos x = 


cos 2 x = 


J 2 t 

1 + 7 *’ 

l-t* 

1 + t*' 

1 - 6< 2 -f t* 


(1 -M 2 ) 2 ‘ 

+ *(}+?) + 6 ( if ?) +c=0; 


(i+< s ) 2 

i.e. (1 -a + c)^ 4 + 26^ 3 + 2(c-3)< 2 + 2^ + (l+« + c)=0. 

Let the roots of this equation be 

r t = tan^, £r, = tan?, t A - tan X / 4 = tan|, 

J* 2 i JL 

where a, p, 7, and 5 lie between 0 and 2 tt . Then a, ft, 7, and 5 are also 
solutions of the given equation. 

But we see from the equation that 

a + /3 + 7 + 5 n 
tan - — — =0. 

a-i-^ + 7 + 5=2??7r. 

Ex. 2. Prove that there are in general four values of 6 less than 2 t 
which satisfy the equation 

a sin 2 d + b sin 0 + c=O, 
and that their sum is an odd multiple of ir. 



Put 


. 6 , 
tan 


sin 20= 


2 1 

= 1-M 2 ’ 
4*(1 -t 2 ) 
d+W 


Then 
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we have 4arf(l - i 2 ) + 2fo(l + J 2 ) + c(l + < 2 ) 2 =0. 

c< 4 + 2(6- 2a) t 3 + 2 ct 2 + 2 (b + 2a) t + c - 0. 

Let the roots of this equation be 

h= tan|, £ 2 =tan * 3 = tan|, * 4 = tan|, 

where a, p, 7, $ lie between 0 and 2w. Then a, p, 7, 5 are also roots of 
the original equation. 

Also 2^o = 2, 

and ^iV 3 ^ 4 = L 

1 — *1" = 0. 

... tan(“±^±- 8 )=oo. 

••• g -±g|-l±- 8 =(2r+ i)|. 

a + ]8 + 7 + 5 = (2r+ l)7r. 

Ex. 3. Prove that the equation 

cot (0 - aj) + cot (0 - a 2 ) -f cot (0 - a 3 ) = 0 
has in general three solutions 0 lt 0 2t 0 3 between 0 and tt, and that 

+ ^2 "i” ^3 — a l ~ a 2 ~ a 3 

is an odd multiple of 

Let tan 0 = t, tan a x = t x , tan cl, = t 29 tan a 3 = £ 3 . 

Then the equation is 2 y~r = 0 ; 

t — Cj 

•.«. 2(l + « 1 )(<-y(<-y=0. 
t 3 Sj + t 2 (3- 2 s 2 ) + / (3s 3 - 2SJ + a 2 ^ 0, 
where = 2^, 

s 2 = 2^, 

and 8 3 = t x t.£%. 

This equation will in general have three roots, tan 0 V tan 0 2 , tan 0 3 , 
where 0„ 0 21 0 3 are angles between 0 and t. 

2*2 ~ ? | *2 
tan (0J + 02+ ^3)=-—^—^ 

*1 

= ~ Z 7 1 =-cot (a 1 + o a +a 3 ). 

*1 ~ *3 

$ x + 0 2 + 0 S - «i - 02 - a 3 is an odd multiple of £ 
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137. Graphical solution of certain trigonometrical equa- 
tions. Consider the equation 

ax — tan bx. 

The values of x which satisfy this equation will appear as 
the abscissae of the common points of the curves 

y = ax, I 
y = tan bx. J 

It follows that to obtain an approximate solution of the 
equation it will only be necessary to draw the straight line 

y — ax 

and the tangent curve T 

y = tan bx 

on the same sheet of squared paper, and to read off the 
abscissae of the common points of the line and the curve. 

If a and b are positive and a is less than unity, and if it is 
understood that the angles are measured in circular measure, 
that is, that tan bx is the tangent of the angle whose circular 
measure is bx, it is clear that there will be a root between 

± 7 r and ± another between ± 27 r and ± and so on, 

and a zero root. 

Examples. 

1. Find graphically and algebraically the three smallest positive 

. x 

roots of the equation cos x = sm ^ 

2. Show that the equation tan x = 2.r 

must have a root between 0 and and find an approximate value of 
this root. 

3. Show how to find graphically the solutions of the equations 

(i) 2x cos 2x = sin x. 

(ii) tan ax = ^~ vl . 

4. Show how to find graphically the two smallest positive roots of 

the equation 0=50 tan*, 

where 6 is the measure of an angle in degrees. 
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138. Elimination. The equation of a curve may be given 
in the form y ■=/($), but it frequently happens that a more 
natural way of expressing the relation between the coordinates 
of points upon it is to connect each of them with a third 
independent variable. 

For instance, the equation of the circle 
x 2 + y 2 = a 2 

is equivalent to the relations 

x = a cos 6 1 
y = a sin 9 y } 

and the equation of the ellipse 

& f_. 

a 2 + 6 2 — 1 

is equivalent to the relations 

x = a cos 9 I 
y = 6 sin 9 ) 

rj^L y2 

The two equations x 2 + y 2 = a 2 and ^ + p=l thus appear 

as the result of eliminating 9 between the equations 
x — a cos 0 1 and x = a cos 9 "j 
y = asin 9 J y = b sin 9 )' 

Now in many questions on loci connected with these curves 
the equation of the locus will appear first in the form of two 
equations connecting x and y with the variable 9 , and secondly 
in the form of one equation between x and y alone. This 
second form is found by eliminating 9 from the first. 

For example, the equations of the tangents at the extremi- 
ties P and D of two conjugate diameters of the ellipse 

a 2i >~ A ’ 

can be expressed as ~ cos 9 + 1 sin 9 =» 1, 

- - sin 9 + 1 cos 9 » 1, 
a b * 
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since if P is the point ( a cos 0, b sin 0), it is known that D is 
the point jacos^0 + ^, 6sin^0 + ^ 

The coordinates of the point where these tangents intersect 
are given by these two equations simultaneously. If we can 
eliminate 0 from these equations, we get an equation, in- 
dependent of 0, satisfied by the coordinates of the point of 
intersection. That is, we get the equation of the locus of 
the point of intersection of the tangents at the extremities 
of any two conjugate diameters. 

Squaring both equations and adding, it is clear that the 

equation is 2 « 

_L 'L — 9 

Of course this locus would also be given by solving the 
equations for x and y , thus obtaining these two coordinates in 
terms of 0. 

Proceeding in this way we have 

x 

- — cos 0 - sin 0, 

a 

- 

~ = cos 0 + sin 0, 

and it will be seen that these give the equation of the locus in 
the form already found. 



Examples. 

1. Eliminate 0 from the equations 

2, Eliminate 0 from the equations 

y=x cot 0 + a tan 0,1 

0 = x cos 2 0 - a sin 2 0. / 
O.P.T. 1 2 
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3. Eliminate 0 from the equations 
ax by _ 
cos 0 sin 9 


a*-b\ 


aa; sin 9 by cos 0 _ o 
cos *9 sin 2 0 ~ 


Examples on Chapter XVI. 


1. Prove that the solutions of the equation 
sin 5x = sin 3a;, 

are x=nw and j . 

O 

Hence find the values of 

sin^, sin~ sin~, sin — 
8 8 8 8 


2. Solve the equations : 

(i) tan 2x = sin 4x. (ii) sina:+8in2a; + sin3a;=0. 

(iii) cos x + cos 3a; = cos 2x. (iv) sin 8a; = cos 4a:. 

(v) cos 3a; + sin 3a; = -L. (vi) sin 3# + sin 5a: = sin 8a;. 

v* 

(vii) sin a + sin (a -fa;) +sin(a + 2a:) = 0. 

( viii) cos a -f cos ( a + x)+ cos (a + 2x) = 0. 

(ix) tan x + tan 2x + tan 3x = 0. 

(x) cos x + cos 2x = si n 3a:. 


3. Solve the equations : 

(i) sin (a; + a) = cos (x + fi), 

(ii) “n(j + ^)=2sing-|), 

(iii) sin x + sin 3x = sin 2x + sin 4x, 

(iv) cos x cos 3x = cos 2a; cos 6a:, 

(v) 2 sin x sin 3a; =1, 

( vi) tan $ + coseo 29 = cot a + cosec 2a, 

(vii ) cosec 4 a - coseo 4 9 = cot 4a - cot 40, 

(viii) cos 8 a; sin 3a; + sin 3 a; cos 3a; = 

(ix) cos 3a; cos /3 + sin a sin y = cos (3a: - a) cos (3a; - 7), 
(x) 3 sin a; sin 2a; +008 2a; =1. 
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4. Show that the only real values of 0 which satisfy the equation 

sec 20 + sin 30 = cosec 30 + cos 20 

are given by (4\ + 1) and (4\± 1)^, where X is any integer. 

5. Prove that all the solutions of a tan 0 + 6 cos 0 + c = 0 are included 
in the solutions of two equations of the forms 

A sin 0 + Bcos 0 + C = O, C(A sin 0 - B cos 0) - A 2 =0. 

6. Prove that the equation 

a cos 2 0 + 26 sin 0 cos 0 + 6 sin 2 0 + 2g cos 0 + 2 / sin 0 + c = 0 
is satisfied by four angles a, p, y, 5 less than 2ir and that 

2 a - b 

7. If a, p, 7, 8 denote the fomr values of x lying between C and 2ir 
which satisfy the equation cos 2# +/> cos a: + (/sin x + r = 0, prove that 

cos 2a + cos 2p + cos 2y + cos 25 ~ Q 2 ~ 4 r . 

8. Solve completely the equation 

2 cos 30 + 4 cos 20 + 6 cos 0 + 3 = 0. 

9. If a, p are values of 0 which satisfy the equation 

A tan 0 + B sec 0 = C, 

and whose difference is not a multiple of ir, show that 
cos(a + j8)_ cos(a-/3) _ 1 

~C 2 “A 2 2B 2 - C 2 - A 2 ~ C 2 + A 2 * 

10 . If the equation a cos 40 + 6 sin 40 —c has solutions 0j, 0.>, 0., 0 4 
not differing by multiples of 7r, prove that 

tan 0 X tan 0 2 tan 0 3 tan 0 4 = 1 and 2 cosec (20) = 0. 

11 . If a, /3, 7, 5 are four roots of the equation a sin 20 + 6 sin0=c, 
not differing by multiples of 27r, show that 

(cos a + cos p) ( 1 + cos y cos 5) + (cos y + cos 5) ( 1 + cos a cos p) — 0. 

12 . If a?i, #2) x i are the roots of the equation 

x 4 - x 3 sin 2 p + x 2 cos 2p-xcosp- sin £=0, 
prove that tan -1 a 1 + tan~ 1 a^ + tan -1 a: 3 + tan~ 1 a; A +j8 = ?f7r + ^, 
where n is an integer. 
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13. Prove that six different values of 0, of which no two differ by 
a multiple of ir, in general satisfy the equation 

„ J+wsin 2 0 +nsin 4 0 + »sin 6 0 

COS0 = r—z -- o / - , 

q sin 0 + r sin 3 0 

and that the sum of these values is a multiple of ir. 

14. Prove that, if a, p, 7, 5 are roots of tan ^0 + |) = 3 tan 30, no 

two of which have equal tangents, then ' 

tan a + tan p + tan 7 + tan 5 = 0. 

15. Show that the equation tan (0 - a) + sec (0-/3) = cot 7 has four 
roots (not differing by multiples of 2ir) which satisfy the relation 

01 + 02 + 0 ;i + 04 = 2 {jflTT + a + P — 7)* 

16. If a?i, x 2t x 3 be three distinct solutions of the equation 

tan (a + p - x) tan (x + p - a) tan {x 4- a - p) = 1 , 


prove that 


Xj + x 2 + x 3 = nir ■ 




17. If x lf x 2 , x 3 , x 4 are four roots of sec (x - a) + sec (x - p) = sec 3x 
and no two of them differ by any multiple of two right angles, then 

tan 

18. If 0 l ... 0 6 are different values of 0 which satisfy 

a cos 30 + b sin 30 = c, 

prove that cosec 0 a + cosec 0 2 + . . . + cosec 0 6 = -g — 5 • 


19. If <t>> $ are the two values of 0 not differing by a multiple of ir 
which satisfy the equation a sin (0 + a) + b sin (0 + p) 4- c — 0, prove that 

{ a 2 -f b*+2ab cos (a - p ) } sin (<f> + ) = 2(a cos a + b cos p) fa sin a + b sin p). 

20. Prove that in general the equation 

A sin 3 x + B cos 8 a; + C=0 

has six distinot roots, a, ... a s , no two of which differ by a multiple of 
2?r, and that j ^ 

tan^cq + cuj... +a fl )=-g. 


acos0 + 6sin0 = c ' 

0 

a! tan $ + b' tan 


21. Eliminate $ from 
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22. Eliminate a, p from the equations 

sin a + sin p=l, 
cos a + cos p=m t 

tan -tan ~ = n. 

23. Eliminate 0 from the equations 

a sin 0 tan 9 + 6 cos $ = a, 
a cos 9 cot 9 + b sin 9 = p. 

24. Eliminate 9 from the equations 



25. Eliminate 9 and 0 from the equations 
x cos 9 + y sin 9 = 2a, 
a: cos 0-f y sin0=2a, 

o ^ 0 1 

2 cos ^ cos ^ = 1. 


26. Eliminate 0 between the equations 

x-a cos 0 + 6 cos 20, 
y=a sin 0 + 6 sin 20. 

27. Show that if x coseo q + y sec q _ i 

and y cos 0 - a; sin 0 = cos 20, 

27*y = (l-tf 2 -y 2 ) 8 . 

28. * Determine the most general values of x and y consistent with 
the equations sin 3 <*+y) + sin(x+y)=co8 3 (a;+y)\ 

sin x = cos y J * 

29. * Solve the trigonometrical equations 

cos (30 + 0) = sin (30 -0)1 
cos (30 - 0) = sin (0 + 30) J 

30. * Solve the equations 

cos (x + 2y ) cos (a: - y) + cos y = 01 
tano? + tany=2/ # 



CHAPTER XVII. 


SUMMATION OF TRIGONOMETRICAL SERIES. 

139. Introductory. Let u v u 2 , w 3 , ... be an infinite sequgijgo. 
of numbers, and let the successive sums 

S 1 = w 1 , + S 3 =w 1 + w 2 + w 3 , etc., 

be formed. 

If the sequence S v S 2 , S 3 , ... is convergent and has the limit 
S when n->° 0 , then S is called tbe sum of the infinite series 

^ + ^2 + ^3+ ... . 

and this series is said to be convergent. 

It must be remembered that what we call the sum of the 
infinite series is a limit , the limit of the sum of n terms of 
u x + u 2 -f u z + . . . , when n tends to infinity. L it is wrong to ^a v 
that it is the sum of an infinite number of termO Also we have 
no right to assume without proof that fanfllTar properties of 

* The reader is supposed familiar with the arithmetical definition of the 
limit of <p(n) when n-*oo, where <f>{n) is a function of n, defined for all 
positive integers. 

If we use the notation |a- 6|, or the absolute value of (a- b), for the differ- 
ence between two real numbers a and 6, taken positive, this can be put as 
follows : 

${n) is said to be convergent and to have the limit l when n-*oo , if to the 
arbitrary positive number e, chosen as small as we please , there corresponds a 
positive integer v such that 

|/-0(n)|<e, when n^v. 

In this case we wiite lim <£(n)= l. 
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finite sums are necessarily true for sums such as S. Further, 
when the terms of the series are not constant but are functions 
of one or more variables, the statement of what we mean by 
the Sum of the Series for particular values of these variables 
has to be made more explicit. For example : 

When we speak of the Sum of the Infinite Series 
u x (x) + u 2 (x) + u. 6 (x) + ... 
it is to be understood : 

(i) that we settle for what value of x we wish the sum of the 

series : 

(ii) that we insert this value of x in the different terms of the 

series : 

(iii) thpt we then find the sum S n (x) of the first n terms of the 
\s '' series : and 

(iv) that we then find the limit of this sum as n increases 

indefinitely , keeping x all the time at the value settled 

upon * 

On this understanding there is no doubt as to the sum of 

the series, . sin 2x sin 3x 

sinz + — +“3— + ••• 

for x=0, which the beginner would say takes the form 0 x 00. 

Putting x=0 in the separate terms, the sum of n of these 
terms is zero, and thus the limit of this sum is zero, i.e. the 
sum of this series is zero for x=0. 

We shall first of all examine some cases of finite trigono- 
metrical series. Then we shall show that in certain of these 
cases the infinite series are convergent, and we shall find their 
sums. However the summation of many trigonometrical series 
depends upon the theory of infinite series in which the terms 
are imaginary. Since the theory of infinite series when the 
terms are real is free from much of the difficulty surrounding 

* Baker, “Fourier Series,” Nature , Vol. 59, p. 319, 1899. 
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the more general theory, only such cases will be examined in 
this book as can be treated without the introduction of the 
complex variable. The general theory of Infinite Series, in- 
cluding Infinite Trigonometrical Series, should be postponed 
till later.* 

140. Suny to n terms of the series 

COS a 4- COS (a + /3) + COS (a + 2/3) 4- ... . 

Let S n = cos a + cos (a 4- /3) v cos (a 4 - 2/3) + ... to n terms. 


j aAW 


The general term of the series is 

cos {a + (r- l)/3}.^ 

S n = COS a + COS (a + /3) 4- ... + cos {a + (r-T)/3} 4- ... 

4-COS {a4-(ft-l)/3}. 

Multiply both sides of this equation by 2 sin ^.f 
Then we find that 


/2sin|. S n = sin {a 4 - (n - £) /3} - sin 

a — ■ " -.jSl 

= 2 cos a 4 - [n - 1) ~ V sm 


rO 


cos |o + (n-l)^|sln^ / 

* Sn= 3 V 


* Two modern books on Infinite Series may be mentioned : Bromwich’s 
Infinite Series (2nd ed. f 1926), and Knopp’s Theory and Application of 
Infinite Series (1928). The latter is a translation (by R. C. Young) into 
English of Knopp’s Theorie und Anwendung der unendlichen Reihen (2 Aufl., 
1924). Hardy’s Course of Pure Mathematics , Hobson’s Trigonometry , and 
the author’s work on Fourier’s Series and Integrals also deal with this 
subject. 

tBy this means the general term is replaoed by the difference of two 
consecutive terms of another series, so that in the summation only the first 
and last terms are left, all the others cancelling. 
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141. Sum to n terms of the series 

sin a + sin (a + /8) + sin (a + 2/3) + 

Let S n = sin a + sin (a + /3) + sin (a + 2/3) + ... to w terms. 

S„ = sin a + sin (a + f3) + ... + sin (a + (n - 1 )/8). 

Multiply both sides by 2 sin and, as above, we find that 



Examples. 

1. Sum to n terms the following series : 

(i) cos 0 + cos 20 + cos 30 + ... . (ii) cos 0 + cos 30 + cos 50+ ... . 
(iii) cos 20 + cos 40 + cos 60 + ... . (iv) sin 0 + sin20 + sin 30 + ... . 
(v) sin 0 + sin 30 + sin 50 + .... (vi) sin 20 + sin 40 + sin 60+ .. . 

2. Sum to w terms the series : 

(i) cos a - cos (a + £) + cos (a + 2p) - . . . . 

(ii ) sin a - sin (a + /9) + sin (a + 2 J3) - — 

[Put /3 = 7 r + /J'.] 

3. Sum to n terms the series : 

(i) cos 2 a + cos 2 2a + cos 2 3a + . . . . (ii) sin 2 a + sin 2 2a+ ... . 

C t, . o 1+008 2ra , . 2 1 - cos 2ra “1 

Put cos 2 ra= ^ and sm 3 ra = g 

4. Sum to n terms the series : 

(i) cos 3 a + cos 3 2a + cos 3 * 3a + ... . (ii) sin 8 a + sin s 2a + sin?3a+.... 

IV. it cos 3a + 3 cos a “1 

I Put cos 3 a = .1 
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5. Sum cos + cos + . . . + cos when p , n aro integers, 

when (i) p is a multiple of 2n + 1 ; (ii) p is not a multiple of 2w + 1. 

6. Prove that 

. _ sin 0 + sin 30 + sin 50 -f ... 4- sin (2w- 1)0 
n n ~ cos 0 + cos 30 + cos 50 + . . . + cos (2n - 1)0* 

7. Show that all the solutions of the equation 

cos 0 + cos 30 + cos 50 + . . . -f cos (2 n - 1)0=0 

may be written in the form 0 = 

and state what aro the several values of r and 8. 

8. A point O is taken within a circle of radius a at a distance b from 

the centre, and points P 1} P 2 , , P n are taken on the circumference so 

that P,P 2 . P,P 3 . ••• , Pn P, subtend equal angles at O, prove that 

0P, + 0P. + ... + 0P.-(.-- S ")( i ^ +B ^ + ... +5 { r j. 

142. Geometrical illustration of the sum of the series 
COSa + COS (a + /3) + COS (a + 2/3) + ... , 
sin a + sin (a + /3) + sin (a + 2/3) + ... , 

to n terms. 

Consider a circle, centre O, whose radius is 1 cosec Then 

2 2 

the chord which subtends an angle (3 at its centre is of unit 
length. 

Let A^, A t A 2 , A 2 A 3 , ...» be such chords, the first of them 
being inclined at an angle a to a line A 0 L drawn in any con- 
venient direction (Fig. 81). 

Then it is easy to show that 

AjA^ is inclined at (a + /3) to A 0 L, 

^2^3 „ „ (a -f- 2/3) „ 

etc. 

Therefore the projection of the broken line A 0 A 1 A 2 A 8 . . . upon 
AqL as equal to 

COS a + cos (a + /?) + COS (a + 2/3) + ... , 
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and its projection upon the line A 0 M, perpendicular to A 0 L, 
is equal to 

sin a + sin (a + /3) + sin (a + 2/3) + . . . . 

Therefore the sum of the 
cosine series will be given 
by the length of A 0 L cut 
off by the perpendicular 
from A n upon it; and the 
sum of the sine series by 
the length of A 0 M cut off 
by the perpendicular from 
A n upon it. 

It is clear that, as n 
changes, the feet of these 
perpendiculars move back 
and forward upon these 
two lines, and that if 
w/3 = 27t the sum of n terms is zero in both cases. 

Also it is clear that as n is made greater and greater the 
sum of n terms does not converge to any definite number in 
either case. 

One of the necessary conditions for convergence of infinite 
series is that the terms vanish in the limit, and this condition 
is obviously not satisfied by the terms of this series. 

143. Sum to n terms of the series 

cosec 0 + cosec 20 + cosec 4 6 + .... 

e 1-2cos2 f 

Since cosec 0 - cot ^ = g ^ = - cot 0 : 

2 sin ^ cos ^ 

0 ~ 
cosec 0 — cot ^ — cot 0. 
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Similarly, cosec 20 = cot 0 - cot 26, 
cosec 40 = cot 26 - cot 40, 


cosec 2 n ~ 1 0 = cot 2 w_2 0 - cot 2 n ~ l 6j 

2 coaec 2 r 0= cot f - cot 2 n_1 0. 

r=0 2 


1. Prove thal 


and deduce that 


Examples. 


5 0 cosec 20 = cosec 0[cot 9 - cot 20], 
coap/29 cosec 30 = cosec 0[cot 20 - cot 30], etc.. 


2 cosec rd coseo (r+ 1)0 = cosec 0 [cot 0 - cot (n 4- 1 ) 0]. 

r= 1 


2. Sum the following series to n terms : 

(i) cosec x cosec 3a; + cosec 3a: coseo 5x 4- . . . , 

(ii) cos x cos 2x + cos 2a: cos 3a: + . . . , 

(iii) cos x sin 2a: + cos 2a; sin 3a: + ... , 

(iv) oosfa: ^ cos$a; c os \x 

' sin x sin 2a; sin 2a; sin 3a; sin 3a; sin 4a; 


3. Show that the sum to n terms of the series 

1 + cos r0 cos 80 + cos 2r0 cos 2 80 + cos 3r0 cos 3s0 + . . . , 

where 0=^ and r, 8 are positive integers less than is zero if 8 is 
not equal to r and is ^ if s=r. 

4 . Sura the series 

f(2r-l)ir A j{2r+l)ir \ 

1 00860 |-5r- +tf ] ooseo t^r- +e }- 


144. Sum of n terms of the series 

U 0 CO8a + U 1 COS(a + /J) + U 2 COS(a + 2)3) + ... , 

u 0 8ina + u 1 sm(a+/3)+u 2 sin(a + 2/?) + ... , 
when Ug, Uj, ... form an arithmetical progression. 

Let 

8, = W 0 cos « + cos (a + /?) + . . . + M b _, {cos a + (» - 1)/?}. 
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Then 2 cos (3.& n = u 0 {cos (a + /3) + cos (a - /?)} 

+ u x {cos (a + 2/3) + cos a } 

+ U 2 {cos (a + 3/3) 4- COS (a + /?)} 

4- 

+ w n-i[cos (a + n/3) 4 cos {a + (n - 2)/3}] ; 

2(1- cos /3)S n = (2 u 0 - u Y ) cos a 

4- (2 u Y -u 0 - u 2 ) cos (a 4- /3) 

4- (2 u 2 -U x ~ Wg) cos (a 4“ 2)8) 

4- 

+ (2w„_ 2 - w „_3 - 'M'n—i) cos {a4(w- 2))8} 

+ - w rt _ 2 ) cos {a 4- (ii — l)/3} 

- u 0 cos (a - /3) - u n _ x cos (a 4- n/3). 

But if u 0 , u lf u 2 , ... form an arithmetical progression, 

2w r = w r _i + i^ +1 . 

2(1 -cos (3) S n = ( 22 ^-wJcos a 4- (2i/„_ l -w n _ 2 )cos {a 4 - (w- 1)/?} 
- u 0 cos (a - f3) - W„_! COS (a 4- ft/3), 
and S n follows from this equation. 

Similarly we could find the sum of n terms of the sine 
series. 


Examples. 

1. Sum to n terms the series 

(i) cos 0 -f- 2 cos 20 + 3 cos 30 + ... , 

(ii) sin 0 + 2 sin 20 + 3 sin 30 4... . 

2. Sum to n terms the series 

(i) cos 0-2 cos 20 4 3 cos 30 - ... , 

(ii) sin0-2sin20 4 3sin30- ... . 

145. Sum of the series 

COS a + X COS (a + /?) + X 2 COS (a + 2/3) + . . . , 
sina+xsin(a + /J) + x 2 sin(a + 2/?) + ... , 

to n terms when |x| = 1, and to infinity when |x|< 1. 
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Let S n = cosa + # cos(a + /?) + ... -f£ w ~ 1 cos{a + (n - 1)/?}. 

Then, after multiplying both sides of this equation by 
(1 - 2x cos f3 + x 2 ) and collecting the terms with the same 
power of x , it will be found that 
(1 - 2x cos f3 + x 2 )$ n 

= COS a - X COS (a - f3) - 2 n COs(a + n/3) + # M+1 COS {a + (ll - 1)/?}, 
the other terms all vanishing. 

For example, the coefficient of x 2 is equal to 

COS (a + 2/?) - 2 COS f3 COS (a + /3) + COS a, 
which is zero, and the coefficient of x r could be written down 
in the same way. 

Thus , 

_ cos a -x cos (a - f3) n /cos(a + ?<,/?) -£COs{a + (n- l)/3}\ 

w ~ 1 - 2x cos f3 + x l X \ 1 - 2x cos (3 + a 2 / 


S, 


It is clear that the sum of the sine series could be obtained 
in the same way.* In this case 

sin a - x sin (a - j8) /sin (a + n/3) - x sin {a + (n - l)/?}\ 

1 - 2xco$/3 + x 2 \ 1- 2a; cos (3 + x? )' 

It is clear that when | sc | < 1, the sum of n terms of the 
two series approach more and more closely to 
cos a - a: cos (a - f3) 

1 - 2a cos (3 4* x 2 

1 sin a - x sin (a - /?) 

ana 1-2$ cos f3 + x 2 ’ 

respectively, as n is increased, since the other terms in the 
expressions for S n can be made as small as we please for 
any given value of which lies between -1 and +1, by 
sufficiently increasing n . In this case 


* Cf. Hobson’s Trigonometry, § 75, where the series 

UqCos a+Ui cos (a+£)+w 8 cos (a + 2j8) + ... , 

Uosina + U! sin (a + ^ + Ujsin (a + 2£) + ... , 
are summed when u r is a rational integral function of r of any degree. 
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lim S B exists and it is given by 

n — >go 

COS a-x cos (a - /3) 

1 - 2x cos f3 + x 2 
for the cosine series , and by 

sin a-x sin (a - ft) 

1 - 2x cos /3 -f x 2 

for the sine series . 

These series can thus be summed to infinity for |x|<l. 

146. Expansion of cos n 0 and in series of powers of 

n • n Sin 6 

cos 0 or sin d. 

Putting a=fi = 0 , these series may be written 

COB 9 — X 

l ~ axcd8 fl + ~ x » = COB e + X COB 20 + COS 30 + . . . , 

l-te1o/o ' +g " aing + XBlll2g + x28in3(? + ---’ 

when |aj|<l. 

From the first it follows that 

1 — x 2 

- — — -r 5=1 + 2x cos 9 + 2x 2 cos 29+ ... . 

1-2X0089 + X 2 

From this result wo may deduce the expression for cos n9 as a series 
of powers of cos 9. (Cf. § 114.) 

We have 

1 - x 2 

2 cos n9 = the coefficient of x n in the expansion of - — 5 

^ 1 - 2jc cos 9 + x 2 

= coefficient of x n - coefficient of x 1l ~ 2 in 
1 + x(2 cos 9 -x) + ;r 2 (2cos 9 -x) 2 + ... 

+ x n {2oos6 -x) n + ... . 

Picking out the required coefficients,* we have 
2 cos 1x9 - (2 cos 6) n - n (2 cos 9 ) n ~ 2 

+ n(n - 3 - > (2 COB 0)"-* - n (»-«)^ . - g) ( 3 COB 

+ ( _ !)» n ( n ~ r ~ H • (n ~ ar + O (a COB g)"-» r + ... . 

* It iB shown in Note II., p. 313, that this rearrangement of the terms of the 
series is allowable. 
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Also the series 

= — - 5 =sin0 + a:sin 20 + ... + a? w - 1 sin w0 + ... 

I - 2x eos 8 + ar 

gives in a series of powers of cos 8. 

We have 

coefficient of a;" -1 in (1 - 2a? cos 8 + a? 2 )~ 1 

sm0 

= coefficient of x n ~ 1 in [1 + x (2 cos 8 - x) + x 2 (2 cos 0 - a;) 2 + . . . ] 
= (2 cob 0) M_1 -(n- 2) (2 cob 0)"“ 3 + — ~~ (2 cob 0) n-c + ..., 
the general terra* being 

( - lyty-ULZ A|— t* ~. 2r ) (2 COS 9)n-»r-l. 

Other results are obtained by substituting f ~ - 0 J for 8 in these two 
series. ' 


Examples. 

1, Find the expansion of cos 100 in ascending powers of cos 0. 

2. Find the expansion of in ascending powers of cos 0. 


3. Prove that if | a | is less than ~ 

1-2 tan a cos 0 + 2 tan 2 a cos 20 + . . . to infinity = = — . 

J 1 + sin 2a cos 0 

4. Prove that 

(a cos 0 + a 2 cos 20+ ... +a n cos n0) 2 + (<z sin0+ . . . + a n sin w0) 2 


fl 2 « 2n ~ 2 a n CQ8 710+1 
a 2 - 2a cos 0 + 1 


147. Geometrical illustration of the convergence of the 
series. 

1 +-r + r 2 + ... , when | r | < 1 . 

Trigonometrical series, which may be summed to infinity, 
occur so frequently in the applications of mathematics that 
it is well to illustrate the question of their convergence 
geometrically. 


See footnote on p. 241. 
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In the next article a simple construction will be given by 
means of which the convergence can be shown in a very 
general type of series of this kind, but we shall first of all 
show how the convergence of the Power Series 

l+r + r 2 +..,, when | r | < 1, 
can be illustrated geometrically. 

Case I. r a positive fraction less than unity. 



Take the line y = rx which passes through the origin and is 
inclined at an angle 0 = tan -1 r to the axis of x (Fig. 82). 

Also, take the line y = x- 1, through the point A x at unit- 


distance along Ox , inclined at the angle ^ to that axis. 


At Aj draw A 1 P l parallel to O y meeting y = rx in P v 


At P, 


»» 

o* „ 

y — x - 1 in Q r 

At Qj 

>> ^1^2 


o y „ 

y = rx in Po, and Ox 

in A 2 . 

At P 2 

» P 2®2 


Ox „ 

y = x- 1 in Qg, and 


so on. 
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Then A^ = OAj tan 0. 

•• AjP^r. 

•• PjQj = ? 4 = A^Ag, 

and OA 2 = 1 + r. 

Also P 2 Qj = P 1 Q 1 tan 6. 

P 2 Qi = A 

. . PgO-2 — = AgAg , 

and OA 3 = 1 + r + r 2 . 

Also P 3 Q 2 = P 2 Q 2 tan 6. 

P 3 Q 2 = 7 *3. 

p 3 q 8 = f* 3 = a 3 a 4 , 

and OA 4 = 1 + r + r 2 + r 3 , and so on. 

The steps PjQj, P 2 Q 2 , ... continually diminish, but the con- 
struction will never bring the point A„ past the point A, 
the foot of the perpendicular upon Ox from the point of 
intersection B of the two lines 

y = rx and y = x- 1. 

The points A lf A 2 , A s ... 

give lengths OA 1? OA 2 , OA 3 ..., 

measuring the sum of the series forn= 1, 2, 3 .... 

And these points approach closer and closer to the point A 
as the number of the terms is taken larger and larger. 

In this case they are all between O and A. 

Also OA = gi yes the sum of the infinite series 
1 +r + r 2 + ... when | r | < 1. 

Case II. r a negative fraction ( -p) where 0<p< 1. 

When r is a negative fraction, a similar construction can 
be given. It will be seen below that the sum of n terms 
is alternately greater and less than the sum of the series, 
as n is odd or even, and that these points are grouped 
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round the point giving the sum, more and more closely, as n is 
increased. 

Take the line y=px (where p= -r, and is a positive proper 
fraction) and the line y — -x + 1 through the point A 1? where 
OA t — 1 (Fig. 83). Let 0 = tan' 1 ^. 



Then the construction proceeds as in Case I. : 


At A 1 draw A l P 1 parallel to 0 y meeting y = px at P r 

At P t ,, P jQj 

» ^ » 

-.r + 1 at Q r 

At Qj ,, QjPo 

» O y „ 

y—px at P 2 , and Ox, 

at A .-)m 

^2 ” P 2^2 

„ 0® ,, 

y= -x+l at Qo, 

and so on. 

Then 

^1^1“ P~ 


• 

Ai A 2 —p and 0A 2 = 

i -p- 

But 

= tan 6=p- 


• 

P,Q. 2 =p 2 = A 2 A 3 and 

OAj = 1 -p + p 2 . 
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Again Q. 2 P 3 = P 2 Q 2 tan d = p 3 . 

• * ^3^3 = P 3 = A s A 4 , 

and OA 4 = 1 -p +p 2 -p 3 , 

and so on. 

In this case also the steps PjQj, P^, ... continually 
diminish, and the points P and Q are brought closer and 
closer to the point B where the lines intersect. The corre- 
sponding points A p A 2 , ... are gradually grouped round 
the point A, the foot of the perpendicular from B upon the 
axis of x. 

Also OA = ^ — 

1 +p 

gives the sum of the infinite series 

1-p+p 2 ... when 0<p<l. 

Case III. When |r|>l, the lines diverge, the steps P t Q 15 
P 2 Q 2 , ... continually increase, and the divergence of the 
series is made quite clear. 

But of course it is obvious that in this case the terms arc 
continually increasing in absolute value, and that 
1 +r + r 2 + ... 

cannot converge. 

Example. 

Let the equilateral triangles whose sides are of lengths 
a, ar, ar 2 , where 0<r<l, 



a ar ar 3 ar 3 ar 
Fig. 84. 


be placed in order with their bases on the same straight line, each tri- 
angle just meeting its neighbour, and the vertioes being towards the 
same side of the line, as in Fig. 84. 
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Prove (i) that the vertices of the triangles lie on a straight line : 

(ii) that this straight line intersects the straight line, on 

which the triangles stand, at a distance , a from the 

1 —r 

far end of the base of the first triangle : 
and deduce (iii) that the sum of the series 

a + ar + ar !i + ... , when 0<r<l,t 

is equal to — — — 

1 - r 

148 * Geometrical illustration of the convergence of trigo- 
nometrical series. If u 0 , iq, w 2 , ... are real positive quantities, 
continually diminishing, such that lim u n =0, it is easy to show, 

n— >ao 

by a theorem of Abel’s, that the series u 0 + iq cos 0 + u 2 cos 20 + . . . 
is convergent for all values of 0 
other than zero or a multiple 
of 27 r, and that 

n 0 + u x sin 0 + u 2 sin 20 + ... 
is convergent for all values of 04 
We can obtain a geometrical 
construction for the sum of these 
series which resembles that of 
§ 142 for the series 

COS a + cos (a + /?)+... , 
sin a + sin (a + /?) + ... , 
as follows : 

Let A 0 Aj , AjA , AgAg , ... be 
lines equal in length to w 0 , tq, 
u 2 , ... , the exterior angles at A lf A 2 , ... being each 0 (Fig. 85). 

Let O be the vertex of an isosceles triangle OA^ with 
vertical angle 0. 

f The geometrical illustration of the convergence of the Power Series given 
in this article 1 have used for some time. It is, I believe, due to Dougall. 
For the form in which it appears in this example I am indebted to Whipple. 

X Of. Bromwich, loc. cit ., p. CO ; Knopp, loc. cit. t p. 316. 
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Then OA 0 = OA x = cosec 

Also OA x bisects the angle at A r 

Let the bisector of the angle at A 2 meet OA* at O'. 

1 9 

Then O'Aj = 0'A 2 ~ cosec and since u l <u {)i 0 , A 1 is less 
than OA r 

In the same way we find O", O'", etc., from the points 
^ 3 ? Ap . . . , etc. 

The vertices O, O', 0", O'", ... of these triangles form a sort 
of spiral which is traced always in the same direction. 

Also the sums 

u 0 + u x cos 9 + u 2 cos 20 -f . . . + u n _ x cos (n - 1) 0, 
u Y sin 0 + u 2 sin 20 + . . . + u nmml sin (n -1)0, 
are the projections of the broken line 

A 0 A 1 A 2 . . . A n 

upon A 0 A 1 and upon a line perpendicular to A 0 A r 

To prove the convergence of these series we have to prove 
that the point A„ continually approaches nearer and nearer 
to some fixed point from which it may be made to be distant 
by less than any quantity we care to name by taking n large 
enough. 

Indeed the points A 0 , A v A 2 , ... may be looked upon as 
tracing out a sort of spiral, and we need to show that this 
spiral winds more and more closely round some fixed point, so 
that in the end, as n is made greater and greater, A„ practically 
coincides with this point. 

We can see that this is the case if we examine the spiral 
OO'O" . . . 0 (w) . 

It is clear that 

OA 0 = 00' + 0'A X 

= 00' + 0 , 0" + 0"A 2 

= 00' + 0'0"+...+0 (w) A n * 
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These triangles with vertices at O, O', O" are all similar 
and the bases continually diminish, so that in the end 
Lt («„) = 0 and Lt (0 ,n, A„) = 0. 

fl 1 >oo n— >oo 

Therefore the spiral OO'O"... is of finite length OA 0 , and it 
must wind closer and closer round some point at a finite 
distance from O. 

The point A n must also approach towards coincidence with 
this point since Lt (0 {n, A M ) = 0. 



Fio. 86. 


In Fig. 86 these spirals are drawn for the series 


sin 04- 


sin 30 sin 50 


4 -... 
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for the values % r IT tt t r 

± 8 * 1 16 ’ ~ 32 * 

It will be seen how these spirals each curl round a point 
distant - from the axis of x , so that the projections upon the 
axis of y which give the sum of this sine series indicate its 
convergence towards This agrees with the sum of this 
series as obtained by Fourier's Theorem. 


149.* Fourier’s series. The most frequent examples of 
infinite trigonometrical series in Applied Mathematics are 
Fourier’s Series. They are infinite sine and cosine series 
which represent given arbitrary functions in the interval -7 r 
to 7 r. Since sin nx and cos nx are periodic and of period 2tt in x, 
for integral values of n , the sums of series of this type are 
periodic in x of the same period. 

For example, it can be shown by Fourier's Theorem that 
the series 


sin 3x sin bx 
smx + 


( -7 T<X<Tr) 


represents the lines 

IT . v 

y= -^{ v + x )i 


7 r\ 
2 


7T 

y=z x > 


7 r 7T 

~2 <x< 2 


y=-r(ir-x), 


: < X < 7T 


In such cases where the function f(x ), which the series 
represents, is continuous, the curve 

V - S n( X )> 


tThis construction is due to Whipple, and is given in the Mathematical 
Gazette , Yol. IV., p. 274 (1908), from which Fig. 86 is derived. 
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where S„(a:) stands for the sum of n terms of the series, will 
approach closer and closer to the curve 

y =/(*). 

as we make n greater and greater. 




( 2 ) 


(3) 


Fig. 87. 

This is illustrated in Fig. 87, where these approximation 
curves y = S n (.x) are drawn for this case, for the values n= 1, 2, 
and 3, and for the interval 0 <x<ir. 

The terms in sin a;, sin 3z, sin 5x, ... really give the tones 
which would enter if a tight string were plucked into the 

C.P.T. K 
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disturbed position given by this figure and then allowed to 
vibrate. The first tone, the fundamental tone, being the 
strongest, the others being the harmonics of this fundamental 
tone. 






(4) 


Fio. 88. 

When the function, which the series represents, is discon- 
tinuous, these approximation curves fail to give a close 
approximation at the points of discontinuity. 
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Take, for example, the series 

sin Sx sin 

smx + — g— +— g— + ..., 

which can be shown by Fourier’s Theorem to represent 
y = ~ 0<x<TTy 

y= - j ... -tt<x<0. 

It is obviously zero for x = 0, since each term is zero, and 
thus the sum of n terms for this value of x is zero, however 
great n may be. 

We have seen in § 148 how this sum may be represented by 
means of the polygon whose sides are 1, J, .... 

It is also illustrated in Fig. 88, where the approximation 
curves for the values n = l, 2, 3, 4 are given for the interval 
0<z<7r. But at x=0 and a; = 7 r, which are points of discon- 
tinuity in the sum of the series, the approximation curves, even 
when n is very large, do not resemble the graph of the given 
function. 



CHAPTER XVIII. 


SERIES FOR sins AND cos a IN ASCENDING 
POWERS OF x. 


150. Introductory. In Analytical Trigonometry the circular 
functions sin x , cos x, tan x, etc., are the sine, cosine, tangent, 
etc., of the angle whose circular measure is x. They are 
functions of the real variable x. It is in this sense that they 
have been used in this book from Chapter XIV onwards. 

We have seen in §92 that lim ^5-^=1. Thus, when x is 

x—*Q % 

small, sin x = x, nearly. From the values in the Tables it can 
be verified that the error in the case of an angle of six or seven 
degrees is less than 3 in 10,000, and affects only the third 
decimal place. 

We have also shown that, for small values of x, 
cos x =• 1 - Jx 2 , nearly, 
and tanx = x, nearly. 

In the next sections we shall see that these are the first terms 
in series of ascending powers of x, whose sums are, respectively, 
sin x, cos x and tan z. 


151. To show that, for all values of x, 


smx=x-^ + 




jr2r+l 


- 0 (2r+l)T 


and 


▼2 « T 2r 

«»x-i- iI +...-g<-i>' 55 jr 

These results are obviously true when x=0. 
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Since sin ( - x) = - sin x and cos ( - x) = cos x, if they can be 
proved true when x>0, they are also true when x<0. 

Thus we need discuss the series only for positive values of x. 
A simple proof, based upon the Elements of the Differential 
Calculus,* is as follows : 

Let Sj^sinx-x, C 1 = cosx~l, 

X<J 2*2 

S 2 = sinx-x + £j, C 2 = cosx-l 

and so on. 

Thus, for any positive integer w, we have 

w-l T 2 r +1 n- 1 3.2 r 

S n =smx-^ o (-iy—^, c n =cosx-S o (-ir ( 2 ^T, d> 

and S n , C n both vanish, when x=0. 

Now C x is zero when x is zero or a multiple of 2 tt, and it is 
negative for all other positive values of x. 

But and S 1 = 0 when x=0. 

Therefore S 1 <0, when x>0. 

Again J^C 2 = -^>0, when x>0, and C 2 =0, when x=0. 

Therefore C 2 >0, when x>0. 

Also ~ S 2 = C 2 >0, when x>0, and S 2 =0, when x=0. 

Therefore S 2 >0, when x>0. 

Passing on to C 3 and s 3 , we find, as above, that they are 
negative, when x>0. 

And so on to larger values of n. 

In this way we see that, when x>0, S n and C n are negative, 
when n is odd, and positive, when n is even. 

* As the Elements of the Calculus are now taken in a school course by 
many pupils, this proof will probably be found the most attractive. It is 
given in Bromwich’s Ignite Series, Of. 2nd ed., (1926), § 69t 
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It follows from (1) that 

J n x 2r+l 2n+I ~2r+l 

5 (_1)r (2r+l)! >sma!> 5 (_1 ) r (2r+l)! 


t 2 r + l 

and S( _1 ) r 7%Ti >cosx> 2(-l) r ; 


(2r)!’ 


when x>0. 


« r 2r « ~2r+l 

But the series 2 ( ~ *)' ^ and £ ( - l ) r 

are convergent for all values of x. 

\jvt »»— >oo in (2). 

Thus for positive values of x we have * 


* r 2r + 1 ® T 2r+1 

^ ( _1)r (2r+iy! = sinx = ^ ( “ 1)r (2rTI)! 


X 2 


and 2(- 1 ) r (2^f scosa:^^(-l) r ( 2 i yi. 

We conclude from (3) that, for positive values of x , 

x 2r+1 


and 


sinI -? ( -l)'(2?Jljl 

® r 2r 

cosx=^(- 1 ) r - 


wr 


( 2 ) 


(3) 


As remarked above, it follows that these relations are true for 
all values of x. 

It should be noticed that as the terms in the series for sin x 
and cos x are alternatively positive and negative, it is always 
easy to fix a limit to the error, in excess or defect, made by 
stopping at any term and taking the sum up to and including 
that term as the value of the function. 


* If u*>a and lim u n exists, we know that lim u n <2: a. 
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152 . However, it is more natural to establish the Power 
Series for sin x and cos x } relying upon De Moivre’s Theorem. 
We know from § 113, that 

sin nd = n sin 0 cos n-1 0 - — — sin 3 0 cos n ~ 3 0 

and cos nO = cos n 0 - sin 2 0 cos n ~ 2 0 + . . . . 

The former has \n terms, when n is even, and |(n+ 1), when 
n is odd; the latter has \n + 1 terms, when n is even, and 
£(n + 1), when n is odd. 

Thus 

sin nO = cos w 0 tan 0 - — — tan 3 0 + . . . J 

r i 

= cos n 0 I n tan 0 - ■ - n ( n tan 0) 8 -f . . . J , 


'[■'TT 1 


and cos nQ = cos n 0 1^1 - ■■ ^ ( n ^ an ®) : 


(n tan 6y 


4 


Let x be any positive number and put nO =x. 
Thus we have 


sinz=co S «f[ntan -f- jj(l - ±)(l - f)(” tan?)® + ... ] (1) 

and cos x = cos" - T 1 ^ ( n tan 

n L 2 ! \ n/ 

^ -A^A J. m 

But 

x->0 \ X ) 
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Therefore 

Also 


lim fwtan-)=£. 

ft— *30 \ W/ 

lim ( cos n - ) = 1.* 

n-^oo \ nj 


Now let oo in (1) and (2). 

If the number of terms in these expressions were fixed, 
instead of tending to infinity with n, we might use the fact that 
the limit of a sum is equal to the sum of the limits, if these 
exist, to establish the series for sin x and cos x . 

For (1) would lead to 

x 3 sc 5 

sinz = x- 3J + 


and (2) would lead to 

cos x = l 


X * Xr 

2l + T!' 


♦Although it is clear that lim (cos*:c)=:l for any fixed ft, it Is still 

x — *0 

necessary to show that 


lim ( cos^W. (Cf. § 161, Ex. 6.) 

n— wo \ ft/ 


Let 

„ x 

y— cos” 


n 

Then 

lo g y-\ 

But we know that 


-toga -A) * » 

h 2 3 


<1+ ^1 +lja + ••• > whenO <h<i 


|log(l -h)\<$h, when 0<A<£. 


Thus 

Therefore 


It follows that lim log 3 / = 0 and therefore we muBt have lim y=l. 

ft— *» ft — ►OO 


=l| l0g ( 

1 - sm* - 

>1 


< 7 ft sin 8 

when 

sin* 

-<\ 

4 

n 


n 2 




x & 

< 4 ft 

, since 

sin* 
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Although this 44 proof ” may be sufficient for the student's 
reading at this stage, it should be satisfactorily completed later. 
The rigorous treatment which follows is based upon a rather 
difficult, but important theorem, known as Tannery’s Theorem, 
given in the next section. f An exact treatment of limits on these 
lines need not be considered part of the ordinary school course : 
though to the mathematical specialist it will often appeal. 

153.* Tannery’s Theorem. Let F(n) be the sum of n terms 
each depending onn : % 

e.g. F(ri) = v A (n) + v 2 (n)+ ... + v n (ri). (1) 

Also let lim v r (n) = w ri r being fixed. (2) 

n— >oo 

And let \v r (n)\^M ri where r= 1, 2. ... up to n, (3) 

GO 

and ^ M r is a convergent series of positive constants . (4) 

l 

GO 00 

Then V] w r converges and lim F (n) = y] w r . 

1 n—x» x 

We are given that lim v r (n) = w r , where r is Any fixed positive 

n->oo 

integer. 

It follows that lim |t> r (n)j =|w r |. 

n->oo 

But KM| = M r by (3). 

Therefore lim |v r (w)|^M r . 

n— >oo 

00 

Thus |w r | = M r and w r converges. (5) 

i 

fThis theorem was proved by Jules Tannery in his Introduction d fa 
Thtarie c let Fonctions (Tune Variable. (2* 4d., Paris, 1904), §183. Its im- 
portance was realised by Bromwich, and it is proved and frequently used in 
his Infinite Series. (Cf. 2nd ed., (1920), § 49). 
simple example is 

■4('44K)(-‘> 

4 , (-;)(■-!) (-^)- 

K 2 


C.P.T. 
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Again, by (4), to the arbitrary positive number c there 
corresponds a positive integer v, such that 

M n+i + M n+ 2 + ••• to oo <€, when (6) 

And, since lim v 1 (n) — w v there is a positive integer n x 

n-*» 

€ 

such that |vi(n) - Wi|<— , when n~n v 

Similarly |v 2 (w)-w 2 |<— -> when n~w 2 , - (7) 

and so on, up to \v v (n) - w v | <~, when n ~ n„. 

Let N be the largest of the integers v , n 2 , ... 

Now F (n) - 2 = [s v r( n ) - S v >- (”)] 

V 00 

+ yj[v r (n) 

1 *+l 

Therefore 

|F («) - S W,| = S M»)| + 2 hr («) ~ »rl + 2 K|. (8) 

1 V+l 1 * + l 

But, by (6), 2 M»)l = 2 M r< S M r<‘- 

v+1 I' + l y + 1 

V 

And, by (7), ^|t; r (n) - w r |<€, when n~N. 

00 

Also, by (5), 

»+l 

00 

It follows from (8) that |F(w) - Y] w r |<3« when »^N. 

1 

00 

Thus lim F (n) = y'w r . 

n— x» 1 


Cor. 1. It is clear that we may replace (3) in the statement 
of the theorem, by the condition that |v r (ft)|=EM r when r^r 0 , 
and r 0 is a fixed positive integer. 
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Cor. 2. The theorem also holds when 

F (ft) = v l (ft) + u 2 (ft) + . . . + v 9 (ft), 

and p is a positive integer depending on the positive integer n 
and tending to oo with w. 


154 .* Let ft be any positive integer. 

As in § 152 we have from De Moivre’s Theorem 

sin (2ft 4-1 )0 = cos 2n+1 0 £(2ft + 1) tan 0 

(2ft + l)2ft(2ft- 1) , ~1 

i__ 1 tan 3 0 4- ... to (ft 4- 1 ) terms 

and cos (2ft 4- 1)0 

= cos 2n+1 0^1 - — — ^|^ n tan 2 0 4- . . . to (ft 4- 1 ) terms J. 
Let x be any positive number and put (2ft 4- 1)0 = x. 

X 

Then sin x = cos 2/H 1 _ r 

2 ft -fl 


f ( _ lv -(2» + l)(2n) ... (2(n-r) + l) « 

v ' (2r + 1)! an 2«+ 1 


and 


cos x = cos 2w+1 


2ft 4- 1 


Now put 

.,(«) - ( - 

(2r+ 1)! 


( 2 ) 


*(-l) 


: £(2n + 1) 


tan 


2w + l] 


,2r+l 


(3) 


Then sinx = cos 2n+1 ^2^~|) F Wj where F (n)^^ v r (n). (4) 
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From (3) it is clear that, when r is fixed, 

Also x is a given positive number, and we can choose a 
positive integer m such that (2m + 1) 


Then, if n>m, we have 
x 


0 <; 


But 


tan <f> 


8 - + 1 


< 


X 7T 

2m + 1 ^ 2 * 


continually increases * as </> passes from 0 to 


Therefore 0 < (2 n + 1 ) tan j < (2m + 1 ) tan * (5) 

And, when n>m, we see from (3) and (5) 

£2r-fl 2) 

l fff (” ) l < (2f+l)! ’ Wheie ^ = (2m + 1)tan 2^Tl- 


But 


gir+l 


(2r+ 1) ! * S a conver 8 en ^ series of positive constants. 

Thus all the conditions of Tannery’s Theorem are satisfied 
for F (n). 

* x 2r+1 

Therefore lim F(n) = ^(- 1 ) r (27+T)l' 

Also we know that lim cos 2n+1 ( s—t ) = 1 • 

\2w + l/ 


It follows from (4) that 

V', , \ r *? r+l 

when x is any positive number : and therefore, as remarked 
at the beginning of § 151, for all values of x . 

The corresponding theorem for cos x is obtained in the same 
way, starting with (2). 


* This can be easily proved by the Differential Calculus. A proof, without 
the Calculus, given in Hobson’s Trigonometry (7th edition), p. 128, will be 
found in Note I, at the end of the book. 
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165. The exponential forms for the sine and cosine. The 

number e being defined by the exponential series 

1 + 1 +^j + ^ ! + ... , 

it is proved in Algebra that, when x is any real number, 

a 2 

e*=l+x+2i+ ... , 

and this series converges for all such values of x. 

If the imaginary variable z=x + iy is used, the series 

*2 <*3 

1+z+ 2! + 3j + - 

may be written * 

1 + r (cos 6 + i sin 0) + ^ (cos 20 + i sin 26) + ... , 

where r = Jx? + y 2 and tan 6 = yjx. 

Thus the sum of n terms of the series 

z 2 z 3 

1+ * + 2l + 3! + - 


IS 


tfto— 1 “1 

1 -f r cos ® + 2] cos ^ + j j co>s ” 1)0J 


[ r 2 
r sin 0 + ^7 


sin 20+ ... 


r sin (n 


-i)o]. 


(n-l)!' 

Both of these two expressions are convergent for all values 
of r and 0, so that the limit of the sum of n terms exists and the 


senes 


z 2 z 3 

,+z + 2! + 3! + - " 


may he taken as defining the symbol e*, when z = x + iy. 

We are thus able to state the results of last article in the 


form 


sin x = - 


008 X = 


eix-e-* 

Ti ’ 

e* + e-i* 


►Of. §123. 
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on the understanding that e**, e*™ 

2*2 

stand for the series 1 + ix - - gj + . . . , 

- sc 2 isc 3 


Much of the work of Chapters XIV and XVII might 
have been simplified by the use of these forms, but it is better 
to develop the subject of trigonometry at this stage without 
the introduction of such imaginary series. 


156- The Hyperbolic Functions.! We have seen that the trigon- 
ometrical functions are sometimes called the circular functions from 
their connection with the circle. In dealing with the hyperbola and in 
other parts of mathematics, it is found convenient to introduce functions 
called hyperbolic functions, analogous to the circular functions. This 
analogy is suggested by the exponential form of the sine and cosine. 

We have sin x = — * 

e ix + g -ix 


The hyperbolic functions are defined by the equations 

, _ e x -e~ x 
sinh x = — • 


coshx= 


e* + e- x 

A * 


tanhx = 


cothx= 


sechx= 


cosech x = 


e x -e~ x _ sinhx 

e x 4-e~ x _ coshx 
e z - e -x~Binhx’ 

2 1 

e z +e~ x coshx’ 

2 1 

e^e-* sinhx 


+ For a fuller treatment, from the elementary standpoint, reference may 
be made to Lamb's Infinitesimal Calculus, (3rd ed.), §§ 40, 46. 
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In the above x is supposed to be any real number. 

From the definitions of the hyperbolic functions it can be readily 
shown that cosh^x - sinh 2 x = 1, 

from which it follows that 

1 - tanh 2 x = sech*x, 
coth a x - 1 =cosech*x. 

Also from the definitions we find that 

sinh (x d- y ) = sinh x cosh y ± cosh x slnh y, 
cosh (x±y)= cosh x cosh y ± sinh x sinh y. 

From these it follows that 

sinh 2x = 2 sinh x coshx, 
cosh 2x = cosh 2 ! + sinh*x 
=2cosh 2 x-l 
=1 +2 sinh 2 x. 

Indeed, from most of the ordinary formulae of trigonometry, we can 
proceed at once to corresponding formulae for these hyperbolic functions. 
The inverse functions sinh- 1 *, cosh” 1 *, etc., are also useful. 


157. Sines and cosines of small angles. We proceed to 
use the sine and cosine series to find the value of sin 10* and 
cos 10*. The same reasoning will apply to other small angles. 

Since 10* = T 5?v - ^ — * radians 

180 x 60 x6 

7T 

^ 64800 

and 7r = 3* 1 41 ,592,653,589. . . , 

we have , *000,048,481,368... , 

04:OUU 

(eiiob) 8 "' 000,000,002 ’ 350,4 - ’ 

((54§Oo) 3 = <^,000,000,000,1 13,928. • • > 

(sioof = • ( ^> 000 > 000 > 000 > 000 > 056 > - • 
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7T 

Therefore sin 10* is smaller than but differs from it 

by less than 64800 

•000,000,000,000,02. 

Therefore, correct to twelve decimal places, 
sin 10* = -000,048,481 ,368. 

1 / 7T \2 

Also cos 10* is greater than 1 “ 2 \64800/ ^7 k® 8 ^ an 

•000,000,000,000,000,06. 

Thus, correct to twelve decimal places, 

cos 10* = -999,999,998,825. 


158. To express tan x in a series of ascending powers of x. 

, sin x 

Since tan x = 

cosx 

we can obtain a series for tan x in ascending powers of x from 
the series for sin x and cos x. 


We have 


where 


tan x = 


2 * z 6 

37 ~ 3! + 5! "**’ 

, X $ Z 4 

1 - 2! + 4? + ”• 
*-3! + 6!- 


SC 2 X? ofi 
y “2! - 4! + 6! - ' 

x 3 X 5 




tana; = (a;-~ + g|-...)(l+y + y 2 -f ...). 


If, in the second series of this product, we put for y, y* ... 
their values in terms of x and rearrange the series as a series 
in ascending powers of x, we find * 

* For a rigorous proof of the possibility of this rearrangement, see Brom- 
wich's Infinite Series (2nd ed.), §54 and the footnote on p. 184. See also 
Note II at the end of this book. 
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tan*=( a: -g + g + ...)( 1 + | 2 + |^ + ...). 

j3 2 

,\ tanx = xH 1 — x®4- ... . 

3 15 


Example. 

Prove that, neglecting terms of higher order than x 7 9 

ar 3 2 17 


159. The principle of proportional parts. In using trigon- 
ometrical tables where accuracy is required, it is necessary 
to find the ratio or logarithm, as the case may be, lying 
between two given ratios or logarithms. The differences are 
given in the tables and the result is obtained from the 
Principle of Proportional Parts , that the differences between the 
ratios or logarithms are , for small quantities , proportional to the 
differences of the corresponding numbers , neglecting terms of o 
higher order. 

In the case of logarithms this appears in the following form : 


log ( N + h) - log H h , 
log (N + k) - log N _ k y- 

The truth of this is clear from the logarithmic series, since 
log (N + h) - log N = log (l + ^ - \ (jjj) + • • • , 

that if (jf< (jff may be neglected in comparison with 


so 


\ and — the result follows. 
N N 


In the case of the trigonometrical ratios 

sin (x + h) - sin x __ sin x (cos ft - 1) + cos x sin h 
sin (x -f k) - sin x ~~ sin x (cos k - 1) + cos x sin k 
OJ.T. 
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But 

and 


h 3 

sin A = A - + . . 

. r A 2 h* 
l-cos A= 2 |-£| + . 


, sin (x + A) - sin x __ A cos x - sin x 4 - . . . 
sin (x + A) - sin x~~k cos x-\k 2 sin x+ ..." 

. sin (x + h) - sin x _ A 
■' sin (® + A) - sin x A ’ 

if A, A are so small that we may neglect the terms of a higher 
order ; but if x is nearly |7r, this rule would fail, because A cos x 
is in this case very small and \h 2 sin x may become comparable 
with A cos x. 

In the same way 


cos (x + A) - cos x A 
cos (x + A) - cos x ~~ k' 


unless x is nearly zero. 


Again, 


tan (* + A) - tan x _ sin A sin A 

tan (x + A) - tan x cos x cos (® -f A) / cos x cos (x + k) 


A cos 2 ® - k sin x cos x 
k cos 2 ® - A sin x cos x 


approximately. 


A + A 2 tan x 
k + A 2 tan x 


approximately, 


so that, if the terms in A 2 , A 2 may be neglected, 

tan (x +. A) - tan x A 
tan (x + k) - tan x k' 

But when x is nearly \tt, A 2 tan x and A 2 tan x may then 
become comparable with A and A, so that the rule may 
fail. 
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In the case of the tabular logarithms of the circular functions 
we can proceed in the same way. 


E.g. 


Log sin (x + A) - Log sin x 
Log sin ( x + k) - Log sin x 


io g Mn 4^±A) 


i°s 


sin x 
n ( x + lc ) 
sin x 


log (cos A + cot x sin A) 
log (cos k + cot x sin k) 

log^l + h cot 

1 + Acot + 

, A 2 2 
h cot x - 2 cosec x + 

1 5 

k cot jr - cosec 2 z + ... 


lo{?( 


Hence the rule holds except in the neighbourhood of 0 and 
Similarly 

.. A 2 2 

T / t A tan x + 7 rsec z a;+ ... 

Log cos {x 4 - A) - Log cos x 2 


Log cos (x + A) - Log cos x 77 A? 2 
& v • * Atanx+ 2“Sec 2 x4-... 


At both the extremes 0 and r the rule of proportional parts 
fails for this case. 

The same result holds for the logarithm of the tangent. 

But the expansions are not necessary to suggest the truth of 
the Principle of Proportional Parts. A simple geometrical 
construction applies to all such cases. 
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Let PR (Fig. 89) be two points on the curve 

y=fW- 

Let the ordinates at P and R meet the axis of x at L and 
N and let LN = &. 

Let Q be a point on the curve PR, between P and R. 



Let the ordinate at Q meet the chord at q and the axis 
of x at M. Let LM = h. 

Then, in the figure, j— =^ = |. 

and the increments of y at the points q and R for the chord 
PR are proportional to the increments of x at these points. 

The rule of proportional parts thus amounts to taking, for 
the intermediate point, the point which lies on the chord 
instead of the point on the curve. 


160. Indeterminate 
defined by 


/(*)- 


forms. Consider 
3 sin x - sin 3x 


7 ? 


the function / (or) 


for all real values of x other than zero. There is a definite 
value oif(x) for all such values of x. 
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lim/(a:) 
z -*0 

exists, and its value is the same whether we proceed towards 
x=0 from the left or from the right. 

To show this we can replace 

3 sin x - sin 3x 


bv 

Thus we have 


4 sin 3 x. 


r, N A /sin x\ 8 

= 4-2x 2 + ... , 


so that lim f(x) = 4, 

x -+ 0 

and is independent of the sign of x. 
But if we put the value x=0 in 


3 sin x - sin 3x 


we obtain the form r- and this has no meaning. 


We must thus define /(x) for the value x=0, if/(x) is to be 
given for all real values of x . 

If the function is to be continuous, we would take 
/(OH 4, 

for with this choice the condition 

lim/(a;)=/(0) 

.T— *0 

would be satisfied. 

We must, however, carefully notice that although we may 
be able to find the limit of the function as we approach the 
critical point, this limit need not be the actual value of the 
function at that point. For that value we are at liberty to 
choose any number we please, since the value of the function 
for that value of the variable has not yet been defined. 
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Again, take the function defined by 

v,tan x _ 1 

f( X )= e tanz + Y 

At * = this takes the form — , and is thus indeterminate. 
2 00 

If we proceed towards x — ^7r from the left, we have, as the 
limit of ^tan * _ j 

e^+l’ 

the value 1, and if we approach x = \ir from the right, we have 
- 1 for the limit. 

The notation adopted for these right-hand and left-hand 
limits is 

lim f(x) and lim f(x) or/(a + 0) and f(a- 0). 

x-xH-0 x-*a- 0 

Using this notation we have 

/(|7r-0) = l, r + 0)=-l, 
and / (^tt) is indeterminate. 

I 

Consider again / (x) = xe*. 

l 

For the value $=0, see® takes the form 

0 x oo , 

which is indeterminate. 

l 

Also, if we proceed towards x=0 from the left, x<? has a 
limit, namely zero ; but if we proceed towards x=0 from the 

i 

right, xe* increases without limit. 

Thus /(-0)=0, /( +0) = co , 

and /( 0) is indeterminate. 

If we define /( 0) as zero, then the curve 

y=/(*) 

will have a horizontal tangent j/= 0 at the origin and the 
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160 ] 

axis of y will be an asymptote, the gradient of the curve 
changing from zero at just before x—0 to infinity just after. 

i 

The case of f(x)=x \ — - for 

£ . x<0 

e®+ 1 

is somewhat similar. 

If we add to this f(x) =0 for $=0, 

i.e. f (0) =0, 

we have /( + 0) =/( - 0) =/(0) =0, 

so that the curve y=f (x) is continuous. 

It can be shown that at the origin the gradient on the right 
is equal to 4- 1 and on the left to - 1, so that the slope of this 
curve is discontinuous there. 

These examples are sufficient to show that such indeter- 
minate forms arise, and to explain what is meant by their 
evaluation. It is to be noted that when we speak of evaluating 
an indeterminate form, it is the limit that is obtained as Ave 
approach the critical value of the variable. In the cases which 
will arise in dealing Avith the trigonometrical functions, this 
limit, if it exists, will be the same whether the point is 
approached from the right-hand or the left-hand, but in a 
general discussion both these values would have to be 
examined. 

The indeterminate forms are 

— , 0 x oo , oo - oo , 1®, 0°, and qo °. 

0 oo 

There are other ways of discussing these forms, but at this 
stage the expressions for the trigonometrical functions as series 
of powers of the variable give in most cases a simple solution 
of the problem. 
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161. Examples of the evaluation of the different types of 
indeterminate forms. 


Ex. 1. Form 


li m / tan 26-2 tan 0 \ 

0->Q \ 6 * ) 

{ 2g+ B< 2g ) 8+ B (2g)6+ -}- 2 { g+ ? + r5 tfS+ -} 


=lim (2+40* + ...) 
a-*o 


Ex. 2. Form 


i 

Ex. 3. Form Oxoo. 


lim (^) = iim(J-)=l. 
m-w \ tan xj \sin x) 


lim (log (2 cot(ar-o)| = lim I ' a 'l putting z=a+y, 

x->a I \ a J ' i/->0 v tan y ) 


= - lim 


a + 2a 2 + ‘ " 


v-*°\y+ J j + ... 

/i + A + -.' 

I a 2a 2 

■lim l 2 

V- > 0\l+ i 5-+... 


Ex. 4. Form « - «o . 


/su-jj-aw-s-r-i} 

= ^(i + l + V5 + --k) 

=^S + S + ") 



161] 


SERIES FOR sin x AND cos x 


275 


Ex. 5. Form r 


lim ( cob -\ n • 

Let y = ( cos ^) n> - 

log y — ^ log ^1- sin 2 ^ 

w 2 1 • 2 35 , 1 • * 21 1 . A x \ 

= --2\ Bm n + 2 Bm n + 3 Bm n + ") 

sin - \ / sin 2 - sin 4 - \ 

nil- n n I 

~ \ 1+ — + — + ‘A 


and thus 

It follows that 

Ex. 6. Form 0° 

Let 


lim (log y) = - fcr 2 . 

n — ><* 

lim y=e~ 
n— >ao 

lim (sin x) x . 

T->0 

y — (sin ,t) x . 
log y —x log sin x 


=x^logx + log(l 
=*(logx-^ + ...j. 


But it can be shown that lim ( x log x)=0 as follows : 

x—yO 

lim (a: log x) — lim ( - e~ u u), putting x=e~ u , 

X—>0 M— >'X> 


= - «» © 
— 0 , 


since e w is of a higher order than u. 

Therefore, we have lim (log y) =0. 

:r— >0 

lim (sin 3;)* = 1. 
x ->0 

Ex. 7. Form oo°. lim (cosec x) x - lim >-r-— 
ar— >0 *->0 V sin x ) 

_ 1 
lim (sin x) x 
x -*0 

« 1 . 
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Examples on Chapter XVIII. 

1. If — — = j prove that 0 is the circular measure of 4° 24/ 

nearly. 

2. If -Q- = 2166’ P rove ^ 18 nearl y ^ I • 

3. If cos find an approximate value for 9. 

4. If tan 0 =tV> find an approximate value for 0. 

5. Having found, graphically or otherwise, an approximate solution 

a of the equation a; = 2 sin x , 

show how a closer approximation may be found by putting z=a + h, 
and then determining h. 

6. Having found graphically or otherwise an approximate value of 
the root a of the equation j — x tan x, 

which lies between 0 and show how by putting x—a + h a closer 
approximation may be found. 

7. Prove that sin 0 = 0(cos 0)** approximately, 

and deduce Maskelyne’s formula for the logarithmic sines of small 
an S^ es log sin 0 = log 0 + J log cos 0. 

8. Prove that the length of a circular arc subtending a small angle at 

the. centre of a circle is given approximately by the formula ^(8c 2 -Cj) 
where c t — chord of the arc, 

c 2 = chord of half the arc. 


9. Evaluate the following limiting forms : 


... 2 3 sin 20 t A 

(I) $• (2 + 008 2 9 ) 0 *' for e ~ 0 ’ 

<ia> for 0 = 0. 

. v sec*0 - 2 tan 0 , J ir 
< v > 1+00840 ’ for *=l- 


.... 9 - sin -1 0 . A n, 

< u) “BM- ’ for 9=0 - 


(iv) 


tan 0 + sec 0 - 1 
tan 0 - sec $ + 1 


, for 0=0. 


. .. tan 0 t a 7r 
tan30* for tf = a- 


(vii) . - ; — - — for 0=0. (viii) (sin 0)**“*, for 0=]j- 
' ' sm*0 1 - cos 0 \ f \ t 2 

n 

(ix) (cos m0)& t for 0=0, and show that 

(x) lim (a sin /3 - p sin a)/(a cos p - p cos a) = tan {a - tan~ l a}. 
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10. Show that if 

cos (a -f 0) =cos a cos 0 - cos /S sin a sin 0 , 
where 0 and 0 are small, then 0 is very approximately equal to 
0 cos (3 + .|0 2 cot a sin 2 £. 

11. If c be so small that e 3 , c 4 ... may be neglected, and if 

3e 2 

0 - 0 ~ 2e sin 0 + sin 20, 

4 

5e 2 

prove that 0 — 0 + 2e sin 0 + - - sin 20. 

4 

12. Prove that tan x - 24 tan 5 

4U 

differs from 4 sin x- I5x 

by a quantity of the seventh order at least. 

13. Show that 0 differs from - Ij S * n bv ~<f> 6 nearly, when 0 

„ . 2 (2 + cos 20) "45 

is a small angle. 

14. Using the series for the sine and cosine, prove that 

28 sin 20 + sin 40 
12(3+2 cos 20) 

differs from 0 by less than the number of radians in I', if 0 is not greater 
than 15" 



CHAPTER XIX. 


EXPRESSIONS FOR THE SINE AND COSINE AS 
fTNFINITE PRODUCTS. EVALUATION OF it. 


/ 


162. Introductory. The summation of Infinite Series is 
only one of several infinite pfoC<&&g€k ‘'Which ucc ur 111 Analysis^ 
Another important case is th at of Infinite Products, w hich we 
now shortly consider. 

n 

Let n« r stand for the product of u v « 2 > ••• u n> where 

/) r=1 . \ 
^u v u 2 , ... is a sequence formed according to some fixed Iaw^ 

Tfli m II u r exists, this limit is spoken of as the value of 

n-+® r=»l oo 

the Infinite Product, and is written fl u r - 

l 

The terms convergence and divergence are applied to 
Infinite Products in much the same way as to Infinite Series, 
and their theory closely resembles that of the latter.* 

We shall prove in next article that sin a; is equal to the 
infinite product «> / x 2 \ 

‘W-m ' 

o' -»)••• (‘-as*) 

and that cos x is equal to 


rr A _ \ 

V\ (2r- 1) 2 W’ 

,. /, 2 2 x 2 \ /, 2 2 x 2 \ /, 2 2 x 2 \ 


*0f. Hobson, loc. cit. t Ch. xvii. ; Bromwich, hoc. cit Ch. VI. 
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The probability of such results being true is suggested by 
the fact that sinx=0 for x=0, x=±tt, ... , 

and that lim = 1 ; 

x-+o x 

also that cosa;=0 for a> = ±£ 7r , ±f^r, ... 

and lim cos x = 1 . 

x — >o 

But it must not be supposed that these facts prove the truth 
of the results. They only suggest that they may possibly be 
true, and they are convenient in helping us to remember the 
form of the results. 

Indeed the same method of so-called proof would apply 
to the functions a x s j n x an( j a x cos x 

when a is any real number. 

All that we can justly infer from the fact that 



sinx=0 for x=0 y ± 

and that 

, . sin x , 
lim = 1, 

x—>0 X 

is that 


sin x 

may possibly be of the form a x — . 

X 


Similarly, from the cosine result, we can infer that 

may possibly be of the form a x cos x. 

We shall now obtain these formulae from the factors of sin nO 
and cos nO with the help of Tannery’s Theorem, just as in § 154 
we deduced the power series for sin x and cos x from the 

expressions for and oos n & as polynomials in cos 


t But see the second footnote on p. 280. 
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16 To prove that sin x = xl\(l - ^ 2 )* 

We know (cf. § 113) that ^ is a polynomial of 

degree 2 » in cos 0, and it follows (cf. §§119, 122) that 
sm(2» + l)0 = 22 „ ( cog20 _ cos2 j ( cos 2 e _ cos2 J 


sin 0 


n / 

=2 2 *n(< 

r=l\ 


-COS 6 


r7r 


1 ) 


to n factors 


2n + 

=22n n i ( sini! ra- sin20 )- 

Letting >0, we have 


Thus 


( 2» + i)-2- f n.in*sr F r 

sin (2» + l)0 ” /. sin 2 0 \ 

(2re + 1 ) sin 0 ^ rjr V 

v ‘ 2n + \' 


Now let x be any positive number less than *r,f and put 
(2» + l)0 = a;. 

Then we have 


sin x •/ Sm ' 2 w + l \ 

1 ) sin ~~r f “ l V sin 2 5 -^ / 
’ 2w+ 1 \ 2n + l 7 


(2n + 1) sin 

and all the expressions in this equation are positive.^ 


•( 1 ) 


f This restriction is removed in § 164. 

+ The equation (1) holds for all real values of x, and the usual, but in- 
complete, proof of the theorem of this section is to say that taking the limit 
when w-h» of both sides we have 

sin*=xn(l-^} 

In the case of those for whom a complete proof is too difficult this will be 
sufficient, provided that the need for a fuller discussion of this limiting 
process Is pointed out. 
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Thus we may take logarithms of both sides, and we see that 

x 


log sin x - log (2 n + 1 ) sin 


2n + 1 


n / sin 2 jr r \ 

(2 > 

J w ioi; / . 0 X v 

/ Sln orrA 

»,(n)=log( 1 — - J and F(n) = ^v r (n) (3) 

V -*«£r/ 


Now let 


2w + 1' 

Then log sin x - log (2 n + 1 ) sin ^ = F(n) . 

From (3) it is clear that 






wheQria-iixed. 

Also we know * that 0/sin <f> increases from 1 to ^ir, as 0 
passes from 0 to |7r. 

rr 

Therefore 0< <|tt, when r = l, 2, ... n. 


sm 


Thus 0<- 


rir 

2n-f 1 

1 


(2w + 1 ) 2 sin 2 


~< 55. when = 


But 
It follows that 


0<(2n + 1) 2 sin 1 


2n + 1 

in2 , 


2tt+ 1 


C* 2 . 


0< when ** = 1,2,...*. 

sin 2 , 

2n + 1 

• This can be proved easily by the Differential Calculus. A proof, without 

the Calculus, given in Hobson’s Trigonometry (7th ed.), p. 128, will be found 
in Note I at the end of the book. 
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Thus there is a positive integer m, depending on x, such that 




sin* 


2n + 1 


sin - 4 


TTT 

2n + 1 


<J, when m~r~n. 


Therefore + 
log 


( si^s-^A 

Sill 2 r r / 

2n+l / 


<1 


sin* 


2n + l 


2 . 2 
sin 2 

"8r 2 ’ 


T7T 

2w + l 


, when m^r^n 


Z .( s , 


Sx 2 

|v r (n)|< when m~r^~ n. 


Hence aUjJie conditions of Tannery’s Theorem (§ 153) are 
spiisfiedTand 

to f M - 1; log (i - 33)- 1™ log n(x - £,). 


But, from (4), lim F (/i) =log 


sm x 


Thu. 


• r ^> 



It follows t that 
at least when 0<x<7r. 

164 . preceding section, so that we might be dealing 

only with the logarithms of positive numbers, we assumed 
that 0<xOr. 


t Of. footnote on p. 258. 

%lf lim log0(n)=loga, then lim <p{n) exists and is equal to a. 
n — ►oo 91 -*» 
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To prove that the relation 


sin x — *n(, 


-—'i 

rV 2 / 


holds for all real values of x , it is clear that we need only 
discuss positive values, since sin ( - x) — - sin x. 

Now let x lie between for and (&+ l)7r, where k is any positive 
integer. 

Starting with equation (1) of § 163, which holds for all 
real values of x, we may suppose n is so great that 


2n+l 

Then we have 


X <7 r and thus sin X 


2w + l' 


0. 


Sill x\ 


sim 


= n 1 1 - 


2w -+* 1 


(2m + 1) sin 2 ~ i r=1 


Sill* 


2w + l 


Also 


x 

log | sin x\ - log (2n + 1) sin ^ log 


sm< 


1 -« 


2n + l 


sim 


nr 


2n + l 


Then the argument of § 163 leads to the equation 

n I x 2 
|sin x\—x lim II | 1- ^p 

n — ►oc r«=l l 


(i) 


But 


x 2 

-*- 2 <l, when r>k. 


Thus |sinx| = xfl 

r= 11 


r 2 7r 2 


If A is an even integer, 


fc 

", 


1- 


r 2 ^ 2 


n / x 2 \ 

X liin n f 1 -^- 2 ) ( 2 ) 

-n/’-w) 


and 


O.P.T. 


jsm x| = sm x . 

L 
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If k is an odd integer, 





and |sinx|= -sinx. 

Thus in both cases, from (2), we have 


sin x=x 



and the formula holds for all real values of x. 

We might proceed from the case 0<x<t to the general earn by putting 
x-for+Z, where 0<£<rr, so that 

sin x=coa lcir sin £ 

= cos for m(l by § 163. 

The result follows on discussing the product 

«?(*-*> 

where £=z - kir. 

166.*J^ prove that cos x = n(l - 

We know (cf. §113) that cos(2n + l)0 is a polynomial of 
degree (2n + 1) in cos 0, and it follows (cf. §§ 118, 122) that 
cos (2m + 1)0 
cos 0 


- 2“ (eort- co.' - • 

to n factors 

- 2 *“,n(™'lrn 1-“’*} 


Let 0->O and we have 

^nsin’fy 


T 

2 " 



164, 166] EXPRESSIONS FOR THE SINE AND COSINE 285 


cos (2ft + 1)0 = n / si n 2 fl 

cos 0 " V f 1 . o 2r - 1 


Now let x be any positive number less tban |7r,* and put 
(2n + l)0 = x. 

Then we have 


COS X n ( 

— ^ — n( 1 

*2»+l V 


• 2 X 

sin 2 x z 

2n + l 


and all the expressions in this equation are positive. 
Take logarithms of both sides. 

Then . . 0 x x 

, , z <Si A sm 2^+1 

log cos a; - log cos f = ( l-—— 

' S,U 2n + l 2' 


r^(' 


Proceeding as in § 163, we put 


v r (n)=log( 1- 


. 2 2 r - 1 

SUT X- ; 

2 n + ] 


and F(n) = ^ r («). ...(3) 

r=l 


log cos x - log cos =F(«). 


From (3) it is clear that 




when r is fixed. 

2r-l 7 t 
a . 2w-fl 2 


Also 0 < ^ j '» <^tt, when r = ], 2 .. 


. 2r - 1 ?r 

8111 2^71 2 


Thus0< „ ia r wtenr=1 ’ 2 - "• 

(2w + i) 2 sm 2 2 ^rj 2 

* This restriction is removed in § 166. Also see footnote + on p. 280. 
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It follows that 


0<(2w + 1) 2 sin 2 2 n < x2 - 


8m 2n+l 2 

Thus there is a positive integer m, depending on x, such that 


om x 7 

K~1 — <h when m^r~n. 

. « Zr — I 7r 


2n + l 2 


Therefore * 


A 8i * 2 2^i\ 
[ l - . >-iJ 
V 8m 2n + l 2/ 


^3 2n+l t ^ < 

<2 -727TT7 ’ when m = r = w - 


2w + 1 2 


^2(2r-l) 2 

3x 2 

|*V( W )| < 2 ~ (2r - ' ip , when 


/h r — n. 


Hence all the conditions of Tannery’s Theorem arc satisfied! 
nd 

But, from (4), lim F ( n ) = log cos x. 

n— 

Ir. follows that cos s = n(l .y^(5) 


It follows that cos x = 
at least when 0<x<^7r. 

* Of. footnote on p. 258. 
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166 / As before, we extend the result given in equation (5) of 
§ 165^ and show that it holds for all real values of x. It is clear 
that we need only discuss positive values, since 
cos (~x) = cos x. 


Now let (2k - 1) ^<x<(2 k + 1) 

where k is any positive integer. 

Starting with (1) of § 165, we may suppose n so large that 

2^Tl<^ andthus COS 2»Tl >0 - 

Then we have 

x 


cos x\ 


cos 


2n + l 


n 

=n 

l 


sim 


1 


2/i + l 


sim 


, 2r -1 7T- 

2/i + l 2 


Also 

x 71 

log | cos x\ - log cos jj— j = S lo 8 


Q 


!-■ 


2n + l 


> 2r -1 7r 
2h+ 1 2 

Then the argument of § 165 leads to the equation 

2 2 x 2 


|cos *i-n l- 


(2r- l) 2 /r 2 


.(l) 


But 
Thus 
I cos 


2 2 x 2 


s<l, when r>k. 


(2r - l) 2 7r 2 

If k is an even integer, 

A|i -Jg-Lfrft- 

1 ~ (2r - l) 2 ir 2 1 r -lV (2r-l)W 
|cosx| = cos X. 


and 
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If £ is an odd integer. 


h 

n i- 


2 2 x 2 | 


r-il (2r-l)M 


= - ^ 
“A (2r- l)*irv 


I cos x\ = - cos X. 


Thus in both cases, from (2), we have 


-jVj 2 2 * 2 \ 

“VI (2r- l) a jr 2 / 


and the formula holds for all real values of x. 
We can also obtain this result by putting 


x=ktr+£ where 
cos x = cos kir cos £ 

= coB^n(l- (2r 2 _Y )8 -, )’ by § 1 
The result follows on discussing the product 


so that 


£=x - kir. 


167.* We know from § 120 that 

ajin+i - a 2n+1 = (x - a) II (x 2 - 2ax cos + ® 2 )- 

Divide both sides by 2 (ax) n+ ^ and we have 

iKr-en 

=1 [©* - d)‘] na ag- a - ^i)- 


Now put x = ae^. 
Then we have 

sinh (2n+l)Q 
sinhfl 


L2-ft(oo.li2#-co.^ I ) 
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Letting 0-»O, we see that 


2m + 1 = 2 2n II sin 2 h— — r- 

f-i 2 m + 1 


Therefore sinh(2w + 1)0 ff /l 
ineretore (2w+1)sinh0 - H f 1 


[/ 1+ _2!!£L\ 

'V f'sih/ 


Similarly, from the expression for x 2n+1 + a 2n+1 , we find that 
cosh (2n 4- 1)0 A /, sinh 2 0 


cosh 0 


168.* To prove that 


A a sinh 2 0 \ 

' 2«+ 1 y 


00 / T 2 \ 00 / 02*2 \ 

“ d CMhI * n( 1+ (lFriys»> 


In the previous section we have shown that 
sinh (2w 4- 1 ) 0 A A sinh 2 0 


and 


(2w 4-1) sinh 0 
cosh (2n4-l)0 


A A sinh z 0 \ 
' 81 2m + 1/ 


•(1) 


2n4-l 

sinh 2 0 


h (2 w 4-1)0 * A sinh z 0 \ 

cosh 0 


•( 2 ) 


X 

2 n 4- 1 


Now let x be any positive number, and put (2 n 4- 1)0 =a . 
From (1) we have 

sinhx * / sinh2; 

— h T — n( i+- 

(2n + l)8inh^-j-^ **&i 

Taking logarithms of both sides, we see that 
log sinh * - log jj2n + 1) sinh 


n / sinh* 

=£iog( 1+ — 

i \ sin 2 ; 


5^3). 


T7T 

2n4- 
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Now let 


v r (n) = log! 1+- 


and F (n) = £v r (n). ...(3) 

r—1 


Then log sinh x - log £(2n 4- 1) sinh J =F(n). 

It is clear that lim v r ( n ) = log ^1 4- 

when r is fixed. 


Also 1 * 0<log ( 1 4- ■ 


But 0<— 2ILLL. when r = l, 2, ... n, 

. ttt 2 

sm s T 

2n + l 

since <£/sin <f> increases as <f> passes from 0 to \n. 

mi / a ^ 1 1 i 


Therefore 0< 


(2n4- 1) 2 sin 2 


<i~o, when r = l, 2, ... n. 

r7r 4r 2 


. , sinh x . , 

Also increases as x increases.! 

x 1 


oixiu ~ r 

Therefore 0< ■ ■ <sinh 2 l > when a - -r <1 (5) 

/ x y 2 w4-1 ' ' 

V2n4-1/ 

Thus 0<(2w4-l) 2 sinh 2 2^j--Y<a5 2 sinh 2 l, when ^—^ <1. (6) 

♦Since e ft >l4-&, when ^>0, 

it follows that log (1 4-&)<A, when h>0. 

f This is clear, since 

sinh * , , a* , s 4 , 

x + 3! + 5r’* 
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It follows from (5) and (6) that 


sinh 2 


o<. 


2 n +1 < x 2 sinh 2 l 


sin' 


rrr 

2n + 1 


4 r 2 


Thus all the conditions of Tannery’s Theorem are satisfied and 

taF(.)- 4.) 


n / 

= lim log II ( 

n — >'£> r— 1\ 


But, from (4), log^2^= lim F(n). 

X n~rCC 

, „ „ , sinh x ® /, x? \ 

It follows that = n( 1 + 2 2 )• 

x i \ /' / 

Again, from (2), we have 
cosh a; 


cosh 


and 


where 


, / sinh 2 

^ X Y\( 1+ 2w+ - 1 V 

x 1 l • g2 r -1 Jr ) 

2wTT V Sm 2« F 1 2' 


X 

log cosh x - log cosh = F( w )» 

A. /, sinh2 2T+l\ 
F(n)^S lo g( 1+ , 2 2r-lT )- 

1 V sm ^n 2/ 


This leads as above, with the help of Tannery’s Theorem, 
to the expression for cosh x as an infinite product, namely 

2V 


oo / 2 2 x 2 \ 

cosh a?= n(^ + (2;-- 1) 2 tt 2 /' 


Since, formally, from the exponential forms for the sine and cosine, 
we have sin ix = i sinh x> 

cos ix - cosh x , 

C.P.T. L ^ 
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these results might, in a sense, have been deduced from the expressions 
for the sine and cosine as infinite products. But this is not a “ proof ” : 
for the exponential forms for sin z and cos z were obtained on the assump- 
tion that x was real, and the same assumption was made in the discussion 
of the infinite product forms for sin z and cos x. 


169. The evaluation of ir. There are various ways in which 
the value of tt can be obtained to any required degree of 
accuracy. 

Gregory’s Series for tan* -1 # is well known, namely, 
tan- 1 x=x — +-g- - , 


and this holds when - 1 <x ^ L* 
If we put x=l y we have 


7 r 

4 


i 1 1 

1 3 + 5 


but this series is useless for computation as it converges very 
slowly. 


•The simplest way of establishing Gregory’s Series is to use the identity 


dx 

1 +x* 


= tan~ l x 


when - 1 < x < 1, 


integrating the left-hand expression term by term. But this use of 
infinite series requires a fuller knowledge of the Calculus. 

Again we may use the equation 


^ tan- 1 x = T-?-r, = l -x 1 -f-x 4 ... +( - l) n 


dx 


"1+x*" 


x %n 

ITS 1 


which leads to 


tan~ 1 x=x - — + + (-l) n - 


ajin— i 


2 n- 


1 ' l) } 0 i+*' 


dx, 


and the last term can be shown to tend to zero when n - 
A formal “ proof ” is obtained from the relation 

oos0 + isin0=e^ 


00 , if |x|<l. 


on taking logarithms of both sides, if we may assume that the ordinary 
properties of logarithms hold when complex variables enter. But this 
assumption, of course, requires to be justified. 
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The same objection cannot be urged against the relations 

> = 4 fan -1 — _ fan— 1 -L 


^ = 4 tan- 1 1 -tan- 1 
= 4 tan -1 i — fan -1 — 4- fan- 1 — 


- 4 = 4tan- 1 B -tan- 1 ^ + tan- 1 ^ ) 
given as examples on p. 212. 

We can use Gregory’s Series for tan -1 *, tan -1 ^, tan -1 ^ and 
tan _1 ^j^, all of them converging quite rapidly and making 
a numerical result easy to obtain. 

Other simple relations are obtained from the results of 
§§ 163, 165, as follows : 

We have seen that 


log (1 - 2/) = § log (\ - ^- 2 ), 


where 


»-3!-6T + -'- 


Also -log(l-y) = l/ + -*£ + ^ + ... , when -l<y<l. 

A g . i0 |;^.-£)-[©r + i©‘ + s@H 

-fete. 

In Note II., p. 311, it is shown that we can sum the right- 
hand side by columns instead of rows, when j - 1 <1 , and we have 
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Further, from Note II., we see that 

(x 2 x* \ 1 /x 2 x* \ 2 

V3! ~6! + "V + 2 \3! - 5T + “'/ + "’ 

can also be rearranged in powers of x, without altering its sum, 
at any rate when |#|<1, and in this case it is clear that |t/| <1 
also. 

The coefficient of x 2 is 1. 


Thus we have 


1-1 

3!”ir* Y r 2 ’ 

_ A 1 __ 1 1 

^ r 2 1 + 2 2+ 3 2 + ### * 

In the same way from the relation 

logcosx = |log(l- ( 2 r 2 _ 2 f^ ) 


6 


we obtain 


** _vl_i I I 

2 * 1*4 “ I + 2 4+ 3 4 


+ ... 


Example. 

By comparing the coefficients of x 4 in the aeries obtained for 
log and log cos x 9 prove that 

1+I+I+ =1 

1« 2 4 3 4 90’ 

1+1+I+ 

l 4 + 3 4 5 4 *’ 96* 

170. Squaring the Circle. Upon the nature of the number ir 
depends the possibility of constructing a square which shall be equal 
in area to a circle of given radius, by a finite number of elementary 
geometrical processes, that is, with the use of the ruler and compasses 
only. If 7 r were a rational number this would be possible. It would 
also be possible if t were irrational, but only if its irrationality were 
of a certain nature ; namely, if it could be expressed as the root of an 
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algebraical equation which is solvable by square roots. It had been 
known for long that ir was irrational. Of this fact various simple 
proofs exist. It was only recently (1882) that it was established that 
the irrationality of ir is of such a nature that it cannot be the root of 
any algebraical equation with a finite number of terms and rational 
coefficients. 

This proof gives the final answer to the problem of “ squaring the 
circle ” and settles the long-debated question once and for all.* 

* Klein’s Famous Problems of Elementary Geometry , translated from the 
German byBeinan and Smith, (1897), and Hobson’s Squaring the Circle , 
(1913). 
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1. Prove that the length of the median AD bisecting the side a of a 
triangle ABC is 4 ^/( 6 * + c J + 26c cos A). 

2* The medians from B and C of a triangle ABC are inclined at 60°. 
Show that 7 a * + 6* + c* = 4o* (6* + c a ) + 6 a c a . 

3. If D is the middle point of the side BC of a triangle ABC and the 
angle ADC is 6 , show that 

AB 2 - AC 2 = 2 AD . BC cos 0. 

Hence show that if ABCD is a parallelogram and a straight line parallel 
to the diagonal BD cuts the sides AB, BC, CD and DA produced, if 
necessary, in K, L, M and N, respectively, then 
KN _AL 2 - AM 2 
LM“CM 2 -CL 2 * 

4. The perpendiculars from the corners of a triangle ABC to the 
opposite sides are p lt p 2 , p 3 * Show that, with the usual notation, 

1+JUI.jL. 

Pi Vt Ps Ws 

5. If p 9 ? are the perpendiculars drawn from the comers A, B of 
a triangle ABC to a straight line which passes through C, entirely 
outside the triangle, prove that 

a 2 p 2 4* 6 V - 2abpq cos C = 4 A 2 , 
where A is the area of the triangle. 

6. A triangle ABC has an obtuse angle at A, and K is its ortho- 
centre. KA produced meets BC at L. Prove that 

(i) KA . KL = - 4R a cos A cos B cos C and (ii) KO 2 = R 1 + 2KA . KL, 
where O is the oentre and R the radius of the circumcircle. 

7. Prove that the length of that chord of the circumcircle of the 
triangle ABC which passes through A and is parallel to BC is 

6 (sin C cot B - cos C). 
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8. A point P is taken within a triangle ABC such that the angles 
BCP, CAP and ABP are each equal to w. Prove that 

sin (A - w) sin (B - u) sin (C - o>) = sin 3 w, 

and deduce that 

cot u ) =cot A + cot B + cot C. 


9. Within the triangle ABC two points M, N are taken such that 
Z-NAB= Z.MAC --£A, Z.NBA = JB, Z.MCA=JC. 

Prove that M^inOC+W) 

AM sin (JB + (50°) * 


using the relation 


4 sin 0 sin (0 - 60°) sin (0 - 120°)= sin 30. 


10. O is the centre and R the radius of the circumcircle of the triangle 
ABC, and OA, OB, OC meet BC, CA, AB in D, E, and F. Prove that 


JL + i_ + _U? 

AD + BE + CF R‘ 


11. ABB' is a straight line, C is a point not lying on AB, or AB 
produced, and CB=CB'. Show that the distance between the centres 
of the circles inscribed in ABC and AB'C is 

iBB'secJA. 

12. P is a point on the side BC of the triangle ABC such that the 
inscribed circles of the triangles APB and APC are equal. Prove that 

a cos CPA =c-6. 


13. The side BC of a triangle ABC is divided at P, so that 

BP : PC = m : n, 

where m + n = l. Prove that, if R lf R 2 , and R are the radii of the circles 
APB, APC, and ABC, then 

6Ri =cR 2 = R \/(?nb 2 + wc 2 - mna 2 ). 

Verify the results obtained in the limiting case when m -> 0. 

14, AB is a chord of a circle of radius R and it subtends an angle 20 
at the centre O. Prove that the radius of the circle inscribed in the 
triangle OAB is R tan 6 (1 - sin 0). 

A point P is taken on the side AB so that AP:PB=m:n, where 
m + n — 1, and two circles are drawn each of which touches AB at P and 
also touches the circle of radius R. Prove that the radii of these circles 
4wmRsin a J0 and 4mnRcos 2 j0. 


are 
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15. O is the ciroumcentre and I the inscribed centre of the triangle 
ABC. Prove that, if 01 is parallel to BC, then 

cosB + cosC = l. 

16. With the usual notation, prove that the radii of the escribed 
circles of a triangle are the roots of the equation 

(x 2 + a 2 ) (x - r) - 4Rs 2 = 0. 

17. Prove that in any triangle, with the usual notation, 

A 2 -i- s 4 = (6c + ca + ab) s 2 - ahc s. 

Hence show that, if the area of a triangle and the radii r, R of the 
inscribed and circumscribed circles are given, the lengths of the sides are 
the roots of the equation 

r 2 x? - 2 A rx 2 + (A 2 + 4r3R + r 4 ) x - 4Ar 2 R =0. 

18. A circle is described to touch the sides AB, BC of a triangle ABC, 
and to touch internally the circumcircle of the triangle. Show that its 
radius is r sec HA, where r is the radius of the inscribed circle. 

19. Prove that the radius of the inscribed circle of the triangle whose 

angular points are the centres of the escribed circles of the triangle 
ABC is 2R (sin J A + sin JB + sin JC - 1 ). 

20. Prove that the angle at which the perpendicular from the vertex A 
to the side BC of a triangle ABC cuts the inscribed circle is equal to 

cos -1 (sin i (B - C) cosec *A). 

21. Prove that the inscribed circle of the triangle ABC will pass 
through the orthocentre if 

2 cos AcosBcosC=(l - cos A)(l -cosB)(l -cosC). 

22. If the distance between the vertex A and the orthocentreiof a 
triangle ABC, in which A is acute, is equal to the inscribed radius, prove 
that the circumcircle cuts orthogonally the escribed circle opposite A. 

23. The intercepts made by the inscribed circle on the lines drawn 
from the vertices of a triangle ABC to the circumcentre are of lengths 

7- 

-Q .. . l , l . l l l 

Prove that a = T -. + 5-5 t = rr. 

a* p* y 2 4 r* 8rR cos A cos B cos C 

24. Prove the formulae A= - , -n rr« 

cot i A + cot iB + cot |C 

= s* tan £A tan £B tan }C. 
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Deduce that A/A 0 — p‘J, where A 0 is the area of the equilateral triangle 
with the same perimeter as ABC, and p is the ratio of the geometrical to 
the arithmetical mean of cot £A, cot ^B, cot |C. Hence show that a 
triangle with given perimeter has its maximum area when it is equilateral. 

25. A circle of radius p is drawn to touch the sides AB, AC of a triangle 
ABC, and its centre is at a distance p from BC. Prove that, with the 
usual notation, 

a(p-p)=2s(r-p). 


and that, if the circle cuts BC in D and E, 

( r i - r) DE = W( rr i ( p ~ r) (r x - p). 

26. A circle of radius r touches internally a circle of radius R. Two 
circles, each of radius x , are drawn touching the outer circle internally 
and the inner circle externally. Show that the length of the arc of the 
outer circle between its points of contact with these two circles is 2R0, 
where o xr 


1 -f cos 0 — 


(R-*)(R-iT 


V 27. If (1 + cos 0 + i sin 0 ) ( 1 + cos 20 + i sin 20) ~u + iv, where u and v 
are real, prove that (i) v^«tan#0, 


and 


(ii) u 2 + i? — 4(1 +cos 0)(1 -f cos 20). 


28. With the help of De Moivre’s Theorem, show that 
(a-f-l)sin n0 - wain (n + 1) 0 
is divisible by 1 - cos 0, and that 


sin n0 _ sin na 
sin 0 sin a 

is divisible by cos0 - cos a, when n is an integer. 


^9. If/ cos 0 t +2 cos 0 a + 3 cos 0 3 =0 =sin 0 X +2 sin 0 a + 3 sin 0 3 , 
protatfoat 


(i) cos 30j + 8 cos 30 2 + 27 cos 30 3 — 18 cos (0 X + 0 2 + 0 3 ) 
and 


(ii) cos (20 l - 0 a - 0 8 ) + 8 cos (20 a - 0 X - 0 3 ) + 27 cos (20 3 - 0j - 0 a ) — 18. 


[Use the identity 


^ a s + ( a + C )(a* + 6 a + c* - oA - 6c - ca)]. 
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30 Find the factors of the expression 

a 8 ( b 8 - c 8 ) + 6* (c 2 - a 2 ) + c 3 (a 2 - 6 8 ). 

By writing a — cos a +i sin a, etc., in this result, prove that 
cos 2a sin (ft-y) + cos 2ft sin (7 - a) + cos 27 sin (a - ft) 

= 4P (cos (ft + 7) + cos (7 + a) 4 * cos (a + ft)), 
where P=sin &(ft -7) sin £(7 - a) sin} (a -ft). 

3l. Show that the roots of the equation (x + i) 6 + (a? - i ) 8 =0 are 

±1, ±cot^, ±cot^, 


and find the roots of (x + i) 8 - (x - i) 6 =0. 

Generalise this for the equations (x + i) n ±(x - i) n =0. 

32. Prove that 

(i) tan a + tan ^a + y^ + tan^a+y^ =3 tan 3a, 

(ii) cosec a + cosec ^a + y ^ + cosec ^ a + y^ =3 cosec 3a. 


33. Show that if tan a, tan ft, and tan 7 are all different and such that 
tan 3a = tan 3ft = tan 37, 

then (tan a + tan ft + tan 7) (cot a + cot ft + cot 7) =9. 

If, in addition, tan a : tan ft : tan 7 =a:b:c, show that 


tena =V(fc-r^)' 

34. Show that tan 18° is a root of the equation Sf 4 - 1(M 2 + 1= 0, and 
that tan 36° is a root of t 4 - 10f 2 + 5= 0. 

Also write down the other roots of these equations. 

35. Find an equation whose roots are tan a, tan 2a, tan 3a, ... tan 2 na, 
where (2a + l)a=*\ 

Also show that sec 8 ~ + sec 8 ~ + sec 8 ^ = 36. 

y y h 

36. Show that g* - 5a 4 + 6s 2 - 1 , where a; =2 cos 0. 

sin 0 

Deduce from this that the equation x* - fix* + 6a? 8 -1=0 has for its 

r00ts 10 T jo 0 3?r 

±2cosy ±2 cosy, :L2cosy. 
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37. 

whe 


i7. p K>y> 

V 


that win 70 — sin 6 (c 3 + c 2 - 2c - 1 ), 

c =2 cos 20. 


Hence show that the side of a regular heptagon inscribed in a circle 
is very nearly equal to the height of an equilateral triangle inscribed in 
the same circle. 

38. Prove that one of the roots of the equation x 3 -6a? 2 -^9x -3—0 is 


-(' ~ sin is}’ 


and tind the other roots. 


39. Show that 

cos 70 + 1 = (cos 6 4* 1 ) (8 cos 3 6-4 cos 2 6-4 cos 6 + 1 ) 2 
and deduce that the roots of the equation 8a: 3 - 4a? 2 - 4a; + 1 =0 are* 


7 r 3 tt . 57T 

cos , cos _ and cos 
* 7 


7 ‘ 


Hence show that 


and 


... 7T 37T 5t 1 

(l) COS ^ + COS -y + COS ? = ^ 


.... 7 T a 37T a OTT a 

(ii) secy 4 sec 2 y + see 2 y =24. 


40. Prove that ~ 210 H (cos 2 0 - cos 2 ^^ 


and deduce that 


32 II cos yT = 1 . 
r~l 11 


41. /Prove that, if a? — 2 eos 6, then 


1 + COH - 9 . 9 _ ijA _ jj _ Zx- + 2.r + l) s 
1 -f cos 0 


and obtain the roots of the equation 

a 4 - a^ - 3a? a + 2a? + 1 -0. 

42. Show that 

cos2«0 - 1 =2 an_l II ( 
r=0 ' 


cos 6 - cos 


?) 


2n - 1 rx 
( — 1 ) n - 1 = 2 2n ” 1 ri cos—. 


r-l 


and deduce that 
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43. From the identity 

sinn0 = 2 n “ l II sin(^0+-*\ 
r =0 V * / 

deduce that 

44. From the identity 

cos 

n- 1 


6 nr 

2 6 n cos T ^ = 1. 
r-1 1,5 


show that 


n- 1 / ✓ 2rir\ \ 

tt0 - cos na = 2 n_1 II y cos 0 -cos + — J 

2 n-l "n 1 fl - cos— W*. 

,=1 \ “ / 


46. Prove that 

(i) 16 sin 5 0 - sin 50 =5 sin 0 (1 - 2 cos 20), 

(ii) 16 cos 5 0 - cos 50 = 5 cos 0 ( 1 + 2 cos 20). 

46. Show that 

(cos 3ai - sin 4z) 2 = (1 - sin x) (1 - sin 7x) 

and deduce that 

3 / 2r — 1 \ 

cos&r -sin4x = 8cos x II (sin a; -cos — = — ir). 

r=l ' 7 / 

47. Show that 

3 / 2r — 1 \ 

cos ox -sin 2a: = 8 cos x (2 sin x + 1) II (sin a; -cos— = — r ). 

r= 1 \ 7 

48. Prove that 
(l+a0 2n+1 + l(-*) ln+1 

2 2r ~ 1 

2n + l 2 ) 

49. Prove that, if t = tan £0 and a x , a a , ... or n are constants, 


= 2(2n + 


n / 

i) n ( ** 

r=l V 


+ tan 2 ;; 


(i) cos n$ = [1 + a x f 2 + a 2 t *. . . 4- a n i 2n ] -4- (1 + f 2 ) n . 




[a+*() r+ (i-.) r ] 


60. Prove that ^ 5^ “ a P°ly nom ial in cos 0 of degree 8, the 

factors of which are ^cos 0 - cos j^, when r is any integer from 1 to 14 
which is not a multiple of 5 or 3. 

Hence prove that 16 cos a cos 2a cos 4a cos 7a = 1, where a = ^~. 
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51. Prove that tan' 1 £ + tan' 1 £ + tan* 1 £ = Jtt. 

52. Solve the equation 

3 tan -1 x + tan' 1 3x = £v. 

53. Solve the equation 

tan ~‘ (its) =i tan-la: - 

54. Solve the equation 

COS" 1 (X + .J ) f COS" 1 X + COS" 1 (X - £) =|7T. 
****** 

55. Find all the values of 0 that satisfy the equation 

tan 0 cot (0 + a) — tan fi cot (/3 + a). 

56. Express cos 40 and sin 40 in terms of tan 0 , and prove that the 
equation 

cos (20 - a) + a cos (0 - /3) + b =0, 

where a, b, a, /3 are constants, has four sets of roots. Denoting any four 
roots of different sets by 0 V 0 2 , 0 3 , 0 4 , prove that + 0 2 + 0 3 + 0 4 - 2a is 
an even multiple of w. 

57. Show that the equation 

cos 20 - k cos (0 - a) 

can be satisfied by four values @1* @2* ^3* ^4 of 0 , of which no two differ by 
a multiple of ir, and by no more. 

Also show that 0 X + 0 2 + 0 3 + 0 4 is an even multiple of ic and that 
cos (0 2 + 0 3 ) + cos (0 3 + 0 X ) 4- cos (0 X + 0 2 ) =0. 

0 

[The first part is obtained from the equation in tan ^ and the last by 
using the equation in cos 0 and the equation in sin 0.) 

58. Prove that, if n angles, of which no two differ by a multiple of 7r, 
satisfy the equation 

Vo 4- Pi cot 0 + p 2 cot*0 + ... +p n cot n 0=O, 
the cotangent of the sum of the angles is 

-(P0-P2+P4-P0 + - ' ) 4 -(Pl ~Ps +Ps~Pl + ...)• 

Hence show that the equation 

a 0 + fli cosoc 2 0 f cr 2 cosec 4 0 4- . . . a r cosec 2r 0 
CO ~~ 6 0 + b x rosec 2 0 + b 2 cosec 4 0 + ... + b s cosec S5 0 

is generally satisfied by cither 2r or 2s 4- 1 values of cot 0, whichever of 
these numbers is the greater, and that, if all of these values are real, the 
cotangent of the sum of the corresponding angles is a 0 /b 0 . 
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59. Prove that the equation (a + cos 0) cos (0 -2a) =6 is satisfied by 
0 i, 0 2 , 0 3 , 0 4 , four different values of 0 which lie between 0 and 2ir, and that 
4 

2 (0 r )-4a=O or 2nv. 

r = l 

Also show that 

4 4 

2 ] cos d r — -2a and 2sin0 r =O. 


60. Prove that if $ l9 0 2 , 0 3 , 0 4 are the four values of $ between 0 and 2 tt 
which satisfy the equation 

l sec 0 + ra cosec 0 - ?i, 

4 

then 2 0 r is an odd multiple of t. 
r=l 

Prove also that 

4 4 

2 cos 0 r = 2 l/it, 2 sin 0 r = 2 m/n, 

and sin (0 X + 0 2 ) + sin (0 2 + 0 3 ) + sin (0 3 + 0 X ) =0. 

61. Prove that if y are two values of 0, not differing by a multiple 
of 2*-, which satisfy the equation 

a 2 cos a cos 0 + a(sin a + sin 0) + 1 — 0, 
then a* cos £ cos y + a(cos £ + cos 7) + 1 = 0. 


62. Prove that if a, /3 are two values of 0 which satisfy the equation 
(1 + m) sin 0 + (I - m) cos 0 = 1 + m, 
and do not differ by a multiple of ir, then 

tan (a — /3) = i(l - m 2 )/2m. 


63. If 0 and 0 are two values of x y not differing by a multiple of 7 r, 
which satisfy the equation 


prove that 


tan (x + a) = k tan x f 


tan 20 + tan 20 = 


( k - 1)* sin 2a 

(k + l) 2 sin 2 a - (k - 1)* cos 2 a’ 


64. Solve the equation 860 0+00860 0 = 2^2 and show that the 
equation sec 0 + cosec 0 =c has two roots between 0 and 27r, if c*<8, and 
four roots, if c*>8. 


65. Find the values of 0 which satisfy 

3 - 2 cos 0 - 4 sin 0 - cos 20 + sin 20 =0. 
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66* Show that the roots of the equation 
cos 0 cos (0 - a) cos (0-/3) cos (0 - 7) 

+ sin 0 sin (0 - a) sin (0 - /8) sin (0 - 7) 

= cos a cos p cos 7 

are d-inn or £(7iT + a+/S+7). 

67 . A circle of radius a is divided into two parts of equal area by an 
arc of a circle of radius 2 a cos 0, which has its centre on the circumference 
of the first circle. Prove that 

20 cos 20 - sin 20 + J7r - 0. 

Show that this equation has a root between and £**. Find an 
approximate value for the angle and deduce the length of the radius of 
the second circle. 

68. Plot the graph of sin x - 2 cos 2x for values of x between 0 and ir ; 
and determine the roots of the equation 

sin x - 2 cos 2x - ir - x, 
which lie between 0 and t. 

69 . Find graphically the smallest positive root of the equation 

tana? = f(:r + 1). 

70 . Prove that the smallest positive root of the equation x — 2 ir sec x 
is 2 ir, and that there is one other root between 2t and Determine 
approximately the numerical value of this other root. 

71 . Plot graphs to show the relation between x and y for each of the 
equations cos x -f cos y — 1 and tan x = 3 tan y, where x and y are positive 
and lass than £71-. 

Hence obtain approximate values of x and y which satisfy the two 
equations. 

72 . Plot graphs to show the relation between x and y for each of the 
equations sin x + cos y = 1 , tan x tan t/ — 2. where x and y are positive 
and less than £ir. 

Obtain from your diagram approximate values of x and y which 
satisfy both equations. 

****** 

73 . Eliminat e 0 from the equations : 

(i) cos 0 -sin 0=a, t 

cos 20 = a'. / 
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(ii) a cos 0 + 6 sin 0 =c, "v 
p cos 0 + g sin 0=r. ) 

(iii) a sin 20 —p cos 6 + q sin 0,1 
6 cos 20 —p cos 6 - q sin 6.J 

(iv) (t cos (a - 30) —2b cos 3 0, ^ 
a sin (a - 30) = 26 sin 3 0. J 

74 . Eliminate 0 and <f> from the equations : 

(i) sin 0 + sin 0=a, ^ 

cos 0 + cos 0 = 6, J- 
sin 20 + sin 20 = 2c. J 
(U) a sin 0 + 6 cos 0=c, \ 

a sin 0 + 6 cos 0=c, V 
0 + 0 = 2a. ) 

(iii) tan ar + tan y~a, \ 

’ y= b ’ r 

II/— c. ) 


sm x + sm y~c. ) 

75. Sum the following series to n terms : 

(i) sin0sin(0 + a) +sin(0 +a)sin (0 + 2a) +sin(0 +2a)sin(0 +3a) + .... 

(ii) cos0cos(0 + a) +cos(0 + a)cos(0 + 2a)+cos(0 + 2a)cos(0 + 3a) + .... 

(iii) tan0 tan(0 + a) + tan(0 + a) tan(0 + 2a) + tan(0 + 2a) tan (0 + 3a) + . . . . 

(iv) sec0sec(0 + a) +sec(0 +a) sec(0 +2a) +sec(0 +2a)sec(0 +3a) + .... 

(v) 2sin0 8in 2 | + 2 2 sin^8in 2 ^ + 2 3 8m^ 2 sin 2 ~+ .... 

(vi) sin 3 0 cos 0 + i sin 3 20 cos 20 + J sin 3 40 cos 40 + .... 

(vii) cos 8 a + cos 3 (a + p)+ cos 3 (a + 2/3) + .... 

, .... - cos 0 ,co8 20 cos 30 

< ra,) 1+ ^T0 + ^0 + ^e + -- 

(ix) cos 0 cos 0 + cos 2 0 cos 20 + cos 3 0 cos 30 + 

1 1 1 
X cos a + cos 3a + cos a+cos 5a + cos a+cos 7a "** 

(xi) 1 + it cos 0 + — - cos 20+ ... . 

(xii) I + k cosh * + k 2 cosh 2 x+ 

76. Show that 

(i) 1+2 £ cos ra cos rO=™* a 008 (re + 1) *~ C0B ..< re ..ti) tt 008 »■?. 
f=1 cos 0- cos a 

.... i • , n ^ 1 . / v . cos na - cos n$ . 

(u) J sm na + 2j sm(n - r)a cos r6- nl sm a. 

* * fZl 2(cosa -cos 0) 
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77. Sum the following series to infinity : 

x ® 

(i) 1 +3COS 0 + 2j cos 20 + — cos30 + 

<j2 2*3 

(ii) a; sin 0 4* sin 20 + 3 , sin 30 + ... . 

(iii) 1 cos 20 +— cos 40 h ... , 

jj3 

(iv) x sin 0 + sin 30 4 


) 

! 


( v) 1+2 cos a cos a + 3 cos 2 a cos 2a + 4 eos 3 a cos 3a + 

( vi) 2 cos a sin a + 3 cos 2 a sin 2a + 4 cos 3 a sin 3a + .... 

( vii) cos 0 + x 2 cos 30 + x 4 cos 50 + . . . , \ 

(viii) sin 0 + x 2 sin 30 + x 4 sin 50 + .... J en I x 


78. Show that the series 

S ~sin *j + sin g 2 + sin ^3 + ••• 

i> convergent. 

Expand each term in a series of powers of x and hence obtain an 
expression for S in the form 

S -ax + bx 3 + cx 5 + dx 7 + .... 

Give the numerical values of a, 6, c and d, and show that when x — 1, 
S 0*97645 correct to live decimal places. 

79. Show that if x® and higher powers may be neglected, 

i . o , 0 1 - cos x 

log see x = 2 tan- lx = 2 v— 

® 1 + cos X 

80. Show that, for small values of x, 

x 2 x 4 

log sin r= log a: -g 

approximately. 

Obtain the tabular value for the logarithmic sine of 5°, using the 
approximations logj#e = -4343, t = 3-1416. 




APPENDIX 


Note I. 


•S?72> 3J 

As x increases from 0 to J 7r, — - continually decreases and 

continually increases * 

n s * n _g s * n ( x + h) _( x + j) sin :r - £ sin (x -f ft) 

'* x z + ft :r(:z + ftj 

— x s * n x i 1 Z cos M + A sin # - a: cos x sin h 
x(x + h) 

_ sin x (1 - cos ft) ft cos x /tan x sin ft\ 


COS X /t 

x + h \ 


But we know that 

1 > , when x and ft are positive and less than J7r. 

It follows that, under these conditions, 
sin x sin (#-f ft).^ n 

. - ^>\j. 

x x + ft 

Hence decreases as x passes from 0 to 

.... . . tan(.r + ft) tan x 

(n) Again ' — t — — 

9 * x+h x 

x sin (x + ft) cos x - (x -+ ft) sin x cos (x + ft) 

x(x + ft) cos x cos (x + ft) 

_ a: sin ft - ft k sin x cos (x + ft) 
x(x + ft) cos x cos (x + ft) 


r sin ft sin x 


(x + A) cos x cos (x + 


*)L * 


JS (x + ^)J. 


* This proof, without the Calculus, is given in Hobson’s Trigonometry 
(7th ml.), p. 12^ 
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i-k . sin h sin x , _ 7 . 

But -t-*> > when 0<A<Cr<|7r by (1). 

ti x 

Therefore, if 0<h<x<\7r and (x + h) <£ir, we have 

tan (x + h) tanx . 
x + h ~~~x >U - 

It follows that ~ an — continually increases as x increases 
from 0 to %7r. X 
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Note II. 

A Theorem on Double Series. 


Let the series 


u n 4- w 12 4- w 13 4- ... 
+ W'22 ^23 + • • • 

W3I + Uon + Won + . . . 


all converge and have Uj, U 2 , U 3 , ... for their sums. 

If the series U 1 +U 2 + U 3 + ... 

converges, it is said to be a double series, because each of its 
terms is itself a series. 

Now take the terms in columns instead of rows. 

Then we have the series 

^12 ^22 + ^32 + • • • ! 

W 13 4- 1^23 4- 4- ... I 


It is often the case that these series converge and that, 
denoting their sums by V„ V 2 , V 3 , ... , we have 

4 00 00 

1 1 

We shall in this Note prove that certain conditions are 
sufficient for this equality to hold. 

Theorem. Let 4- u l2 + m 13 + --\ 

U 21 + Ma + M28+— 0) 

?/ 3l 4- W32 + 1/33 + . . . 

bo an infinite set of absolutely convergent series tenth L v 1 2 , ... 
for their sums. 

00 

Abo let ^ O r ' converge where . 


U/-|ti n | + |M«| + |«»| + ...tooo. 
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Then the column series V» V 2 , ... each converge , where 

+ + + ••• 

V 2 ==U 12 + W 22 + W 32+--* 

V 3 = ttjg + t<23 + Mgg + . . . . 


Also ^ V r converges and is equal to U r . 

1 1 

It is clear that the column series each converge, for the 
absolute values of the terms of each are not greater than the 

00 

terms of the series ^ U/, and this series is convergent by (2). 

1 

Now let U t = u n + u 12 + . . . + u ln + R ln ,| 

U 2 = W 2 1 + U 22 + • * • + W 2» + R 2n> J 

and so on. 

Then jR ln | = U/, |R 2 n| = U 2 ', etc (0 

Therefore by (2), the series 

R ln + R 2n + R 3n + • ■ • 00 

converges. 

Let its sum be R n . 

Now consider the (w + 1) convergent series V x> v 2 , ... v„ and 
R n . Adding these series we get a new convergent series, whose 
first term is the sum of the first terms of these (n+ 1) series, its 
second term the sum of their second terms, and so on. 
Therefore for any positive integer n, we have 

Vl + v 2 + ...+V„ + R n 
= Ki + % 2 + •+w ltt + R ln ) 

+ (^21 "t" ^22 + • • • + u 2n + R 2n) + • • • ^ • 

It follows from (3) that 

v 1+ v 3 +...+v n +R„=y;u r . 

l 

Now take the arbitrary positive number c. 


(5) 
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We know from (2) that there is a positive integer N such that 
U^ + 1 + Ujy +2 + ... tooo<^€ (6) 

Then, from the convergence of each of the series (1), we know 
that positive integers n 2 , ... ny exist such that 

l R ml < 2]y' when n^n„ ' 

l R 2 «|< 2 ^> when n^n 2 , ( 7 ) 


| R ^ n |< 2 ^. when 

Let v be the largest of these integers N , n v n 2 , ... wy (8) 

From (5) we know that 

OO V 

2 u r -£v r = R„ 

] 1 

= Rj „ 4- R 2n + . . . to oo . 

Therefore V] u r - 

i i 

==l R l«i + l R 2n| + • • tO 00 
== {| R ln| "t | R 2n| + ••• + | R JV n I ( 

+ {|R(JV4-L)n| + |R(^ + 2)ni+ ••• to 00 }• 

Denote the terms in these brackets by (I) and (II). 

Then, by (7) and (8), (l)<4> when w = 

Jj 

And, by (6), (Il)<^, for every n. 

Thus |^JU y -^V r J<€, when n~v. 

co <x> 

£ U ' = 2 V ’~ * 

1 1 


and 
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Ex. 1 . Justify the rearrangement in powers of z of the series 
1 + x(2cos0 -x)+x 2 (2cos0 -x) 2 + ... , 

when |x| < - 1 (cf. § 146). 

Write cos 6—c. 

Then, with the notation of this theorem, 

u x =1, IV — i, 

U a =2cx-x 2 , U 2 '=2|cx| +X 2 , 

U 3 = 4c 2 x 2 - 4 cz 3 + x 4 , U../ = 4c 2 x 2 + 4 | cx 3 | + x 4 , 

and so on. 

Also IV + IV + IV + ... converges, if 2|cx|+x 2 <l, and therefore, 
if 2 \x\ +x i < 1. 

Thus the conditions of the theorem are satisfied, at any rate when 
|x|< V2 - 1 : and the series may be summed by columns ( i.e . in ascending 
powers of z) without altering its sum. 

Ex. 2. Show that, for a certain range of .r, we may rearrange the 
series on both sides of the equation 



without altering the equality (cf. § 169). 

With the notation of this theorem, on the right-hand aide we have, 
for | x | < tt, 



Mr.)‘*H£NG£) V 

etc. 


Also 

IV + IV + IV + ... converges. 

Thus we can sum the series by columns instead of by rows. 

Again 

sinx , 

where 

+ 

Ik ‘io 

ii 

and 

-log^=y + iy*+|y» + .... 

when 

|y|<l. 

This is certainly the case when | z | < 1. 
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Also, with the notation of the theorem for the left-hand side, that is 
for -log?i5-iL or -log(l-y), 

X 


“■-KS-S- )'• 


Ul "3! + 6! 

u * =2(31 + 5 ! + 



etc., these being expanded in power series. 

Thus U/ + U/ + U/ + ... converges, at any rate when | x | < 1, and 
the conditions of the theorem are satisfied. 

It follows that the argument of § 169 is justifiable for the interval 
| x | < 1 : and this is sufficient to establish the results there given. 


O.P.T. 
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ANSWERS. 


PART I. 

Art. 3. Page 3. 

L 120' ; 90° ; 72° ; 60° ; 51° 25' 42?" ; 45° ; 40° ; 36°. 2. 600*. 




Art. 7. 

Page 10. 

3. 

22-98 ft. 


4. 05 ; 2° 52'. 



Art. 8. 

Page 11. 

2. 

72° 32'. 


3. 13*712 ft. ; 7*516 ft 



Art. 9. 

Page 13. 

2. 

16*782 ins. 


3. 50° 12' ; 216 ft. 



Art. 10. 

Page 15. 

2. 

1734 ft. 


3. 36° 52'. 

2. 

18° 

Art. 11. 

Page 15. 

2. 

3-5; 16° 36'. 

Art. 12. 

Page 16. 


Examples on Chapter I. Pages 17-19. 

9. 

•6691. 

10. 22° 15'. 

11. 173-6 yds. 

12. 

15*266 ohains. 

13. 1° 54'. 

14. 984-8 yds. 

15. 

3843 ft 

16. 297-95 ft. 17. 130 995 ft 

18. 

169-744 ft. 

20. (i) 6 - 2c cot 6 -2d cot <j > ; 


21. N. 50° 12* E. (ii) a[&(c+d)-coot0(c+2rf)-cPcot£|. 

22. 4 ohs., 85 '8 Iks.; 6 chs. 34*2 Iks. 24. 89 172 acres. 

25. 4-679 ohs. 26. 55° 56'. 28. (i) 5196 sq. ins.; 

29. 3*7388 acres. 30. -1134 acre. (ii) 8 484 sq. ft. 

O.P.T. 
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1. 

2 . 

3 . 

4. 


Art. 17. Page 27. 

iin0=-^==r; oos0=-^==! ; cot 0=^ ; sec 0=>/l + ^ ; 
ioseo0= — - — • 

in0=-i=; 008 0=—^=; tan 0=4-; sec 0 =xn/I 7 ; cosec 6=\fYj. 
\/17 vl7 

in 0=-^- ; oos0=y; tan 0=2\/2 ; cot 0 = ;JV2 ; coseo0=f\/2. 

m A — • nna A — JL • fo n A — * nnf A — JL • oa/i A — JL®. 


Art. 18. Page 28. 

3. (i) 30° ; (ii) 60° ; (iii) 58“ 18' ; (iv) 0 or 90° ; (v) 90°; 

(vi) 45° ; (vii) 60° ; (viii) 45” ; (ix) 30* ; (x) 46*. 


Examples on Chapter II. Pages 32, 33. 

1. 60°; 25 98 ft. 2. 56° 19': 15 ft 3. 86 ‘6 ft. 

4. 7ft.; 4*359 ft.; 12*99 sq. ft. 6. I tan a. 

7. 42° 6'. 8. 31° 6' ; between 31° 3' and 31° 8'. 

11. 12. jo/5 ; \/5. 13. 0° or 60°. 

a? - 6 s 

14. 5; 90°; 67° 23'; 22° 37'. 16. 6£; 10. 

13. (i) 69° 6' or 20° 54' ; (ii) 90° or 41° 49' ; (iii) 0° or 60 8 ; 

(iv) 45° or 60° ; (v) 60° ; (vi) 0° or 61° 56 . 


Examples on Chapter III. Page 39. 

1. c=2000; A=30° ; B=60°. 

2. c=82 04; A = 36° 38' ; 8=53° 22'. 

8. 6=1*729; A =35° 31'; B=54°29'. 

A o=18*4; A =55° 35'; B=34°25'. 

6. o=500; 6 = 866; B=60°. 

6 . 0=16*93; 6=16*24; B=43°48'. 

7 . o=1531; 6=1976*5; A=37° 46'. 

8. 6=10*,c=14*14; B=45°. 

9. 6=105*5; c= 164*3; B=40°. 

10. o=57*59; c=219 *7; B=74“ 48'. 
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Examples on Chapter IV. Pages 46-48. 

1. ‘8318 mile per hour. 2. 93*03 ft. 8. 4850 ft. 

4. 196*8 ft. 5. 5915 ft. 6. 281 *22 ft. 7. 3221ft. 

8. 236*6 ft. 9. 3380 ft. 10. 155*31 ft. ; 11° 19'. 

14. 1663 yds. ; 1603000 sq. yds. 15. 624*8 yds. 

16. AD . \Zoot*o-oot*/S. 17. 19450 sq. ft. 

19. 174*2 yds. 20. 155*3 ft. 

Examples on Chapter V. Pages 59-63. 


1 

. . 1 \/3 1 

(C) 2 ’ 2 : Jg 

. . 1 _\^3 J_ 

W 2 ; 2 ! ^3 

8. (o) 45°, 135°, 225°, 315°. 
(e) 30°, 90°, 150°. 


4. cos A = 


<*>T ; ~b 


11 J2’ ’ *J2 

(/) 2: 5s 

(6) 30°, 150°, 210°, 330°. 

(d) 90°, 330°. (e) 0°, 120°, 240° 

a A A 3 


-g-; ta nA =-^; cotA=-2V2; Be oA=-^*, 


coseo A = .3. 


5. sin A = ; tan A= -2>/6 ; cot A= ; sec A= - 5 ; 


coseo A = 


6 . sin A = — 7 ^ ; cos A=— yi ; cot A=^ ; seo A = - a/ 5 ; oosec A= -jL/5. 

v5 v5 * ^ 

7. sin A=-^= ; cosA= 4=; tanA= sec A=~ ; coseoA=-s/5. 

v5 v5 a a 


8. (i) 1 ; 


(ii) -cosec 2 A; 


..... sin 2 A 
(m > ~ coTA 5 


3\/3±4 


Art. 41. Page 68. 

O 1t2v/30 
6 ’ - 12 - 


Examples on Chapter VI. Page 75. 


U ; lb 
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Art. 51. Page 80. 

2. tonl5°=2- v /3; 75°; 135° or 315°. 

Art. 53. Page 84. 

0 . A +\/l + sin fli+tjl - sin A A + v/l + sin A - s/l - sin A 

S. sm^= 2 : 008 2 = 2 

0 . A -Vl + sinA + Vl - sin A A - \/l + sin A - n/ 1 - sin A 

3. 81112 = 2 : 008 2 = 2 

A . * + VI + sin2A + \/l - sin2A A +*J 1 + sin 2 A - \/l - sin2A 

4. sin A = ; cosA= 


Art. 55. Page 85. 

1 . n/ 2-1; 1 12£°. 2. 2-V3. 

Examples on Chapter VII. Page 87. 

11. ( N /2-l)/ > /3 + N /2 . 15. tt/4x/(2-V2); 1*026. 

Examples on Chapter VIII. Page 95. 

8. 4(-l) n “ 1 sinnA8innB8innC. 

Art. 62. Page 97. 

8. c=8*966 ; 6=7*321. 

Art. 63. Page 98. 

1. A=36°52'; B=53°8'; C=90°. 2. C=92°12'. 8. 45°; 30°. 

Art. 65. Page 101. 

2. A =22° 20' ; B=27°8 / . 

Art. 67. Page 103. 

1. 3*238. 2. 64*66. 3. 228. 

Examples on Chapter IX. Page 104. 

13. 120°. 

Art. 70. Page 111. 

1. A=30°; B = 60°^ C = 90°; area=*866. 

2. A = 41° 24' ; B = 55°46'; C = 82°50'; area=9*92. 

3. A =64° 22' : B = *23°36'; C = 92°; araa = 4*262. 

4. A = 79° 30' ; B = 33° 26' ; C=67°6'; area = 139& 
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5. A=140° 52' ; B = 9°46'; C = 29°22'; area=1092. 

6 . A = 35° ; B = 89° 2' ; C = 55° 58' ; area = 865. 

7. A= 125° 8' ; B = 33° 6' ; C = 2r46'; area= 12830. 

8 . A=36° 44' ; B=55° 8' ; C = 88°8'; area=3835. 

9. A=20° 44' ; B=32° 6' ; C=127°10'; area = 597500. 

Art. 72. Page 114. 

1. a=6’716; B=85°9'; C = 52° 51' ; area = 26 '77. 

2. 6 = 24-78; A = 126° 12' ; C = 23°48'; area=200. 

8. c= 180-3; A =33° 42' ; B = 56°18'; area=7500. 

4 . o = 324-l; B = 82°34'; C = 57°26'; area = 68290. 

5. 0 = 86-98; B = 35°4'; C = 72°16'; area=2168. 

6. 6 = 1933 ; A=11°5.T; C = 93°37'; area = 398200. 

7. 6=167 1; A =95° 36'; C = 39°24'; area = 12470. 

8 . e= 167"2 ; A = 69°2'; B = 50°58'; area = 11710. 

9 . c = 17-96; A=55°23'; B = 60°27'; area= 128-2. 

Art. 73. Page 116. 

1. A=110°; 6 = 684 1 ; c = 532 1 ; area = 171000. 

2. C = 43° 12' ; 6 = 7 055; c = 5 070; area=16-14. 

3 . B=30° ; a=4330; c = 2500; area = 2706250. 

4 . B=59° 18' ; 0 = 30 77; c = 2014; area =266 '5. 

6. C=58° 50' ; o = 20-46 ; 6 = 57 ‘4 1 ; area = 502 -7. 

6. C = 37°52'; 0 = 6142; 6 = 10850 ; area = 20460000 

Art. 75. Page 121. 

1. c=4-387; B=19°28'; C = 10°32'; area =8 -774. 

2. o=7-691; A=72°4'; B = 47°56'; area=1998. 

3. No solution. 

4 . o = 96-68; A = 95°4'; C = 49°41'; area=2064: 

or 0 = 2419; A=14°26'; C = 130°19'; area=516-5. 
b. 0 =66-27; A=85°27'; C = 59°13'; area = 1094; 

or o=26 -92; A = 23°53'; C = 1^0° 47’ ; area =444 -5. 
& 6=10-43; B = 73° 19' ; C = 66°41'; area=3353; 

or 6 = 4-890; B = 26°41'; C = 113° 19' ; area=1671. 
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Examples on Chapter X. Pages 122, 12a 
1. 40° 23'; 52° 48'. 2. 6683ft. 3. B=38°66'; C=-31°4'. 

4. o = 1176. 8. 6 = 60 84; c = 121 -6; o=84-29. 

9. o=672-l. 10. o=460-8 ; 5=398-2; c=617-2. 

Art. 78. Page 126. 

8. 541. ft. 

Art. 81. Page 128. 

B is 1°7' S. of E. from A ; CD =429-8 yds. 

Examples on Chapter XI. Pages 131, 132. 

4. 208-6 sq.ft.; 160 7 so. ft. 6. 49° 30'. 

7. 34 ’66 mi. per hour ; 21 82 mi. per hour. 10. 62° 11'. 12. 32*12. 

Art. 87. Page 139. 

1. 114*6. 2. 1-15. 3. 2 j- radians. 4. 46. 

Art. 92. Page 147. 

1. -0068, -9999, -0058. 2. 3 mi. 447 yds. 8. 9-6 ft. 4. 2166 mi. 

Art. 94. Page 161. 

1. 121 miles 3. 30 ‘6 miles. 

Examples on Chapter XII. Pages 152-164 

2. 7*23 mi. 3. 229 yds. 5. 48a, 144a. 

6. 1^4 radians 7. 95-5 yds 8. 46 -6 mi. 9. 21. 

10 . (i) 3357, 6216-7 ; (ii) 3090, 5722-2 ; (iii) 1800, 3333-3 • 

(iv) 1148, 2126 ; (v) 2031, 3761 ; (vi) 2269, 4201-9. 

18. (i) -24 sq. in. ; (ii) 2210 acres. 14. 6*64. sq. in. 

16. 97-8 in. 16. 49-2 ft. 17. 3960 mi. 

19. (i) 18 yds. 1 ft. 5 in. ; (ii) 40 yds. 2 ft. 4 in. 

20 . Each aro is equal to 16*71 ohs., the straight line is equal to 68*28 ohs 
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PART II. 

Art. 98. Page 158. 

1. 6614 ft. 

Art. 112. Page 182. 

3. (i) cos 220 - i sin 220 ; (ii) -1. 

Art. 117. Page 190. 

3. ^ cos 60 + cos 40 + J f cos 20 + ; 

yj cos 60 + ^ cos 40 — ^ cos 30 + 

4. "jpj" cos 70 + cos 50 + cos 30 + yy cos 0 i 

- sin 70 + yj- sin 50 - f J- sin 30 + sin ^ 

Art. 121. Page 196. 

4 T..T IT .. IT , 

3. ±cos T + t8in T , oos » ± i sin - 1. 

4 4 3 3 

Examples on Chapter XV. Pages 212, 213. 

6. (i) itan -1 ar; (ii) *— y . 7. \ or 9. — — = tan a. 

' 2 ’ ' 7 1 - xy 4 2 1-ary 

10. (a^ - y 2 - sin 2 a) 2 = 4 y 2 sin 2 a( 1 - ar 2 ). 11. ar 2 (9 - 8ar*) 2 = 27y 2 . 

Art. 131. Pages 215, 216. 

1. (i) »»• + (- ) n ^; (ii) nir-(-)»jj (iii) nir + (-)"^; (iv) »»•-(-)’ 

^ (2n+ l)ir . 2?tir . wir 
p+? p-g’ p - ( - )"?’ 

Art. 132. Pages 216, 217. 

1. (i)2nir±j; (ii) 2 nx±^ r ; (iii)2rr±g? (iv) 2»r±^. 

3. 4. 2nir or 

3 *9 5 


o>J* 
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Art. 133. Pages 217, 218. 

1. (i) nir+j; (ii) nir-j; (iii) raritan - ^; (iv) nir + fcan’Mk 

2. ^ + 4. -”L. 

4 24 m-n 

5. (i) nir + (-)*£, 27nr + ~; (ii) wr + ( - ^sin- 1 ^-^? ; (iii) mr± 


(iv) 2 wt jrcos- ^g 5 ; (v) nir ; 


(vi) nir, nir - - ; 


2 1 ir 

(vii) nir+(- ^sin*" 1 ^, nir + ( - ) w sin- 1 ^ ; (viii) nir + (-) w g* 


(ix) nir + nir - tan -1 2 ; 


(x) 2mr±|. 


Art. 134. Page 219. 


. /s/lO-2^/5 (^5 + 1 >^10 - 2^/5 

4 8 


Art. 135. Page 222. 


1. »*+<-)"g~. 


1 x 5lr 3» 

1. 3, -3, *r- 


2. n x 180° -63° 28' + ( - )"22°48' 


Art. 137. Page 225. 

2. 117. 


«• $44 


Art. 138. Pages 227, 228. 

2. y 2 =4o*. 3. (az^ + (6y)* = (a 2 -6 2 )f 


Examples on Chapter XVI. Pages 228-231. 

, s/2+^/2 n/2+V2 v/2^/2 

2 ’ 2 ’ 2 ’ 2 


n ... bt nir t 
^ 2”' 1^8' 

(iii) nirdb~, 2 nx±g; 

. . 2 nir . ir , ir . 

(V) 3 + I2 ± 9’ 

(vii) nir -a, 2wr:fc~; 


.... nir n ,2 ir 
(11) -g-, 2wr± 3-; 

\ nir ir nir . .„t 

^ "2 *8’ T + (_) 2i ? 

... nir 2nir 2nir 

(V.) - 4 * -§-> -g-» 

(viii) nr+^-a, 2nr ± y ,* 


001 3) 
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(ix) ip nir±~ t n^rdb^cos (x) + »* + £, or 2 wtt + ^. 

3. (i) wir + ^-^~^ ; (ii) 2 ?itt + |, nT + (-)"g; 

(iii) nr + ~ f 2 wtt, ? n +^ir; (iv) 

. . TIT , 7T IT . 7T 

( v ) " 2 ” + 4» ?l7r ±g 5 (vi) 7i7r + 2 ~ a > 

/ ... WJT WJT T .... »7T 7T 

(vu) - 2 - + 0 , -jr+g-a; (viu) - 2 - + gi 

.. . mr t 2mr y + a±8 . , _ ,1 

(lx) " 3 ' + 6’ -g-+ — g — -5 (x) nx, 2nx±C0B -1 ,j. 

8. 2nr±Y> 2nir±*~, 2nx±y- 

21. You have to eliminate t from the equations, 

a(l-< 2 ) + 2K = c(l + « 2 ) 1 
2a'< + 67(l-< 2 ) = c'(l-< 2 ) /' 

22. 2m(l+n) = (f 2 +»i 2 )(l-n). 

23. {(a 2 -6 2 )(a + &) + 6(a 2 + /3 2 )} 2 -a 2 /S 2 {a 2 + /3 2 + (3a + 6)(a-6)} = 0. 

24. o 2 + /3 2 = }. 25. y 1 — Aa(x + a). 26. (a: 2 -f- y 2 — 6 2 ) 2 = tt 3 { (a: + 6) 2 + y 3 }. 


(ii) 2 nr + g, nir + (-)"^; 
,. . nir w 

(1V) T’ T ; 

(vi) wx + |-o; 

. .... nir ir 
(vm) T + g; 

(x) 717T, 2 t 17T ± COB -1 i. 


28. a: = nir 


y = mr - ( 


or a;=7n7r + 4- ~ + ( - l)"jg 

7J7T 7T . T 

y=-mi r + -gr-T + (-l)" T o 


e%t\ n nir ir nir mr ir mr ir . nir ir 

29. ^=-3 ± 12 ^ T ; 0 =^-^ + ^; - r + «, an <* -Q+z- 


3 M2’ 4 8’ 


a 

ll 

§ 

+ 

I *=”>* + & | 

, 5?r ^ 
x=mr+ i 2 1 

7 T I 

r ir I 

[ ’ x j 

V- n,r + 4 J 

1 y— W7r + 3 J 

1 y— «x-g J 


Art. 141. Pages 235-, 236. 
n+\ Q W0 


it "T" 1 A • rtu 

008 -~-^. 8 in_ 


,... cos sin 7t0. /•••. cos(n+ 1)0. Binnfl . 

sin 0 ’ sin 0 


. n + 1 ^ • nO 

sin -±— 0 . sm -r 


* , sin(7H-l)0.sinn0 
V1 sin 0 
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o°s {“+— 2~(0 + *■)} sin nl ‘P+ r ') 
8. (i) i £ ' 1 


a 

oos ~ 


. / a • w(/5 + t) 

sin -j a H — jy— {&+*)> sin — 

(ii) 1 £ j J 


cosf 


3 fil n . cos(7i-fl)d .sinna . n oos (n + l)a.sinna 

’ 2 + 2 sin a 9 2 2 sin a 


4. (i) 


co3(n+l)^.sin?|? 3oos (n + l)5. sin™ 


na 
2 . 


a • 3a 
4s m _ 


4si„| 


(ii) 


3sin(n+l)“ sin^ sin(» + 1&. sin ^ 
2 2 2 2 


4 sin ? 


4 sin ~ 
2 


5 . (i) n ; (ii) 


co8(fl + l)- ff^ - . sin ; 


tip* 


2n+ 1 2n + l 


sin 


V* 

2n+l 


Art. 143. Page 238. 


2. (i) 


(cot x - cot (211+1)3; . 
sin 2# 


(ii) woosa; + 


cos(n+ 2) a? sin ns 


(iii) na j nx | «n(n + 2)a?. sinns , ^ (ooseo x - cosec(n + \)x) 


2 sin? 


1 2ooseo^ ooseo (^+2«). 


.271 + 1 - . $ - 

2 n sin — g — 6 . sin ^ - 1 


*• (i) 2 (1 - ~1 ) 


Art. 144. Page 239. 

(ii) 


2n + l. 
n oos — = — 6 


SUl- 


t - .:„ 2n+ l a 

a l+(-)" _1 n(ownS + oos(n+l)9). , w 2 

* w 2a^r«j 5 (u) ( - — 

008 2 
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Art. 146. Page 242. 

1. 512 cos lo 0 - 1280 cos 8 0 + 1 120 cos 6 0 - 400 cos 4 0 + 50 cos a 0 - 1. 

2. 512 eos®0 - 1024 cos 7 0 + 672 cos 6 0 - 160 cos 3 0 + 10 cos 0. 

Examples on Chapter XVIII. Pages 271, 272. 

3. 8 ° 6 '. 4. 5° 43'. 

•• (i) A ; (») “ ; (iii) cos <t > ; (iv) 1 ; (v) ^ ; 

(vi) 3* (vii)^; (viii) 1 ; (ix) e~ nm2 ; (x) tan{a- tan^a}. 

Miscellaneous Examples. Page 296. 

84. The roots of 5 t A - 10f a + 1= 0 are itan ±tan ~ and the roots 

of t 1 - 10 t 2 + 5 =0 are ±tan itan 

o o 

38. ^2 sin ^ , ^2 sin —'j and ^2 sin • 

„ TT n 7T _ 5x _ lx 

41. 2 cos g, 2 cos 2 cos -g-, 2 cos 

53. * = 1/V3. 

54. x=0. 

55. 0 = (n + i)7r -a -/3, or tit+/9. 

64. tf = (2» + l) 5 -— , or 2 n 7 r+£. 

O 7T 4 

65. 0 = 2 nir, or 2 » 7 t + Jt. 

73. (i) 2 o a =a ' 2 + a 4 . 

(ii) (aq-bp)* = {cq-br) 2 + (ar-pc) 2 . 

(iii) The question reduces to the elimination of t from the 

equations : 

2cd{p-qt)=b(p+qt){\ -t 2 ) | 

l+t , =-^(p+7t) t +p(P~9t) , J 

(iv) o* - 26* =06 cos a. 

74. (i) ±ai(o«+ 6 *- 2 )=c(o« + 6 ‘). j 

(ii) a cos a -6 sina= 0 , or (a sin a + 6 ^s a)’ =c*. 

(iii) c* (a“ - 6 s )* + 4 (6 - ac)« = 44 s . \ 
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... n cos a cob (20 + na) ain net. 


.... n cos a . cos (2^ +na) sin tnx. 

(n) — 5 — + — - a — . — - ; 

2 2 sin a 

..... sin net cot a 
' 1U ' cos 0 coa(0 + na) n 9 
.. . sin na cosec a . 

(iVj co^'co^T^T)’ 

(v) 2 n_1 sin 2^11 - i sin 29 ; 

. .. 1 /sin 29 sin 2 n + 1 9\ 


(vi) |(- 


^3a4-3(n-l)|^ sin 3 cos ^(a +(n - 1) sin 


. . 3/3 

4sm f 


. .... sin n0 

(™) i?^r 


riJT9 ’ 

(ix) cos n + 1 0 cosec 0 sin n0\ 

. . sin na # 

' ' 2 sin a cos a cos(ft + l)a' 

0 0 

(xi) 2 n cos n 2 cos 

. ... 1 -* cosh x-K n cosh nx + K n+1 cosh(n - 1)« 

< n,) i-s ;***+? 5 — ’ 

77. (i) e* 009 ® cos (a; sin 0) ; 

(ii) g* c °s0 sin(x sin 0) i 

(iii) cosh (a: cos 0) cos(x sin 0) ; 

(iv) cosh (a: cos 0) ain(x sin 0) ; 

. . cos 2a 


. ... (1 X*) C08 0 . 

1 - 2x 2 cos 20 +x 49 

(viii) -< 1 ±* , > 8in g_, 
' ' 1 -2x* cos 29+** 
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